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ABSTRACT. Let M, N and K be d-dimensional Riemann manifolds. Assume
that A := (A4, )nen is a sequence of Lebesgue measurable subsets of M satisfying
a necessary density condition and x := (z,)nen is a sequence of independent
random variables which are distributed on K according to a measure which is
not purely singular with respect to the Riemann volume. We give a formula
for the almost sure value of the Hausdorff dimension of random covering sets
E(x, A) := limsup,,_, ., An(z,) C N. Here A, (z,,) is a diffeomorphic image of A,
depending on x,,. We also verify that the packing dimensions of E(x, A) equal d
almost surely.

1. INTRODUCTION AND MAIN THEOREM

Limsup sets, defined as upper limits of various sequences of sets, play an important
role in different areas of mathematics. One of their earliest occurrences originates
from the study of random placement of circular arcs in the unit circle by Borel
[7] in the late 1890’s. He stated that a given point belongs to infinitely many
arcs provided that the placement of arcs is random and the sum of their lengths
is infinite. This statement is the origin of what is nowadays known as the Borel-
Cantelli lemma. We refer to [37] for more details and references on the historical
development. Related to geometric measure theory and fractals, limsup sets appear
implicitly already in the investigation of the Besicovitch-Eggleston sets concerning
the k-adic expansions of real numbers [5, 16]. They play also a central role in
Diophantine approximation. For instance, the classical theorems of Khintchine and
Jarnik provide size estimates in terms of Lebesgue and Hausdorff measure for limsup
sets consisting of well-approximable numbers (cf. [26]).

In the modern language, random covering sets are a class of limsup sets defined
by means of a family of randomly distributed subsets of the d-dimensional torus
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T¢ := RY/Z%. Supposing that A := (A,)nen is a deterministic sequence of non-
empty subsets of T? and x := (2, )nen is a sequence of independent random variables

which are uniformly distributed on T¢, define a random covering set E(x, A) by

E(x,A) := limsup(z, + A,) ﬂ U (xp + Ag),
oo n=1k=n

where z + A := {z + 1y : y € A}. We denote the Lebesgue measure on T? by L.
It is easy to see that L(E(x,A)) = 0 for all x if the series Y ;- L(Ay) converges.
On the other hand, it follows from Borel-Cantelli lemma and Fubini’s theorem that
L(E(x,A)) = 1 almost surely provided the sets A,, are Lebesgue measurable and
the series Y-, L(Ay) diverges. Note that this result is essentially the higher di-
mensional analogue of Borel’s original idea concerning the covering of the circle by
random arcs which we discussed in the beginning of this section.

The case of full Lebesgue measure has been extensively studied. In 1956 Dvoret-
zky [15] posed a problem of finding conditions which guarantee that the whole torus
T is covered almost surely. Even in the simplest case when d = 1 and the gener-
ating sets are intervals of length (I,,)nen, this problem, known in literature as the
Dvoretzky covering problem, turned out to be rather long-standing. After substan-
tial contributions of many authors, including Billard [6], Erdés [19], Kahane [34] and
Mandelbrot [43], the full answer was given in this context by Shepp [50] in 1972. He
verified that E(x, A) = T! almost surely if and only if

=1

§ _2Xpl1+ —|—ln):OO,
n

n=1

where the lengths (I,,)nen are in decreasing order. In full generality, the Dvoretzky
covering problem is still unsolved. The higher dimensional case has been studied by
El Hélou [18] and Kahane [36] among others. In [36], a complete solution is provided

in the case when generating sets are similar simplexes.

For various other aspects of random covering sets, we refer to [1, 18, 22, 23, 27,
29, 30, 35, 36, 37, 41, 44, 51]. Recent contributions to the topic include various types
of dynamical models, see [24, 31, 42], and projectional properties [11].

Further motivation to study limsup sets stems from Diophantine approximation.
Recall that, for ¢: N —]0, 0o[, the set of ¢ well-approximable numbers consists of
those x € R for which there exist infinitely many ¢ € N such that

p
I‘—_

< ¢(q)
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for some p € Z. Given ¢, the determination of the size of these limsup sets and
various variants is an important theme in Diophantine approximation and there is
a vastly growing literature on this branch of metric number theory, see [2, 3] and
the references therein.

In the circle T!, the study of ¢ well-approximable numbers may be regarded as
a variant of the shrinking target problem or dynamical Diophantine approximation
formulated in the following manner: assuming that X is a metric space, T: X — X
is a dynamical system, (7,)nen is a sequence of positive real numbers and zy € X,
determine the size of the set

limsup T7"(B(xg, 7)) = {x € X : T"(xz) € B(xg,r,) for infinitely many n € N},

n—oo
where B(z,r) is the open ball with radius r centred at = € X. Indeed, letting zq = 0,
r, = q9(q) and T,: T' — T* be the rotation by an angle z;, we recover that the set
of ¢ well-approximable numbers consists of those = such that 72(0) € B(0,r,) for
infinitely many ¢ € N. Another variant of this question, called the moving target

problem, is concerned with the investigation of the limsup set
{r e X :x e B(T"(xy),r,) for infinitely many n € N},

see [4, 8]. A recent account on this line of research is provided in [24]. Observe that,
by replacing the map 7 with the random walk on T? driven by the Lebesgue measure,
the random covering set E(x, A) may be viewed as a moving target problem limsup
set provided A, = B(0,r,) for all n € N. For an interesting application of limsup
sets to the study of Brownian motion, we refer to [39)].

In this paper, we focus on the natural problem of determining almost sure values
of Hausdorff and packing dimensions of random covering sets in the case when they
have zero Lebesgue measure. We denote the Hausdorff and packing dimensions by
dimy and dimp, respectively. For d = 1 and for an arbitrary decreasing sequence
A = (A,)nen of intervals of lengths (1,,)nen, the almost sure Hausdorff dimension of
the random covering set is given by

logn

(1.1) dimp E(x,A) =inf{0 <t < 1: ;(zn)t < oo} = lim sup Tlogl”
For [, = n™®, @ > 1, this is proved by Fan and Wu [25] and, as explained in
their paper, the method works also for more general decreasing sequences (I, )nen-
Using an approach different from that of [25], Durand [13] generalised the result
of [25] and obtained a dichotomy result for the Hausdorff measure of E(x, A) for

general gauge functions. The dimension result (1.1), as well as its analogy in T¢
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for random coverings with balls, can also be derived from the mass transference
principle proved by Beresnevich and Velani in [3] (see [32] for details). In addition
to random covering sets, the mass transference technique has proved to be a useful
tool in studying the limsup sets in the context of Diophantine approximation and
shrinking target problems. See e.g. [2, 3, 24, 28|. However, its applicability is
essentially limited to the case when the sequence A consists of balls and, therefore,

it cannot be utilised in the general setting of this paper.

Notice that the methods used in [13, 25] rely essentially on the ambient space
being a torus and generating sets being balls. One needs to employ new ideas in
investigating random covering sets generated by more general sets. The case when
the generating sets are rectangle-like was first studied in [32]. More precisely, assume
that the generating sets in A are of the form A, = II(L,(R)) for all n € N, where
I1: RY — T? is a natural covering map, R is a subset of the closed unit cube [0, 1]¢
with non-empty interior and, for all n € N, the map L, : R? — R? is a contracting
linear injection such that the sequences of singular values of (L,,),en decrease to 0
as n tends to infinity. Note that the singular values of L, are the lengths of the
semi-axes of L,(B(0,1)). Under this assumption, according to [32], almost surely
the Hausdorff dimension of E(x,A) is given in terms of singular value functions
®'(L,) (for the definition see [32]), that is, almost surely

(1.2) dimy E(x,A) =inf{0 <t < d: i@t(Ln) < oo}

n=1
with the interpretation inf () = d.
In [47], Persson proved that (1.2) remains valid when dropping off the monotonic-

ity assumption on the singular values of (L, )nen in [32]. Indeed, he showed that,
for a sequence A of open subsets of T?, almost surely

(1.3) dimg E(x,A) > inf{0 <t <d: f:gt(An) < 00},
where !
(1.4 a(F)i= T

for all Lebesgue measurable sets F' C T with £(F) > 0, and

(1.5) L(F) = //FXF |z —y| " dL(x)dL(y)

is the t-energy of F. For simplicity, we use the notation |z —y| for both the Euclidean

distance and the natural distance in T¢. When the generating sets of A are open
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rectangles, the lower bound in (1.3) equals the right-hand side of (1.2). Hence, the

monotonicity assumption on (L,,),ey is not needed.

Inspired by the results of [32, 47|, we aim at an exact dimension formula for the
random covering sets constructed from an arbitrary sequence A of open sets or,
more generally, Lebesgue measurable sets satisfying a mild density condition. To
this end, we introduce the following notation. For 0 < ¢ < oo, the t-dimensional
Hausdorff content of a set F' C R? is denoted by

(1.6) H! (F) = inf{i(diam F) :FcC G E,},

where diam is the diameter of a subset of R?. For a sequence A = (Ay)nen of subsets
of R?, we define

(1.7) to(A) :=inf{0 <t <d: i%;(An) < 00}

n=1
with the interpretation inf ) = d. If A is a sequence of Lebesgue measurable subsets

of RY, we set

(1.8) so(A):=inf{0<s<d: iGS(An) <00}

n=1

with the interpretation inf ) = d, where
(1.9)  Gs(E) :=sup{ygs(F): F C E, F is Lebesgue measurable and L(F') > 0}

with the interpretation sup @ = 0. Finally, given F' C R, we say that a point z € F
has positive Lebesque density with respect to F' if

lim inf LF0 Bz, )
8 LB, )

and, moreover, the set F' has positive Lebesque density if all of its points have positive

>0

Lebesgue density with respect to F.

As a consequence of our main theorem (see Theorem 1.1), we will prove that

almost surely
(1.10) dimpg E(x,A) = 50(A) = tp(A)

provided that A = (A,).en is a sequence of Lebesgue measurable subsets of T¢
having positive Lebesgue density. It is worth noting that so(A) could be strictly
larger than Persson’s lower bound (i.e. the right-hand side of (1.3)) even when A

consists of open sets (see Example 7.1).
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Let us first give some remarks and briefly illustrate our main strategy in the
proof of (1.10). The whole proof consists of three parts: dimyg E(x,A) < to(A),
So(A) = to(A) and dimy E(x, A) > so(A) almost surely. The assumption of positive
Lebesgue density is only used in the proof of the equality so(A) = to(A). Without
this assumption, the equality may fail and, furthermore, it may happen that almost
surely dimy E(x, A) < to(A) and dimyg E(x, A) > s9(A) (see Examples 7.2 and 7.4).

The proof of the upper bound (i.e. dimygE(x,A) < ¢3(A)) is direct and simple.
To prove the equality so(A) = to(A), we manage to establish certain relations
between the quantities H!_(-) and G4(-) (see Lemmas 3.2 and 3.10). The proof of
these relations employs some potential theoretic arguments, and is rather long. A
key ingredient is a subtle and technical result (Proposition 3.8), which allows us
to approximate a given measure p and its s-energy simultaneously by a certain
sequence of normalised Lebesgue measures. As for the lower bound, we note that if
U is open, then a straightforward approximation argument implies that

Gs(U) =sup{gs(V) : V C U, V is open and L(V) > 0}.

With Persson’s result, this characterisation can be employed to give a more direct
proof of the fact that so(A) is a lower bound for dimyg E(x, A) in the case when A
is a sequence of open sets. However, this method does not work if the sets in the
sequence A fail to be open.! For this reason, we need to make use of a completely
different approach to deal with a more general generating sequence A. For that
purpose, we introduce the notion of minimal regular energy which allows us to give
a lower bound of the Hausdorff dimension of random covering sets under certain
energy condition (see Section 4). A rather sophisticated random mass distribution
argument is then carried out in Section 5 to verify this condition.

Regarding the packing dimension of random covering sets, we show that if the
sets in A are Lebesgue measurable and £(A,,) > 0 for infinitely many n € N, then
almost surely

(1.11) dimp E(x,A) = d.

For open generating sets, this result is immediate since E(x, A) is a Gs-set, which is
almost surely dense. As in the case of Hausdorff dimension, replacing open generat-
ing sets by Lebesgue measurable ones (of positive measure) turns out to be a subtle
task. The strategy in the proof of (1.11) is somewhat analogous to that of (1.10).

When A consists of open sets, it is also unclear whether Persson’s method could be used
to prove this lower bound in our more general setting, where the translations x = (z,)ncn are
independent with a law not singular with respect to L.
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However, instead of the minimal regular energy and a mass distribution argument,
we apply a result that allows us to conclude that dimp E(x, A) = d by estimating,
for compact sets F', the number of dyadic cubes intersecting FNJ;-, (2, + Ay) in a
set of positive Lebesgue measure (see Proposition 6.4). Observe that since E(x, A)
is almost surely dense, the box counting dimension of E(x, A) exists and is equal to
d almost surely.

To summarise, the equation (1.10) gives a characterisation of the almost sure
value of the Hausdorff dimension of random covering sets in T¢ for rather general
generating sequences A when the translations x = (z,),eny are independent and
uniformly distributed. As illustrated by Example 7.2 (see also Example 7.4), the
assumption on positive Lebesgue density cannot be replaced by the weaker assump-
tion that £(A, N B(z,r)) > 0 for all » > 0, 2 € A, and n € N. In our main
result, Theorem 1.1, we will further generalise (1.10) and (1.11) in several different
directions. Firstly, we will replace the uniform distribution by an arbitrary Radon
probability measure which is not purely singular with respect to the Lebesgue mea-
sure. Secondly, we will be able to replace the torus T? by any open subset of R?, in
particular, by R? itself. These generalisations allow us to deduce (1.10) and (1.11)
for many natural unbounded models, including the case when (z,,),en are indepen-
dent Gaussian random variables on R? and (A, ),ecn are Lebesgue measurable subsets
with positive Lebesgue density supported on a fixed compact subset of R?. Finally,
we extend (1.10) and (1.11) to Lie groups and, more generally, to smooth Riemann
manifolds. To achieve this, note that when the ambient space is T¢, the structure
is linear in the sense that the random covering set is of the form
(1.12) E(x,A) = limsup f(z,, An)

n—oo
where the function f: T¢ x T? — T? is defined as f(z,y) = = +y. Thus, a natural
attempt to extend (1.10) and (1.11) to Lie groups or, more generally, to smooth

manifolds is to study a nonlinear structure where f is a smooth mapping.

Before presenting our main result in full generality, we will set up some further
notation. Let U,V C R? be open sets and let f: U x V — R? be a C'-map such
that the maps f(-,y): U — f(U,y) and f(z,:): V — f(x,V) are diffeomorphisms
for all (z,y) € U x V. Denote by Dy f and D f the derivatives of f(-,y) and f(z,),
respectively. We assume that there exists a constant C', > 0 such that

(1.13) 1D f ()|l |(Dif (2, 9) 7 < Cu

for all (z,y) e U x V and i =1,2.



Let 0 be a Radon probability measure on U which is not purely singular with
respect to the Lebesgue measure £. We consider the probability space (UY, F,P)
which is the completion of the infinite product of (U, B(U), o), where B(U) is the
Borel o-algebra on U. Assuming that A = (A, ),en is a sequence of subsets of V|
define for all x € UN a random covering set E(x, A) by

E(x,A) := limsup f(z,, A,) = ﬂ U f(zx, Ag).

n—oo n=1k=n

Now we can finally present our main theorem.

Theorem 1.1. Let f: U xV — R? be as above and let A C 'V be compact. Assume
that A = (A,)nen is a sequence of non-empty subsets of A. Then

(a) dimg E(x, A) < to(A) for all x € UN.

(b) dimp E(x, A) > s¢(A) for P-almost all x € UN provided that A is a sequence
of Lebesque measurable sets.

(c) so(A) = to(A) provided that A is a sequence of Lebesgue measurable sets
with positive Lebesque density.

(d) dimp E(x,A) = d for P-almost all x € UN provided that A, are Lebesque
measurable and L(A,) > 0 for infinitely many n € N.

It follows immediately from Theorem 1.1.(d) that the upper box counting dimen-
sion of E(x, A) equals d almost surely. From the proof of Theorem 1.1.(d), we see
that E(x, A) is almost surely dense in a set of positive Lebesgue measure. There-
fore, also the lower box counting dimension equals d almost surely. As a corollary of
Theorem 1.1, we obtain the following dimension result for random covering sets in
Riemann manifolds. Note that in Corollary 1.2, the quantities so(A) and ¢yo(A) are
defined as in (1.7) and (1.8) by using the distance function induced by the Riemann
metric and by replacing £ by the Riemann volume.

Corollary 1.2. Let K, M and N be d-dimensional Riemann manifolds. Assume
that f: K x M — N is a C*-map such that f(z,-) and f(-,y) are local diffeomor-
phisms satisfying (1.13). Let A C M be compact and let A = (A,)nen be a sequence
of subsets of A. Suppose that o is a Radon probability measure on K such that it is

not purely singular with respect to the Riemann volume on K. Then the statements
(a)-(d) of Theorem 1.1 are valid.

As mentioned earlier, choosing K = M = N =T¢, f(z,y) =x+yand o0 = L, we

recover the previously mentioned setting in T¢. The assumption that the generating
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sets are subsets of a compact set A is needed, for example, to guarantee that E(x, A)
is non-empty. A natural class of generating sets A which satisfy the assumptions of
Theorem 1.1 and to which the earlier known results are not applicable are regular
Cantor sets having positive Lebesgue measure. For the role of other assumptions
in Theorem 1.1, we refer to Section 7 where, among other things, sharpness of our
results will be discussed. Theorem 1.1 has a refinement concerning the Hausdorff
measures of E(x, A) with respect to doubling gauge functions. The exact statement

of this result is given in Section 8.

The paper is organised as follows: We begin with technical auxiliary results in
Section 2. In Section 3, we prove items (a) and (c) of Theorem 1.1. In Section 4, we
introduce a new concept called minimal regular energy and show how it can be used
to estimate Hausdorff dimensions of random covering sets. Section 5 is dedicated
to the proof of Theorem 1.1.(b) whereas the statement (d) is handled in Section 6.
In Section 7, we explain how Corollary 1.2 follows from Theorem 1.1 and illustrate
by examples the role of the assumptions and the sharpness of Theorem 1.1. In the
last section, we give further generalisations of Theorem 1.1 and some remarks. For
example, we present some results concerning Hausdorff measures of random covering

sets with respect to general gauge functions.

2. AUXILIARY RESULTS

In this section, we prove technical lemmas which will be needed in Sections 3—
6. When studying random covering sets in the torus, one often utilises the simple
fact that u € x + E if and only if x € u — E for every £ C T? In the nonlinear
setting, given a parameterised family of diffeomorphisms W, we attempt to find
a parameterised family of diffeomorphisms X, such that v € W, (F) if and only if
x € X, (F). It is easy to see that the linearised local version of this problem has a
solution and, therefore, this should be the case for the original nonlinear problem
as well. In order to state this result formally, we need the following notation.

Definition 2.1. Let U C R? be open. A C'-map W: U x R — R? is said to
be a uniform local bidiffeomorphism, if there exist ro > 0, yo € R? and a constant
C' > 0 such that, for oll x € U and y € B(yo,ro0), the maps W(x,-): B(yo,r0) —
W (z, B(yo,r0)) and W(-,y): U — W(U,y) are uniform diffeomorphisms, that is,
diffeomorphisms satisfying

(2.1) DWW ()l H(%W(%y))*lll <C



for all x € U, y € B(yo,r0) and i = 1,2, where DiW and DyW denote the
derivatives of W (-,y) and W (x,-), respectively. A uniform local bidiffeomorphism
W generates a parameterised family of uniform diffeomorphisms W : B(yo,10) —
W.(B(yo,70)), x € U, by the formula W,(y) = W(x,y).

Lemma 2.2. Let W1 B(yo,70) — Wa(B(vo,70)), * € U, be a parameterised family
of uniform diffeomorphisms generated by a uniform local bidiffeomorphism W : U X
R? — R Then there exists a parameterised family of uniform diffeomorphisms
X.: V., = X, (V) where z € W(U, B(yo,70)) and V., C B(yo,r0) is open such that,
for all A C B(yo,70), we have

z2 € Wi(A) if and only if x € X, (ANV,).
Furthermore,
(2.2) IDX. () [(DX.(y) ]| < C*
for all z € W(U, B(yo,r0)) and y € V.. Here C is as in Definition 2.1.
Proof. Since, for all z € W(U, B(yo, r0)), theset U* :=={z € U : z € W(x, B(yo,70))}

is open and non-empty, we may define a map R*: U* — B(yo,70) by R*(z) := T,(2),
where T, := W (x,-)~'. That is,

Wiz, R*(z)) = W(z,T,(2)) = z.

Consider z € W(U, B(yo,r9)). We show that R*: U* — R*(U?) is a uniform
diffecomorphism. If z,u € U~* satisfy R*(x) = R*(u), then T,(2) = Tu,(z2) = vy
for some y € B(yo,70) and, therefore, W(z,y) = z = W(u,y). Thus z = u,
implying that R* is injective. Since W(z,T,(z)) = =z for all x € U?, we have
D\W(x,T,(2)) + DoW (2, T,(2)) o D, T,(2) = 0, giving

DR () = D,Ty(2) = —(DsW (2, To(2))) ™ 0 DyW (2, Ty (2)).
This implies
(2.3) IDR*(@)||, [[(DR*(x))~"|| < C?

for all z € W(U, B(yo,70)) and € U?. Observing that, for all A C B(yp, 1) and
xeU,

zeW(r,A) <= T,(2) €A < R*(z) € A < z € (R*)(A),

we may define V, := R*(U?) and X, := (R?)"'. The claim (2.2) follows from

(2.3). O
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For every A C R? and § > 0, let
(2.4) Vs(A) == {z € R : dist(z, A) < §}
be the closed d-neighbourhood of A. Here dist(z, A) := inf{|lz —a| : a € A} is

the distance between x and A. According to the next lemma, using the notation
of Lemma 2.2, for each Lebesgue measurable set F' C R? the Lebesgue measure of
FNnW,(A) is close to that of W,(A) for most points x € F' provided that A is a
subset of a sufficiently small ball.

Lemma 2.3. Let U C R, ry > 0, yo € RY and W: U x R — R? be as in
Definition 2.1. Assume that W,(yo) = = for all x € U and F C U is Lebesgue
measurable. Then, for every e > 0, there is 6 = §(F,e) > 0 such that, for all
Lebesgue measurable sets A C B(yo,0), we have

(2.5) L{zeF:LFNW,(A)>(1—e)L(W,(A)}) > (1—e)L(F).

Proof. We start by proving that z — L(F N W,(A)) is a Borel map. Assume
first that F' and A are compact. Since £ is a Radon measure, we have L(E) =
lims_o £(V5(E)) for all compact sets E. This, in turn, implies that the function
E — L(F), defined for compact sets, is upper semi-continuous. Moreover, the fact
that the map E — E N A is upper semi-continuous for compact sets A C R? (for
the definition of upper semi-continuity in this context see [38, p. 200]) implies that
the map z — L(F NW,(A)) is upper semi-continuous and, therefore, a Borel map.

Assume now that F' and A are Lebesgue measurable. Since £ is inner regular,
that is, L(E) = sup{L(C) : C C E, C is compact} for all Lebesgue measurable
sets £ C R we may choose increasing sequences (F});ey and (A;);en of compact
sets such that F; C F, A; C A, lim; oo L(F;) = L(F) and lim;_,o L(W,(4,)) =
L(W,(A)) for all x € U. In particular,

lim lim £(F;, N W,(A,)) = L(F N W,(A))

j—00 i—»00
for all z € U and, therefore, the map = — L(F N W,(A)) is Borel measurable. It
follows that all the sets we encounter in the proof below are Lebesgue measurable.

First we prove (2.5) for compact sets F'. Clearly, we may assume that L(F') > 0.
Note that (2.5) is equivalent to

(2.6) L{z e F:LF NW,(A)) >eL(W,(A)}) <eL(F),

where the complement of a set E is denoted by E°. Now suppose that (2.6) is not

true. Then there exists ¢ > 0 such that, for all 6 > 0, there is a measurable set
11



A C B(yo,0) with L(A) > 0 satisfying L(A) > eL(F), where
A={z e F: LFNW,(A) >eL(W,(A))}.
Suppose that z € W,(A). Since W,(yo) =  for all z € U, we have |z—x| < Cyd =: 6.

Denoting the characteristic function of a set E by x g, we obtain by Fubini’s theorem
that

/ L(FE AW, (A))dL(z) < / L(F® N W,(A))dL(x)
A F
— [ xrtapanin @) et ()
— [ xrta eIy, (2) 4L )

— [ [ @ dcece),
Vs(F)\F JF

From Lemma 2.2 we deduce that z € W, (A) if and only if x € X, (ANV,). Further-
more, L(X.(ANV,)) < C?*L(A) by (2.2). Thus

(2.8) /A LFCNW,(A))dL(z) < C*L(A)L(V(F)\ F).

On the other hand, since W, is a uniform diffeomorphism, £(W,(A)) > C7L(A)
for all x € U. Combining this with the definition of A, inequality (2.8) and the fact
that L(A) > eL(F'), we obtain

/ﬁ(FCﬂW (A))dL(x) > /ﬁ(W (A))dL(z)

—g//XWx 2)dL(2)dL(x) > g//XWx () dL(2)dL(z)

(2.9) _5//XW )(2) dL(2)dL(x —s//xwz 2)xre(2) dL(z)dL(x)

> - —e//m 2)xre(2) dL(2)dL(x)
Zeﬁ(A)(C YeL(F) — C*L(Vi(F)\F)).

Since F is compact, £(F) = lim; o, £L(V 1(F)) and, therefore, for every & > 0, there
is § > 0 such that L(V;(F)\ F) < EL(F). Hence, (2.9) contradicts (2.8), completing

the proof of (2.5) for compact sets F.
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For a Lebesgue measurable set F', choose a compact set K C F satisfying L(K) >
(1 —¢)L(F). Then

L({z € F: LIFNW,(A)) > (1 —€)’L(W,(A))})
>L({z e K: LIKNW,(A)) > (1—¢e)L(W,(A))})
> (1—e)L(K) = (1—)*L(F),

completing the proof of (2.5). O

The last lemma of this section is a counterpart of Lemma 2.3 for energies of sets.

Lemma 2.4. Let U C R, ry > 0, yo € RY and W: U x R* — R? be as in
Definition 2.1. Assume that W,(yo) = « for all x € U. Let Fy, Fy, C U be bounded

Lebesque measurable sets and let 0 < t < d. Then, for every € > 0, there exists
01 = 01(F1, Fo,e) > 0 such that

// // \ul — UQ|_t dﬁ(ul)dﬁ(w)dﬁ(xl)dﬁ(xg)
F1><F2 Wml (Al)XWxQ(AQ)

<(1+e) / /F LW (AW (Aa) s = o] ()AL o),

provided that Ay, Ay C B(yo, 1) are Lebesgue measurable.

Proof. Clearly, we may assume that £(F7) > 0 and L(F;) > 0. Let R > 1 be such
that Fy, I, C B(0, R —1). Then

0< // [ —ug| ™ dL(uy)dL(ug) < // [y —ug| " dL(uy)dL(ug) < 0.
F1 X Fy B(O,R)XB(O,R)

It follows that, for every € > 0, there exists 6 € R with 0 < § < 1 such that

(2.10) //D@ luy — ua|~t AL ()AL (ua) < g//FF s — a|~" AL ()AL (ua),

where D(6) := {(u1,u2) € B(0,R) x B(0,R) : |ug — ug| < d}. Consider 0 <
€ < 1 and let § > 0 be such that (2.10) is valid. Defining &, := $C &6, gives
diam W, (B(yo, 61)) < 2&6 for all z € U.

Let A; and A be Lebesgue measurable subsets of B(yp, d1). Recall that W, (yo) =

z for all x € U. Thus, if u; € W,,(4;) for i = 1,2 and |21 — 23| > 36, we have
13



|uy — ug| > (1 — 28)|z1 — x2| and, therefore,

(2.11)

/ // ’Ul — Ugl_t dﬁ(ul)d[,(UQ)d[,(ﬂﬁl)dﬁ(l'g)
{(z1,22)EF1 X Fy : |$1—$2|>%6} Way (A1)><I/Vx2 (A2)

S (1 - 25)_t/ |$1 — ZL’2|_t
{(z1,m2)EFIXFy : |w1—x2|>36}

X L(Wa, (A1) L(Way (Az)) dL(x1)dL(2)
S (]. - 25)_t // L(le (Al))£<W$2(A2>>|$1 — ZL’2|_t dL((IIl)dL(Ig)
F1 ><F2
To estimate the remaining part of the integral, we make the change of variables

w; = Wy, (t;) = W(x;,u;) for i = 1,2. The Jacobians of these coordinate transfor-

mations are bounded from above by C¢. By Fubini’s theorem,

/ // |U1 — Ugl_ dﬁ(ul)dﬁ(UQ)dﬁ(ﬁl)dﬁ(l‘g)
xl xQ €F1><F2 |:E1 x2\< 5} Wzl(Al)XWIQ(AQ)

< c?d// / W (1, i) — W (i)
A1><A2 (xl xQ EF1><F2 \xl x2|< 5}

% dL(21)dL (ws)dL (@ )AL (1is) =: L.

Recall that, by the choice of d;, we have |W(xy,u1) — W (x2,Us)| < 6 provided that
|21 — 25| < 16. The fact that, for i = 1,2, we have |[W (z;, @;) — W (2, y0)| < Cé < 1
for all z; € F; and u; € A; gives W (x;, ;) € B(0, R). Making the change of variables
T; = W(xy, ;) for i = 1,2 and using the fact that the Jacobians are bounded by C¢,
inequality (2.10) gives

4d ~ ~ |—t ~ ~ ~ ~
L<C //Aleg //1;(5) |T1 — Zo| ™" dL(Z1)dL(T2)dL(T7)dL(Us)
(2.12) < CMEL(A)L(AY) // Ty — Zo| M dL(31)dL(To)

< 06‘15//F i LWy (AD)) LW, (A)) Ty — &2 TFdL(31)dL ().

Combining (2.11) and (2.12) gives the claim. O

3. UPPER BOUND FOR HAUSDORFF DIMENSION

In this section, we prove claims (a) and (c) in Theorem 1.1. We begin with the

following observation.

14



Lemma 3.1. Let (E,)qen be a sequence of subsets of R%. Then

dimy (limsup E,) < inf{t >0: ZHEO(En) < oo}

n—oo n=1

Proof. For 0 < s < oo and 0 < § < oo, we denote by H* and Hj the s-dimensional
Hausdorff measure and d-measure, respectively. Let ¢ > 0 with > 7  H! (E,) < co.
For the purpose of proving the claim, it suffices to show that dimg (lim SUD,, 00 En) <

t. In what follows, we prove a slightly stronger result that H* (lim SUD,, 500 En) =0.

Let ¢ > 0 and let N € N so that > >°  H! (E,) < E—; For every n > N
and k£ € N, we choose U, C R¢ such that U;il U D E, for all n > N and

Yo v D oney (diam U, ;)" < €', Clearly, diam U, ;, < € and, therefore,

HE (lirn sup En) < Hé( U En) < Z Z(diam Uni)' < e

n—roo n=N n=N k=1

As e can be arbitrarily small, we have H'(limsup,, , ., F,) = 0, which completes the

proof. O

Proof of Theorem 1.1.(a). The inequality dimygE(x, A) < t3(A) follows directly
from Lemma 3.1, using a simple observation that HL (f(z, E)) < (C,)"H! (E) for
all x € U and E C V, where C,, is the constant appearing in (1.13). O

The rest of this section is devoted to proving that so(A) = ¢o(A) under the
assumptions of Theorem 1.1.(c), where so(A) and ty(A) are as in (1.8) and (1.7),
respectively. We start by proving that so(A) < to(A).

Lemma 3.2. Let E C R? be a Lebesque measurable set. For all t > 0, we have
HL(E) > Gy(E). In particular, for every sequence A := (A,)nen of Lebesgue
measurable subsets of R?, we have so(A) < to(A).

Proof. We may assume that £(F) > 0 and H!_(F) < oo. Let ¢ > 0. We choose
disjoint Borel sets E,, n € N, such that |J -, E, D E and > - (diamE,)" <
H! (E) + . Notice that, for all n € N,

L(ENE,) = / / =yt dL(@)dL(y) > (diam E,)L(E N B,)2
(ENEn)%(ENEn)
It follows that

(diam E,,)'L(E N E,)*.

NE

(3.1) I(E) > i[t(EﬂEn) >

n=1 1

3
Il

[
ot



From (3.1) and Cauchy-Schwarz inequality, we obtain

(O (diam E,)")I,(E) > (D _(diam E,)") (Y _(diam E,,) " L(E N E,,)?)

> (S LB B = LY,

which implies that Y | (diam E,,)" > g,(E) (see (1.4)). Hence, H! (E)+¢ > g:(E).
Letting ¢ tend to zero, gives H! (E) > g.(E). As H! (-) is a monotone increasing
function, we conclude that H:_ (F) > G(F). According to this inequality, we have
s0(A) < to(A) for every sequence A of Lebesgue measurable subsets of R O

Remark 3.3. The following extension of Lemma 3.2 can be proven with the same
argument: if i is a finite Borel measure supported on E and t > 0, we have
2
) > e '
J e | =yl dp(w)dp(y)

H!(E

We proceed by estimating H’_(E) from above by means of G;(E). Our estimate is
based on a technical result stated in Proposition 3.8. In what follows, the restriction
of a measure p to a set £ C R? is denoted by u|g, that is, u|g(F) := u(E N F) for
all F c R%. For a Radon measure p on R? and 0 < s < d, let

L) = / &y du(e)du(y)

be the s-energy of u. Given a Borel set E C R? let P(E) be the space of Borel
probability measures supported on E, and let ET be the set of points in F having
positive Lebesgue density, that is,
L(ENB

L(B(z,r))
We denote by E the closure of a set £ C R?, by B(0,1) C R? the closed unit ball

centred at the origin and by C(B(0,1)) the family of continuous maps from B(0, 1)
to R.

ET = {x € F: liminf
r—0

We continue by verifying several elementary lemmas.

Lemma 3.4. Letting s > 0, the mapping n — Is(n) is lower semi-continuous on
P(B(0,1)), when P(B(0,1)) is equipped with the weak-star topology.

Proof. The result is well known (see for example [40, (1.4.5)]) and follows from the
fact that the mapping (x,y) — |z — y|~* is non-negative and lower semi-continuous

on R% x R?, O
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Lemma 3.5. Let n € P(B(0,1)). Suppose that (F,)nen is a sequence of Borel
subsets of B(0,1) satisfying lim, . n(F,) = 1. Then 1, := n(F,)"'n|r, converges
to n in the weak-star topology as n tends to infinity. Moreover, lim, ., Is(n,) = Is(n)
for all s > 0.

Proof. Letting g € C(B(0,1)), we have that

OS/\Q—QXFn!dné(l—n(Fn)) max |g(z).

z€B(0,1)

From this it follows that

lim [ gdn, = lim n(Fn)‘l/ngn dn = /g dn
n—oo

n—oo

and, therefore, n, converges to n in the weak-star topology.

Let s > 0. By Lemma 3.4, we have liminf,_,, I5(n,) > Is(n). Notice that, for all
n €N,

Li(n,) = n(F,) ™ //F i |z — y|™* dn(x)dn(y) < n(F,)*L(n),

which implies that limsup,,_, . Is(n,) < Is(n). Hence, lim, , I4(n,) = Is(n), as
desired. 0

For a Borel set ' c B(0,1) and s > 0, we recall the notation I,(F) = I,(L|r)
from (1.5). For every k € N, define
(3.2) Qr:={[0,27""+a:aec27F7%}.

Lemma 3.6. Let FF C B(0,1) be a Borel set, and let 0 < s < d. Then, for every
p € R with 0 < p <1, there exists a Borel set Iy C F so that L(Fy) = pL(F') and
I(F) < 2p*I(F).

Proof. Let 0 < p < 1. Write p := L|r and choose a large integer ¢ € N so that

(3.3) (1+ %) < 3.

Since I(p) < oo, there is n € N such that

(3.4 S [ el du@auty) < L.
Q.Q'€Qn @

dist(Q,Q")<27 "¢

Here dist(Q, Q’) inf{|lx —y|: x € Q and y € Q'}. For each Q € Q,, construct a
Borel subset Q of Q N F such that E(Q) = pL(Q N F). Defining F; := UQeQn Q,

we have Fy C F and L(Fy) = pL(F).
17



We proceed by showing that I,(F)) < 2p*I(F). Set n := L|r,. Since I} C F,
inequality (3.4) gives

> // |z —y|™* dn(z)dn(y) < 30°L(p)-
Q.Q'€Qn @xQ
dist(Q,Q")<2™ "¢
The proof will be complete, once we show that
(3.5 S [ el dndn) < 5100,
Q.Q'€Qn @xQ’
dist(Q,Q")>2""¢

Note that if Q, Q" € Q,, with dist(Q, Q") > 27"/, x € Q and y € @', we obtain
dist(Q, Q) < |z —y| < dist(Q, Q) +2Vd2™"
and, therefore, by (3.3),
§dist(Q, Q)™ < |z —y[77 < dist(Q. Q)

This, in turn, implies that

JIL el dn@nts) < dist(@.Q)n@n(@)
= p? dis Q") r—y| " du(x)d
= dist(@. Q) m@u@) <3 [l i dna)dn(o).

Summing over @, Q' € Q,, with d(Q, Q") > 27™¢, we obtain (3.5) as desired. O

The following lemma is a special case of Proposition 3.8.

Lemma 3.7. Let E C B(0,1) be a Borel set with L(E) > 0, and let k,m € N.
Assume that Ey C E is a non-empty Borel set such that

L(ENB(z,r)) 1
3.6 > -
0 LB F
forallz € Ey and 0 <1 <27™. Let 0 < s < d and p € P(Ey) with I;(n) < oco.

Then there is a sequence (F, )nen of Borel subsets of E with positive Lebesque measure

such that the sequence p, := L(F,) " L|r,, n € N, converges to u in the weak-star

topology as n tends to infinity, and limy, o Is(p,) = Is(p).

Proof. We divide the proof into three steps.
Step 1. Construction of (ji,)nen. For all n € N; let

{Zni, . Ty, |Tn; — x| > 27" for all i # j}
18



be a subset of Fjy with maximal cardinality. Then

Pn
Ey C | JB(zn:,27").

i=1

Fori=1,...,p,, we denote by @, ; the set of points y € B(x,,;,2™") for which 7 is

.....

1=1,...,p,, are pairwise disjoint Borel sets satisfying
Pn Pn
(3.7) Ey | JQui=JB(zn:27") and
i=1 i=1
(3.8) B(2n3, 27" 1) C Qni C B(w,,27") foralli =1,...,p,.
For allt=1,...,p,, define
(3.9) ¢ = ()
L(ENB(zy;,27"72))

and set ¢ := max;—1,._,, ¢;- Lemma 3.6 implies that, for every i =1,...,p,, we can

.....

construct a Borel set F,, ; such that

(3.10) F,: C ENB(x,;,27"?),

(3.11) L(Fo;) =4%L(ENB(x,;,27"?)) and

(3.12) L(F;) < %1, (ENB(2,;,27"?)) .

By (3.10), the sets F,;, i = 1,...,p,, are pairwise disjoint and, moreover,
(3.13) dist(F,, Fy, ;) > 27" for i # j.

We complete the construction in step 1 by setting
Pn
F, = Uani and g, = L(E,) 'Lk, .
i=1

Observe that £(F,,) > 0 since L(B(z,7) N E) > 0 for all x € Ey and r > 0.

Step 2. Convergence of (i, )nen- By (3.9) and (3.11), we have L(F,;) = ¢ (@)
forall i =1,...,p,. It follows that

(3.14) L(F,)=c"and

(3.15) fin(Qni) = tin(Frg) = 11(Qn,i)

for all i = 1,...,p,. Let FF C R? be a compact set. From (3.15) and the fact that
diam(Q,;) <2-27" (see (3.8)), we conclude that, for all ¢ > 0, (recall (2.4))

lim sup 2, (F) < limsup Y 1 (Qni) < p(Ve(F)).

Qn,iCFE
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Combining this with the fact that u(F) = lim._,ou(V.(F)), leads to the conclu-
sion limsup,,_, . pn(F) < p(F). The weak-star convergence now follows from the
Portmanteau theorem [38, Theorem 17.20].

Step 3. Convergence of (I(ji,))nen- Since the sequence (i, )nen converges to p in
the weak-star topology, Lemma 3.4 gives liminf,, ., Is(1,) > Is(1). Hence, for the
purpose of proving that lim,, . Is(pn) = Is(p), it suffices to show that, for every
e > 0, there exists N € N such that

(3.16) L) < (1+2)L(1)

for all n > N. Let € > 0 and select ¢ € N such that

(3.17) (1+3)° <1+5.

Moreover, choose a large integer N > m such that, for all n > N,

sy ] o — oI~ du(e)dp(y) < £ 1.(1),
{(y) : la—y|<27"(£+8)}

where

L :=max {2°(¢ + 8)*, 2k*I,(B(0,1))L(B(0,1))*8}.
Let n > N and set D,, :== {Q,; : i = 1,...,p,}. Notice that if Q,Q" € D,, with
dist(Q, Q') > 27", z € ) and y € @', we have, by (3.8), that

dist(Q, Q') < |z — y| < dist(Q, Q) +4-27"
and, therefore, by (3.17),
(1+35) 7" dist(@, Q)™ < o —y| ™" < dist(Q, Q)™
Combining this with (3.15), we conclude that

S vl ) o) < dist(@,Q) (@)

= (@ Q) @U@ < (1+5) [y dp(@uty)

Summing over @, Q" € D,, with dist(Q, Q') > 27", we obtain that

S [ e ) < 0 LG

Q, Q'eD QX
dist(Q,Q")>2—"¢

To complete the proof of (3.16), it is sufficient to verify that

(3.19) > [ ol dw @) < 5100
Q.Q'eD, @'
dist(Q,Q")<27 "¢
20



Since pu, is supported on F,, = f;l F,.i, the left-hand side of (3.19) is bounded
above by

> ] [ o @) = (1) + 1)

1<4,5<pn
dist(Fp,i,Fn,;)<2~"(0+4)

where

(1) = / /F el @) and

1<s ]<pn 1#£j
dist(Fp,i,Fn,;)<2” ™ (4+4)

Z // |2 — Y| dpan () dpin (y)-

1<i<pp ¥ 7 FniXFni

We proceed by estimating (I) and (II) separately. First we obtain

(1) < > 20D 1 (B i) (B ) (by (3.13))

1<i,j<pn: i#j
dist(Fy i,Fy, ;) <27 (£+4)

- > 20D Qi) 1( Qi ) (by (3.15))

1<4,j<pn: i#j
dist(Fp,i,Fn,;)<2"(0+4)

> 2"uu(@)

Q,Q'€Dy,
dist(Q,Q") <27 ™(¢+4)

S 2y [l du@n) oy 69)

Q,Q'eD,
dist(Q,Q') <27 (£+4)

< (0 +8)" / / 1~y dyu()duly)
{(z,y) : |[z—y|<27"(£+8)}
< <1,(w). (by (3.18))

IN

IN

Set o := L(B(0,1)) and 8 := I;(B(0,1)). Using the change of variables & = rz, it

is straightforward to see that

(3.20) I,(B(x,r)) = E(f(a:, r)2a?r *B



for all z € R? and all r > 0. Therefore,

(1) = > AL(Fus) (by (3.14))
1<i<pn
< > 281 (ENB(2,:,27"7%) (by (3.12))
1<i<pn
2 7,1 215 ENB ni72in72
1<i<pn E(E N B(l‘n,iu 2—n— ))
< > (2K B8 ) u(@na)?2 (by (3.20) and (3.6))
1<i<pn
<@rass) 3 [ eyl dute)duty) (by (3.8))
1<i<py 7 ¥ Qi @n.i
< (2k*a7?B8°) // [z —y|™* du(z)dp(y)
{(zy) : lz—y|<2:277}
< £1,(p). (by (3.18))
We conclude that (1) + (/1) < 51,(p), from which (3.19) follows. This completes
the proof of Lemma 3.7. O

Now we are ready to state the main technical result of this section.

Proposition 3.8. Let E C R? be a bounded Borel set with L(E) > 0, and let
0 < s <d. Assume that p € P(E™) with Is(p) < oo. Then there is a sequence
(Fy)nen of Borel subsets of E with positive Lebesgue measure such that the sequence
pn = L(F,)"L|F,, n € N, converges to p in the weak-star topology as n tends to
infinity, and im, oo Is(pn) = Ls(p).

Proof. Without loss of generality, we may assume that £ C B(0,1). For every
k,m € N, define

L(ENB(z,7))

Epm ={z€E: > 1

L(B(z,1)) k
and set £}, := Ufnozl Eim. Then Ej ., T E, as m tends to infinity and, moreover,

Eyx T E7 as k tends to infinity. Choose sufficiently large kg € N such that p(Ey,) > 0.
For every integer k > kg, pick m; € N such that

1( B my) > (1= ) i(Ep).

Since Ej, 1 ET as k tends to infinity and p is supported on ET, we have

forall 0 <r < Q_m},

lim p(Eym,) = 1.

k—o0
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Set n, 1= M(Ek,mk)_IM’Ek,mk for all k > kg. From Lemma 3.5, we obtain
(3.21) lim n, =p  and  lm Ii(ng) = Ls(p).
k—o00 k—o0

Let & > ko. Replacing in Lemma 3.7 the sets £ and Ey by Et and Ej,,,
respectively, implies the existence of a sequence (Fj;)ieny of Borel subsets of EF
such that

lim £(Fyi) ' Llp,, =m  and i L(L(Fi) " Llg,,) = L0m).
Combining this with (3.21), we see that there exists a sequence (iy)gen of natural
numbers such that

lim £(Fpi) 'Llp, =p and  lim L(L(Fy,) ' Llg,. ) = L(p).
k—o00 k k—o0 k

This completes the proof of Proposition 3.8. (|

Next lemma states that every Lebesgue measurable set with positive Lebesgue
density is contained in a Borel set with positive Lebesgue density having the same

Hausdorft content as the original set.

Lemma 3.9. Let R > 0 and s > 0. Assume that E C B(0,R) is a Lebesque
measurable subset of RY. Then there exists a Borel set X C B(0,R) such that
ECX, LX\E)=0 and H (FE) = H5(X). Furthermore, under the additional
assumption E* = E, we may choose X so that X* = X.

Proof. The definition of HZ (-) implies that, for every n € N, there exists a sequence
(Fhi)ien of Borel sets satisfying £ C |J;o; Fr; and Y.~ (diam F,, ;)* < HE (E) + %
Defining F' := ()~ Uiy Fui, it is clear that F' is Borel measurable, E C F and
H: (F) = H3 (E). Moreover, there exists a Borel set A C B(0, R) such that £ C A
and L(A) = L(E). Setting X := FNA, it is easy to see that X fulfils all the desired
properties.

If B = E, the above construction may lead to the situation where X+ # X.
However, we have £ C X* C X and, therefore, H5_ (X1) = H: (E) = HE (X)
and L(X1) = L(E) = L(X). Note that (XT)* = X*. (Indeed, (AT)* = AT for
all Lebesgue measurable sets A C R? since £(A") = £L(A).) Since X is a Borel
set, so is XT. We complete the proof by deducing that the set Y := X has the
following properties: Y C B(0,R) is a Borel set, YT =Y, ECY, LY\ E) =0
and H:_ (V) = HE(E). O

The next lemma may be regarded as a complementary result to Lemma 3.2.
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Lemma 3.10. Let 0 <t < s < d and R > 0. Then there exists a positive constant
C = C(s,t,d,R) such that, for all Lebesque measurable sets E C B(0,R) with
E*t = E, we have

H(E) < CGy(E).

Proof. We may assume that F # (). Since Et = E # (), we have L(E) > 0 and,
therefore, HZ (E) > 0.

We first assume that F is Borel measurable. By Frostman’s lemma [45, Theorem
8.8], there exists a Radon measure p supported on E such that u(B(z,r)) < r® for all
r € R? and r > 0 and, moreover, u(E) = ¢HS_(E), where ¢ is a constant depending
only on d. Next we make a standard calculation in a slightly complicated looking
fashion since that will be useful for later purposes (see Section 8). Let h(r) := r!
and h(r) := r* for all r > 0. Set § := f—landa:= N(E)fﬁ. Then h(r) < h(r)'+?
for all » > 0. By [45, Theorem 1.15], we have for some constant ¢; depending on ¢

and s that

1

0 < ILip) = //u({y eR?: e =0 > u}) dudp(x)

< [ min{u(B). u(B, 7 )} dud(a)

< /(/ H(E) du + / B () ) )
0 a
< /(M(E)l_lié +/ w0 du) dp(x)
< (B < o (cHL (B0, R)) ' u(E).
Thus 0 < (1) < éu(FE) < 0o, where ¢ is a constant depending only on ¢, s and R.

Applying Proposition 3.8 to E, we find a sequence (ug)reny of measures such
that puy = p(E)L(Ey) 'Lk, and limy_,o [;(1ug) = I;(p). Here each Ej is a Borel
measurable subset of E with 0 < L(Ej) < oco. For all sufficiently large k € N, we

obtain
n(E)?

L(E})? L(Ey) = Li(pue) < 20(p) < 2¢u(E),

giving

s _—1 ~ —I‘C(E )2 ~ —1
H:(E)=c u(E) < 2éc T;kz) < 26 Gy(E)

by (1.9). Choosing C' := 2¢c™!, completes the proof for Borel sets F.

The general case of E being Lebesgue measurable may be reduced to the above

setting in the following manner. By Lemma 3.9, there exists a Borel set X C B(0, R)
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so that Xt = X, F C X, H:(X) = H:(E) and L(X \ E) = 0. Since £ C X
and L£(X \ E) = 0, we have G4(X) = G¢(F). The above established inequality
H: (X) < CGy(X) implies that HE (E) < CGy(E). O

Now we are ready to prove Theorem 1.1.(c).

Proof of Theorem 1.1.(c). Choose R > 0 such that A C B(0, R). Recalling (1.7)
and (1.8), the statement follows directly from Lemmas 3.2 and 3.10. O

4. MINIMAL REGULAR ENERGY

In this section, we introduce a new concept of minimal regular energy and study
basic properties of it. We also explain how it can be used to estimate dimensions of
random covering sets. The main results are Proposition 4.5 and Lemma 4.7, which
are needed in our proof of Theorem 1.1.(b).

For £ C R4, set

k
Po(E) :={pePE):pn= Zci£|Ei, k€N,¢; > 0and E; C E are Borel sets}.

i=1
Recall from Section 3 that P(F) is the space of Borel probability measures supported
on E. For E C R and 0 < s < d, define

inf{l, € Po(E)}, if L(E)>0
I, (E) ::{ Ooj{ (1) = p (E)} ifﬁEE%:

The quantity I's(E) is called the minimal reqular s-energy of E.

Lemma 4.1. Let E € B(R?) and 0 < s < d. Then the following properties hold:

(i) If F C E is a Borel set, then I's(E) < T'y(F).
(i) If L(E) > 0, then I's(E) < oo.
(iii) If E is bounded, then I's(E) > 0.
(iv) For every e > 0, there exists 0 = 6(E,e) > 0 such that

Ly(F) <T(E) +¢

provided that F € B(R?) and L(E\ F) < 4.
(v) Let (Epn)nen be a sequence of Borel subsets of E. Supposing that L(E) < 0o,
we have
UE -t (U E) - e (UE).

i=1 i=1
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Proof. The statement (i) is obvious. To verify (ii), choose a compact set F' C E
with £(F) > 0 (recall that £ is inner regular), and set p := L(F) 'L|r. Clearly,
p € Po(E). Since 0 < s < d, we have

L) = L(F)2 / / eyl L)L)

<cy ff & — 4]~ dL()dL(y) < oo,
B(0,R)x B(0,R)

where R > 0 is sufficiently large so that F* C B(0, R). Hence I';(E) < oo.

For the purpose of proving (iii), suppose on the contrary that I's(E) = 0. Then
there exists a sequence (fi,)nen such that p,, € Po(E) and lim,, oo Is(p,) = 0. Since
E is bounded, the sequence (p,)nen has at least one accumulation point, say pu, in
the weak-star topology. By Lemma 3.4, I(-) is lower semi-continuous and, therefore,
I;(n) = 0, leading to a contradiction since u is a Borel probability measure. This
completes the proof of (iii).

Next we verify (iv). We may assume that £(E) > 0. Then I';(E) < oo by (ii).
Let € > 0. By the definition of Ty(-), there exists u = S| ¢;L|m, € Po(E) such
that I,(u) < I's(E) + 5, where E; C E and L(E;) > 0 for all ¢ = 1,...,k. Define

O :=min{L(E;):i=1,...,k},

= % and 0 := (1 —7)d.
Let F' € B(RY) with L(E\ F) < §. We proceed by showing that T'y(F) < T'y(E) +e.
First notice that, for alli =1,... k,
LIE;NF) > LE;NE)—LE\F)=L(E;)—L(E\F)
> L(E;) —0>~L(E).

Letting 0 < p < 1, by the inner regularity of £, there is a compact set E,CENF

such that L(E;) > oL(E;NF) for all i = 1,... k. Setting

k
BE = é;czﬂﬁia
where cp = Zle cl-/l(Ei) > 0, the measure up is supported on F' and, therefore,
pur € Po(F). Using the fact that E; C E for all i = 1,..., k, we deduce that
L(E;) > oL(E;NF) > ovL(E;).
Thus, cp > S°F | ¢;07L(E;) = oy and

L(ur) < (cr)Ls(n) < 9_2'7_22(5FS(E> +5)= 0 (To(E) +¢).



Hence I'y(F) < 07 2(T's(E) + ¢). Letting o tend to 1, gives ['y(F) < T',(E) + ¢. This
completes the proof of (iv).

Finally, (v) follows from (i), (iv) and the fact that

Jlfgoﬁ(UE\ UE ) =0

=1

g

We proceed by giving an equivalent definition of T'i(A) although we will not
apply it in this paper. We use the notation p < v to indicate that the measure p is
absolutely continuous with respect to the measure v.

Lemma 4.2. Let E C RY. With convention inf ) = oo, we have
Iy(E) =inf{I(p) : p € P(E) with p < L}.

Proof. 1t is sufficient to show that, for every p € P(F) with u < £ and for every
e > 0, there exists n € Py(E) such that

I(n) < I(p) + &

To prove the above fact, we denote by h = g% the Radon-Nikodym derivative of p
with respect to £. Approximating h by step functions, we see that, for every § > 0,
there exists a step function g = Zle a;Xg,, where a; > 0, E; is a Borel set and
E,C Eforalli=1,...,k, so that

(4.1) 1 () / & — 4~ g(0)g(y) dL(x)dL(y)| <

and

(4.2) |/h($) dL(z) — /g(m) dL(z)| < 6.

Let u := Zf L L(E;). Then v > 1 — 6 by (4.2). Defining n := lZle a; L
implies that n € Py(E). Using (4.1), we get for a small enough § that

)= //yx—yr Jg(y) dL(x)dL(y)

2(Is(u) + 5)
< Is(u) +e.

DN ™

E;»

This completes the proof of the lemma. O

Lemma 4.3. Let (E,)nen be a decreasing sequence of compact subsets of R, and
let 0 < s < d. Assume that there exists ¢ > 0 such that I's(E,) < ¢ for all n € N.

Then Hi ((oy En) = ¢t In particular, dimy (o2, En) > s
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Proof. According to the definition of I's(-), for every n € N, there exists u,, € Po(E,)
so that I;(u,) < c. Let p be an accumulation point of the sequence (i, )nen in the
weak-star topology. Then p is supported on (-, E, and, furthermore, (1) < ¢
by lower semi-continuity of Is(-) (see Lemma 3.4). The conclusion follows from
Remark 3.3. 0

In the remaining part of this section, we assume that U C R? is open and

(An(2))nen is a sequence of B(R?)-valued functions defined on U such that

(C-1) L(A,(z)) < oo forall z € U and n € N, and
(C-2) limy, £((An(z) \ An(y)) U (Au(y) \ Ap(2))) =0 for all 2 € U and n € N.

Let UN :=[[>2, U be endowed with the product topology. Consider n € P(U) and
set P =12, n.

Lemma 4.4. Let E € B(R?) with L(E) < co. Then, for all n € N, the mapping

(zi)iy = To(E | Ail:)

=1

1S upper semi-continuous on U™ 1= H?Zl U. Moreover, the mapping

x = ()72, = Ty (EN U Ai(x:)

i=1

is Borel measurable on UV,

Proof. Let x € UN and n € N. By (C-2), L(U}, Ai(z;) \ Ui, 4;(y;)) is close
to 0 when (y;)", € U™ is close to (z;)!,. Applying Lemma 4.1.(iv), we obtain
upper semi-continuity (and hence Borel measurability) of the mapping (z;), —
I, (ENU;, Ai(z;)) defined on U™ and that of the mapping x — I's(ENUL, Ai(;))
defined on UN. Tt follows from Lemma 4.1.(v) that
iﬁm@mg&mn:nwmg&m»

which, in turn, implies Borel measurability of the map x — I', (E NUz, Az(ml)) on
UN. O

Next proposition provides a sufficient condition for determining a lower bound for

Hausdorff dimensions of typical random covering sets.

Proposition 4.5. Let E C R? be compact with L(E) > 0. In addition to (C-1)

and (C-2), assume that A, (z) is compact for all x € U and n € N. Let 0 < s < d.
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Suppose that, for all compact sets F C E, we have for P-almost all x € UN that

(4.3) I (F N (G A,(:E,))) =T4(F) for alln € N.

Then
HE (lim sup An(xn)) >Ty(E)™" and dimy (lim sup An(xn)) > s

n—oo n—oo

for P-almost all x € UN.

Proof. From (4.3), we obtain
r, (E n (U Ai(a:i))> — T,(E)
i=1

for P-almost all x € UY. Note that 0 < T'y(F) < co by Lemma 4.1 claims (ii) and
(iii). Letting ¢ > 2, Lemma 4.1.(v) and Lemma 4.4 imply the existence of a Borel
measurable function ny: UY — N such that

n1(x)

FS<E N ( U Al-(mi))) <14+ HT(E)

for P-almost all x € UYN. By Lemma 4.1.(i), we find N; € N and a Borel set A} C UM
so that

(4.4) V(A >1—¢" and T, (Em (U Ai(xz-))> <(1+0HT(E)

for all (z1,...,25,) € Ay, where n™ = [[Y,n. Applying (4.3) with F = E N
(Uf.vl1 Ai(a:i)), gives for all (xq,...,zN,) € Ay that

(4.5) r, (E N (J i) 0 ( U Aj(xj))) < (140 YL(E)

for (TT;2 y,417m)-almost all (2y,41,Zn42,.-.) € [[;2n, 41 U. Moreover, by Fubini’s
theorem, inequality (4.5) holds for P-almost all x € A; x [[~ N1 U. As above, it
follows from Lemma 4.1.(i) that there exist a natural number N, > N; and a Borel
set Ay C Ay x [[12y, 1 U C UM with n™2(Az) > 9™ (A;) — £ such that

L(EN (@) n (U 4) < @+ e+ 0

j=Ni1+1
for all (z1,...,zN,) € As.

By induction, we deduce that there exist a strictly increasing sequence (N, )nen

of positive integers and a sequence (A,)nen of Borel sets such that A, C UM,
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Npt1
An+1 C An X Hi:Nn+1 Uu

(4.6) N (M) = 0 (A) — €

and

(4.7) L(ENN U 4@) < ([[a+e))ruE)
k=1 i=Ng_1+1 i=1

for all (zy,...,2n,) € Ay. Here Ny := 0. Defining  := (2, (A, x [[:2y, 1 U) and
using (4.6), implies that

(4.8) >1—Z£":§_—?
Moreover, by (4.7) and Lemma 4.3, we have
00 Nn, 00 ' 1
o U A= ([[a+e)re)  and
n=1i=N,_1+1 i=1

(4.9) . N
dimH(ﬂ U Al(:vl)) > s
n=1i=N,_1+1
for all x € Q. This gives dimy (limsup,_,,, A,(z,)) > s for all x € Q. Since ¢ can
be taken arbitrarily large, it follows from (4.8) that
HE (lim sup An(xn)) > T, (E) ! and dimy (lim sup An(xn)) > s

n—oo n—oo

for P-almost all x € UN. O

The above proof readily leads to the following deterministic version of Proposi-

tion 4.5, which may be of independent interest.

Proposition 4.6. Let E C R? be compact with L(E) > 0, and let (A,)nen be a
sequence of compact subsets of RY. Let 0 < s < d. Suppose that, for all compact
sets F' C FE, we have that

(Fﬂ UA) F) for alln € N.

Then
Hio(limsup An) >T(E)! and dimH(limsup An) > s.
n—00 n—00
In the last result of this section, we give a sufficient condition for the validity
of (4.3). Recall that, by the definition of I's(+), the inequality (4.3) is valid for all

F € B(RY) with L(F) =
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Lemma 4.7. Let F € B(R?) with L(F) > 0, and let 0 < s < d. Assume that, for
every € > 0 and 6 > 0 and for every n € N, there exist an integer N > n and a
Borel measurable set @ C UN with P(Q) > 1 — ¢ such that

(4.10) /Q T (F N | Ay(w:) dB(x) < Ty(F) + .

1=n

Then, for P-almost all x € UV,

T (F 0| Ai(zi) =Tu(F)

i=n

for alln € N.

Proof. Let n € N and v > 0. By Lemma 4.1.(i),

L, (Fn C[JAZ-(@)) > T, (F N G Ai(z;)) > T5(F)

i=n i=n

for all x € UN and NV € N. Let
O = {x cUN: FS(Fﬂ (G Ai(xi))) > I,(F) +7}.

It follows from Lemma 4.4 that 2’ is a Borel set. We show that P(£2') = 0. Suppose
on the contrary that P(£2") > 0 and choose

IP) Q/ /
= PY)y and 0 := P&y .
2 2(y + 25 (F))
Recall that I's(F) < oo by Lemma 4.1.(ii). Then, for all integers N > n and for all
Borel measurable sets @ C UN with P(Q2) > 1 — §, we have

/Q Lo (F N Ai(x)) dP(x)

=n

(4.11)

[s(F) dP(x ['s(F dP(x

> [ R+ [ rE) v ape)

= PO\ @)T,(F) + BN Q)(T(F) +7)

> (P(Q) — P(O)TL(F) + (B() + B(©) = DT(F) +7)
X

= (2P(Q) = DI(F) + (P(Q) + P(2) — 1)y
> (1= 20)04(F) + (P(Y) — 0)y (by (4.11))
=I(F) +e.

This contradicts (4.10) and completes the proof. O
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5. LOWER BOUND FOR HAUSDORFF DIMENSION

The main purpose of this section is to verify Theorem 1.1.(b). This is achieved
by showing first that, under certain assumptions on the measure nn € P(U) and the
sequence (A, (x))nen, the assumption (4.10) of Lemma 4.7 holds. Theorem 1.1.(b)
then follows by applying Lemma 4.7 and Proposition 4.5.

We start with a simple observation on independent random variables.
Lemma 5.1. Let (a,)nen be a sequence of positive numbers such that )~ | a, = 00,

and let 0 < ¢ < 1. Suppose that (wp)nen S a sequence of independent random
variables with w, € {0} U [ay, oo and the probability P satisfies

(5.1) P(w, #0) > c.
Then, for all N € N and C > 0, we have

M—o0

M
lim P(Z Wy > C’) = 1.
n=N
Proof. Observe that the claim is equivalent to the statement

an =00 [PP-almost surely.

n=1
Assuming to the contrary that this is not true, Kolmogorov’s zero-one law implies
that

(5.2) an < oo [P-almost surely.
n=1

Define b, := min{l,a,} for n € N. Then either b, = 1 for infinitely many

n € N, or b, = a, for all sufficiently large n € N. In both of these cases, we have

> by = 00. Defining
N {O, ifw,=0
@y, 1=

1, ifw, #0,
gives
(5.3) Wn 2> Wby,
for all n € N. In particular, > @,b, < oo P-almost surely by (5.2). By Kol-
mogorov’s three series theorem, there exists o > 0 such that
(i) >0 P(wnb, > «) converges and

(i1) Y0 E(OnbpX{onba<a}) cONVErges.
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Assume first that lim sup,,_, . b, = b > 0. By inequality (5.1), the sum in (i) diverges
for all @ < b and also for a = b provided that b, > b for infinitely many n € N, whilst
the sum in (ii) diverges for all & > b and also for a = b provided that b, < b for all
large enough n € N, since E(C:)nan{@nbnga}) > ¢b,,. This leads to a contradiction.
Supposing that lim,, .. b, = 0, inequality (5.1) implies the divergence of the sum in
(ii) for all & > 0, which is a contradiction. This completes the proof. O

In the remaining part of this section, let U C R? be open and let £ C U be a
compact set with L(E) > 0. Assume that n € P(U) satisfies n(F) > 0, n|p < L|g
and

(5.4) xs;lepE % < 00,

where h = % is the Radon-Nikodym derivative of n|p with respect to L. Set

P:=T[2,n. Let 0 < s < d. Next we define a special sequence (A, (z))nen.

Definition 5.2. Let yo € R, Assume that (K, )nen 5 a sequence of compact sets
in RY satisfying

() L(K,) >

(ii) lim, 00 dlamK =0,

(i) lim,, oo dist(yo, K,) = 0 and
)

(iv) D07 gs(Ky,) = oo (recall (1.4)).

Choose o > 0 such that K, C B(yo,r0) for all n € N. Assume that W: U X
B(yo,m0) — R? is a uniform bidiffeomorphism (recall Definition 2.1) satisfying
W(z,y0) =« for all x € U. Define A,(x) :=W(x, K,,) for allz € U and n € N.

The sequence (A, (z))nen has the following properties:

Lemma 5.3. Let (A, (2))nen be as in Definition 5.2. Then the properties (C-1) and
(C-2) from Section j are satisfied. Furthermore,

(C-3) for every e > 0 and for every Borel set F C E with L(F) > 0, there exists
N € N so that

L(FN An(2))

E({w e F: C(AL (@)

>1-¢c}) > (1—e)L(F)

for alln > N, and
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(C-4) for all Borel sets Fy, Fy C E with positive Lebesqgue measure and for every
€ > 0, there exists N € N such that

// // lu —v| ™ dL(u)dL(v)dL(x)dL(y)
Fi xFy An ()X Am(y)
<) [ @)L~ dol)dc)

for alln,m > N.

Proof. Property (C-1) is clearly valid. Note that £(F) = lim;s_o £L(V;(F)) for all
compact sets F' C R? (recall (2.4)). Let n € N. Since W is a uniform bidiffeomor-
phism, we have, for every § > 0, that A, (y) C V;(A,(x)) provided y is close enough
to z. Thus, lim,_, £(A,(z) \ A,(y)) = 0 by the continuity of z — L(A,(z)). Fur-
thermore, for every e > 0 and x € U, there exist 01,02 > 0 such that £(Vs,(A,(y)) \
A,(y)) < e for all y € B(x,d,). This, in turn, gives lim,_,, £(A4,(y) \ A,(z)) =0,
implying (C-2). Property (C-3) follows from Lemma 2.3 and properties (ii) and (iii)
of Definition 5.2. Finally, (C-4) is given by Lemma 2.4 and items (ii) and (iii) of
Definition 5.2. g

Now we are ready to prove that the assumption (4.10) of Lemma 4.7 is satisfied
for compact sets.

Proposition 5.4. Let F' C E be a compact set with L(F) > 0. Then, for every

€>0,0>0 and n € N, there exist an integer N > n and a Borel measurable set
Q c UN with P(Q) > 1 — § such that

(5.5) /QFS (FnJAi(x) dP(x) < To(F) + <.

=n

Proof. Let € >0, > 0 and n € N. Choose u = Zle L

£ € Po(F) satisfying
I(p) < Ty(F) + 5.

Let 0 < v < 1 be sufficiently small (which will be determined later). By partitioning
F; into smaller Borel sets, if necessary, such that each new Fj is an approximate level
set of the density h with small diameter and with n(F;) > 0 (recall that L(F) > 0
implies n(F') > 0 by (5.4)), we may assume that, for all i =1,..., k and m > n,

{h(x) L(An(z)) (An(z))

h(y)’ ﬁ(Am(?i))’ L(Am(y))

(5.6) sup max
z,yel;

}§1—|—7.



For every i = 1,...,k, fix z; € F;. Define, for all m > n,
EENA) Ly

L(An(z))
Using the fact that the map x — L(F N A, (z)) is Borel measurable (see the proof
of Lemma 2.3), we deduce that Fj,, is a Borel set. By (C-3) and (C-4), there exists
an integer M > n such that

Em::{xeFi:

(5.7) L(Fim) > (1 —~)L(F;)
foralli=1,...,k and m > M and, moreover,
/y” u[/ el 2L AL )
(58) F;xFj Am(z) X Ap(y
<14 LA EA) [ / , Je—al ™ de @)

foralle=1,...,k and m,p > M.

Applying Lemma 5.1 with ap, = gs(Am(2)) and wy = X, 9s(Am(2i)) (recall
(1.4)), Definition 5.2.(iv) together with inequalities (2.1) and (5.7) imply that we
may choose integers My := M < My < --- < My recursively such that

7,+1 1

P(eet™s 32w ralai(4 @) 277} 21

foralli=1,...,k Let N := Mk+1 Define

7,+1 1
(5.9) Q, = {X e UV Z XFy (Tm)gs(Am(2i)) > 7_1}
forall i =1,...,k and set
k
(5.10) Q=

Then  is a Borel set with P(Q2) > 1 — .
For all x € (), we define a finite Borel measure p* as

Z Z C'Lm L’FﬂAm(xm)

i=1 meS;(x)

where

Sz(X) = {m eN: ]\4-Z S m < Mi+1, Ty € Fl,m} and

Cim(X) = CIE(F@)% <p§x) gS(Ap(zi))> _1.
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Since F' and A;(z;) are compact the measure p* is supported on F' N UZ]\L” Ai(x;).
Notice that, if x,, € F},,, the inequality (5.6) results in

LF; N Ap(wn) = (1= 1) L(Am(zm)) = (1= 7)1 +7) 7 L(An(2))

which, in turn, yields
k

=3 ectry Y AAnEDEE O AnlEn) (57 g ()

i=1 meS;(x) Ls(Am(z)) PES;(x)
k

> (1) e Y SO )y

i=1 meS; (x) Ls(Am(z:)) pES; (x)
=(1-7)1+",

where [|;*|| represents the total mass of y*. Since ||p*||~'* € Po(F N ur. Ai(zy)),

we have

(1+9)°
(1—9)?

(P Adw) < L0 = T <

i=n

Is(p).

In what follows, we estimate [, I,(p*) dP(x). Set

So={S= (S, S C{My, M;+1,..., My — 1} and Y go(Ay(z:)) > 7'}

peS;

For S € Sq, define

k
7 4S) = ﬂ{x cUY: 2, € F,,ifmesS;, and z,, € (F;,,)°

i=1

(5.11)

Clearly, 7=(S) is a Borel set. Observe that Q = (Jgeg, 7' (S), where the union is

disjoint. Let
A8 = [[ eyl de@aci)
AxB
for all Lebesgue measurable sets A, B C R% Consider S € Sq and define Qg, :=
> mes, 9s(Am(z;)) for alli = 1,... k. Then

k k

F)L(A(2))L(Ay(2)
/Wl(S) VAP <D D DL D @s@s< NL(4(2))

2
i=1 j=1 meS; peS; ( ’

X /7r1(s) Js(Am(Tm), Ap(zy)) dP(x).

In order to complete the proof of Proposition 5.4, we need two more lemmas.
36



Lemma 5.5. Let (Y, F,v) be a probability space, and let u: Y XY — R andu: Y —
R be non-negative measurable functions. Let Ey, ..., Ex € F with v(E;) > 0 for all
1=1,...,N. Then we have

N

/(HXE;(%))QL(?JLM) HdV(yj) = %/E . u(yr, y2) dv(yr)dv(y2)

and
N N N
. [[imy v(E) / .
() |u dv(y;) = = =——= 0 dv(yy).
/ <2-|:|1XEl(y)) (41) j|:|1 Wi) = =0 Ey J, T dvln)
Proof. The equalities follow from simple calculations. O

We will use the Landau big O notation in the sense that, given positive functions
g1,92: R — R, the notation ¢;(v) < (14 O(7))g2() means that there exist C,6 > 0
such that g1(7) < (14 C7)g2(y) when 0 < v < 4.

Lemma 5.6. Let S € Sq. Foralli,j=1,...,k, m € S; and p € S;, the following
properties hold:

(i) If m # p, then

/ T A (2, Ay(,)) dP(x)
m=1(8)

P(r~1(S))

<1+ 0(7))—£(Fi)£(Fj)

L(Am(20)) L(Ap(25)) Js (Fis F5),
(ii) If m = p (which implies that i = j), then

/ g o). Ay0) () < (14 0BG ()12

Proof. We begin by verifying (i). Recall that, by (5.11),



where S = {M;, M; +1,..., M,y — 1} \ S;. Notice also that n(F;,,),n(Fj,) > 0
by (5.7) and (5.4). Applying Lemma 5.5, we deduce

/1(5) Ss(Am(@m), Ap(xp)) dP(x)

_ LI(S))//F . Js(Am(x), Ay(y)) dn(x)dn(y)

1+7 T L
S E / /F . / / o el AL @AL)
(by (5.6) and (5.7))

(1+9)° P(x~1(S))
(1 =) L(F)L(F)

To prove (ii), we apply (5.6) and Lemma 5.5 to obtain

<

L(Am(2:)) L(Ap(25)) Js (Fi, £5). (by (5.8))

_Pr(9) .
[ . At ) = S B )
<0+ / 1 (An(z2)) dL(w) = (14 7)B(x ™" (S))Ls(Am (20).

g

Now we continue the proof of Proposition 5.4. Recalling (5.12) and (5.9), and
applying Lemma 5.6, yields

/ g ) B0 S P (8)(1+ 00 (Z Z i,

)AL (@Qs) )

k
<P(x1(S))(1 + O() ( Ls(p) + V(Z Ciﬁ(Fi)f)
< P(rY(S)(1 + O()) (L) + ).

Thus, by the choice of u, we have

[ 10 60 = 3 [ 1) a0 < PO+ 00 (L0 +9)

Seso /7 1(8)
<A+ O0M)I(F)+5+7).

The claim follows by choosing sufficiently small ~. (I

We complete this section by proving Theorem 1.1.(b).
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Proof of Theorem 1.1.(b). We start by reducing the claim to the setting of Propo-
sition 5.4. We may assume that so(A) > 0. Consider s < so(A). Since G4(E) =0
for all E C R? with £L(E) = 0, we may assume that £(4,) > 0 for all n € N by
removing sets with £(A,,) = 0 from the original sequence A = (A,,)nen if necessary.
Since I4(F) < I4(F) for E C F and since L is inner regular, replacing A,, by a
suitable subset, we may assume that A,, is compact for all n € N and

(5.13) > gu(An) = o0,

We proceed by constructing a sequence (K, ),en of compact sets satisfying Def-
inition 5.2 (i)-(iv) such that K, C A, for all n € N. Indeed, let (Q;);”}, be the
closed dyadic cubes with side length 27! intersecting A. Notice that, for any Borel
set B C A, we have E = U", E N @Q; and, moreover, there exists i € {1,...,m;}
with L(ENQ;) > m%ﬁ(E) Thus,

S e LENQ)? = L(ENQ;)? LE? 1
;gs(Ein) = ;m > ; T.(E) > P L(E) (ml)zgs(E).
It follows that
D> es(AinQ) =) g:(ANQ) = (m—ll)Q > gu(4)) = .
i=1 j=1 j=1 i=1 o

rl:herefore, there exists ko € {1,...,m1} such that > 72, g:(A; N Q,) = co. Define
@1 := Qr,.- We pick integers n; < ng < --- < ny, so that

Ny
L(A,,NQ1)>0foralli=1,...,Nyand Y g,(A,, NQ1) > L.
i=1
Since Z;’i Ny41 9s(A5 N @1) = 00, a similar argument shows that there exist a dyadic
cube @2 C @1 with side length 272, and positive integers ny, 11 < --+ < ny, such
that

N2
L(A,, NQs) >0foralli= N +1,..., Ny and Z 9s(An, N Q2) > 1.
i=Ni+1
Repeat this process inductively. As a result, we find a decreasing sequence (@l)leN of
dyadic cubes, an increasing sequence (IV;);en of integers and an increasing sequence
(ny)ien of indices such that, for every k =0,1...,

Nk11

L(A,, N @k+1) >0foralli=Ny+1,..., Ny and Z gs(An, N ékﬂ) > 1.

J=Ni+1
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Defining K; := A,, N Qrs1 for every j = N+ 1,..., Npy1, gives > 5oy 9s(K) = o0
and lim,,_,, diam K,, = 0. Finally, setting {yo} := (N, Qr, leads to

lim dist(yo, K,,) = 0.
n—oo
Hence, the sequence (K,),en satisfies items (i)—(iv) in Definition 5.2.

Since the measure o determining the probability P (recall Section 1) is not singular
with respect to L, there exists a compact set £ C U such that o(F) >0, o|p < L
and (5.4) is satisfied with h := dgl:E. Let f: U x V — R? be as in the introduction.
For all (z,y) € U x V, let T, := f(x,-)"' and TY := f(-,y)~'. Then, for all z € U,
the set f(U,yo) N f(z,V) is non-empty (it always contains the point f(z,y)) and
open, yg € V, = Tx(f(U,yo) N f(x, V)) and z € U, = Tyo(f(U,yo) N f(x, V))
Thus the map W,.: V, — U, defined by W,(v) := T%(f(z,v)) is a diffeomorphism
with W, (yo) = = and

IDWLl, [(DWe) | < (Cu)®

where C,, is as in inequality (1.13). Clearly, the derivative of the map x +— W, (v) has
the same bounds. Let O be an open and bounded set such that £ ¢ O c O C U.
Consider 0 < ry < min{dist(yo, V°), (C,)~2dist(O,U®)}. Then B(yo,70) C V, for
all z € O. Thus, W: O x B(yo, r9) — R?, defined by W (z,y) = W,(y), is a uniform
bidiffeomorphism satisfying W (z,yy) = « for all z € O (recall Definition 5.2).
Ignoring a finite number of sets K, if necessary, we may assume that K,, C B(yo, 7o)
for all n € N. We conclude that all the conditions in Definition 5.2 are fulfilled.

As a result of the fact that 7% is a diffeomorphism, we conclude that

dimy (lim sup f (2, K,,)) > dimy (lim sup W (z,,, K.,))
n—00 n—00
for all x € UN. Here we have an inequality instead of an equality since for z, €
U\ O it may happen that K, ¢ V, . Finally, the claim follows by combining

Proposition 5.4, Lemma 4.7 and Proposition 4.5. U

6. PACKING DIMENSION OF RANDOM COVERING SETS

In this section, we prove Theorem 1.1.(d). For the purpose of studying packing

dimensions of random covering sets, we set
N{(B) = #{Q € Oy L@QNE) > 0}

for all E C R? and ¢ € N. Here the symbol # stands for the cardinality and Q, is as
in (3.2). We begin with a result concerning a lower bound for packing dimensions

of intersections of decreasing sequences of compact sets.
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Lemma 6.1. Let (E,)nen be a decreasing sequence of compact subsets of RY with
positive Lebesgue measure. Let s > 0. Assume that there exists a sequence ({y)nen

of natural numbers such that
(6.1) N (QN Epyy) > 2040
for all n € N and for all Q € Q,, with L(Q N E,) > 0. Then dimp (ﬂ:;o:l En) > s.

Proof. For n € N, set

Fn::Enﬂ< U @),

QEeQy,
L(QNER)>0

and let Fly := (., F,,. Clearly, F,, C E, is compact and L(F,) = L(E,). Hence,
N (QNE,) =N; (QNE,) forall n € Nand Q € |J,—; Qk In particular, we have

(6.2) N QN Frpy) > 2000
for all n € N and Q € Q,, with £(Q N F,) > 0. Denoting by dimp the upper box

counting dimension, we will show that
(6.3) dimg(V N Fy) > s

for all open sets V' with V' N F, # (). By the Baire category theorem, (6.3) implies
that dimp(F) > s (see for example [21, Proposition 3.6 and Corollary 3.9]) and,
therefore, dimp (ﬂio:l En) > s, as desired.

To prove (6.3), let V' be an open set so that V N F, # (. Then there exist n € N
and Q € Q,, such that 3Q C V and Q N F,, # ), where 3Q) stands for the union of
all elements Q' € Q, with Q' N Q # (. By the definition of F,, there is Q* € Q,.
such that Q*NQ # 0 and £(Q* N F,) > 0. Since Q* C 3Q C V, replacing Q by Q*,
if necessary, we may assume that £(Q N F,,) > 0. Using (6.2) recursively, leads to

(6.4) N; (QNE,) > 2
for all m > n. Furthermore, we claim that, for every m > n,

(6.5) HQ € QT NQNFL} 2 N} (QNE,) = 2

from which we conclude that dimp(Q N Fs) > s and, therefore, dimg(V N Fy) > s.
To prove (6.5), it follows from (6.4) that it is enough to show that Q' N Fa, # ()
for all Q" € Q,, with £(Q' N F,,) > 0. For this purpose, consider Q' € Q,
with £(Q' N F,,) > 0. By (6.2), there exists )] € Q, ., such that @} C Q' and
L(Q) N F,y1) > 0. Using this fact recursively, we see that, for every p € N, there
exists @, € Qy,,, such that Q, C @, and L£(Q, N Fy,y,) > 0. Hence, we have
L(Q' N Fyp) > 0 for all p € N, which implies that Q' N Fi, # (0. This completes

the proof of the lemma. O
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Before applying the above result to estimate packing dimensions of random cov-

ering sets, we prove several lemmas.

Lemma 6.2. For all A € B(R?) and ¢ € Z, we have N} (A) > 2“L(A).
Proof. The claim follows directly from a simple volume argument. U

Let U C R? be open, and let (A, (z))n.en be a sequence of compact-set-valued
functions defined on U satisfying the conditions (C-1) and (C-2) from Section 4.
Let n € P(U) and set P := 2, n.

Lemma 6.3. Let E € B(RY) with 0 < L(E) < oo, and let { € Z. Then the mapping

(@) = N (En | Ai(z))

i=1

is lower semi-continuous on U™ for all n € N. Moreover, the mapping

is Borel measurable on UV,

Proof. Tt suffices to prove the first part of the lemma; the second part follows directly
from the first one and the following easily-checked identity:
(6.6) N (En|JAi(z) = lim N; (En (] Ai(x:)).

n—oo
i=1 i=1

Let (z;)7-, € U™ and write k := Ny (E N, Ai(x;)) for short. Then there are
k different elements in Qy, say Q1,...,Q, such that ,C(Qj NnUL, Az(xz)) > 0 for
all j = 1,..., k. Tt follows from (C-2) that £(U, Ai(z:) \ U, A4;(y;)) is close to
0 when (y;)?, € U™ is close to (x;)!, and, therefore, when (y;)?_, is in a small
neighbourhood of (z;)7,, we have £(Q; N UL, Ai(y;)) > 0 for all j = 1,.... k.
Hence, Nj (E NU-, Ai(yi)) > k, concluding the proof of lower semi-continuity. [

The following result may be regarded as an analogy of Proposition 4.5.

Proposition 6.4. Let E C U be compact with n(E) > 0. Suppose that n|p < L.

Moreover, assume that, for every ¢,n € N and for every compact sets F' C FE with
n(F) >0,

(6.7) N; (F 0 Aie) = N (F)
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for P-almost all x € UN. Then
dimp (lim sup An(xn)) =d

n—oo

for P-almost all x € UN.

Proof. Replacing E' by a compact subset, if necessary, we may assume that 0 <

MlE (1) < oo for all # € E. Thus, for all F C E, we have

(6.8) L(F) > 0 if and only if n(F) > 0.
Let £,0 > 0. It suffices to verify that
(6.9) IP({X e UV : dimp (limsup An(mn)) > d— 5}) >1—c.
n—oo
For this purpose, we are going to construct a Borel set Q C UY with P(Q) > 1 — ¢,

and two sequences (¢ )ren and (my)gen of natural numbers such that, for all x € Q,
ke Nand Q € Qy,, we have

k+1 mj4a
(6.10) N (@nEn() U Ai(x)) > 200
j=1i=m,+1
provided that E(Q NEN ﬂ§:1 U:Z;L;H Az(xl)) > 0. By Lemma 6.1, this implies

that
dimp (lim sup An(xn)) >d—0

n—oo

for all x € Q, from which (6.9) follows.
Now we present our construction. Set ¢; := 1 and m4 := 1. Notice that
Y o=min{L(QNE): Q€ Qp and LIQNE) >0} > 0.
Choosing a large integer f5 > ¢, so that 2729 < ~,, it follows from Lemma 6.2 that
(6.11) N;(QNE) > 2024y, > 28079

for all Q € Qy, with £L(Q N E) > 0. Hence, by (6.7), for P-almost all x € UN and
for all Q € Q,, with L(Q N E) > 0, we have

NL@QNEN | Ai(w)) = N (QNE) > 27179,
=mi+1
where we used (6.8) and the fact that N (QNA) = N} (QNA) forall { € N, Q € Q,
and A C RY. By (6.6) and Lemma 6.3, we find a large integer my > m; and a Borel
set Ay C U™ with n™2(Ay) > 1 — 5 such that, for all (zy,...,7y,) € Ay,

NL@QNEN | Ai(z)) > 20

i=mi+1
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for all Q € Qp, with £(Q N E) > 0. Define a mapping 75: Ay — (0,00) by

To(Z1y .oy Tyy) = min{ﬁ(QﬂEﬂ( Lj Al(wz))) 1 Q € Qy,

i=mi+1
with £(QNEN ( U2 Ai(z;))) > 0}.
i=mi+1

By (C-2), the function 7 is continuous and, hence, Borel measurable on Ay. Since

To(Z1, ..oy Tmy,) > 0 for all (xq,...,2,,) € Ag, there exist 75 > 0 and a Borel set
A, C Ay such that
2
A > () — = > 1 -
6 3
and
TQ(xIJ s 7xm2> Z Y2

for all (z1,...,%m,) € A). Choose €3 > fy so that 27%° < ~5. Lemma 6.2 implies
that, for all (z1,...,Zm,) € A} and Q € Qy,,

N (QNEN( U Ai(x;))) = 20y, > 2fa(d=0)
i=mi+1

provided that £(Q N E N (U~ A;(x;))) > 0. Again, by (6.7), we find m3 > mo

1=mi+1

and a Borel set Ay C Ay x [T U C Ay x [[[2,, 1 U C U™ such that

3¢

"3 (Ag) > n"2 (AL >1——

0" (Ag) > 0™ (A5) — 12 1

and, moreover, for all (z1,...,Z,) € Ay, and Q € Qy,,
mj+1
N (@NEN ﬂ U Ai(a)) > 256
Jj=1 ==m;+1

provided that £(Q N E N (U2, Ai(z:))) > 0.

Continuing the above process, we construct recursively two increasing sequences
(Ck)ken and (my)ren of integers and a sequence (Ak)keN of Borel sets such that
A C U™, Ay © A < T2 U, ™ (Ag) > (2k2—kl and inequality (6.10)
holds for all (21,...,%m,,,) € Agp1. Setting Q := (2, (A x [[2,,, 41 U), gives
P(Q) = limg_0o 7™ (Ag) > 1 — ¢ and, moreover, (6.10) holds for all x € Q. This

completes the proof. O

Now we are ready to prove our main result on the packing dimension of random

covering sets.
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Theorem 6.5. Let E C R be compact withn(E) > 0. Suppose that n|g is equivalent
with L|g. Let (A, ())nen be a sequence of compact-set-valued functions defined on
U satisfying the conditions (C-1) and (C-2) from Section 4. In addition, suppose
that, for all compact sets F' C E with L(F) > 0,

o0

(6.12) Zn({x € F:L(FNA,(z)) >0}) = o0.

n=1

Then, for P-almost all x € UV,

dimp (1im sup A, (xn)) =d.

n—oo

Proof. Let £ € N, and let F' C E be compact with £L(F') > 0. By Proposition 6.4, it
is sufficient to prove that, for all n € N,

(6.13) Ny (Fn G Ai(;)) = N/ (F)

for P-almost all x € UN. Note that (6.13) is equivalent to the statement that, for
all Q@ € Qp with L(Q N F) > 0,

(6.14) LQNFN U A;(z;)) > 0 for P-almost all x € U™

i=n

Fix @ € Qp with £(Q N F) > 0. For all k € N, we consider the independent events
E = {xk € QﬂF : E(QﬂFﬂAk(l’k)) > 0}

Replacing F by Q@ N F in (6.12), we have > 7 n(E;) = oo. Applying the second
Borel-Cantelli lemma, yields (6.14). O

We complete this section by proving Theorem 1.1.(d).

Proof of Theorem 1.1.(d). Recall from the introduction that A,(z,) = f(x,, A,).
Since L is inner regular, we may assume that the sets A,, are compact with £(A,,) > 0
and properties (C-1) and (C-2) are satisfied. Let F' C U be a compact set with
L(F) > 0 such that o|g is equivalent with £|p. As in the proof of Theorem 1.1.(b),
we may replace f(x,,A,) by W(z,, A,). Then (6.12) follows from Lemma 2.3.
Hence, Theorem 6.5 implies the claim. O

7. PROOF OF COROLLARY 1.2 AND EXAMPLES

The aim of this section is to verify Corollary 1.2 and to discuss the sharpness of

our results. We begin by proving Corollary 1.2 as a consequence of Theorem 1.1.
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Proof of Corollary 1.2. Observe that, for all sequences (F,)nen and (F),)pen of sub-
sets of N, we have limsup,,_,(E, U F,) = (limsup,,_,. F,) U (limsup,,_, ., ).
Therefore, covering M and N by a finite number of coordinate charts, we may
assume that f: K x V — RY satisfies the assumptions in Theorem 1.1 with the
exception that f(-,y) is not necessarily injective. Recall that as long as (1.13) is
valid, the dependence of f on the first coordinate plays no role when proving that
to(A) is an upper bound for the dimension and so(A) = to(A) (see Section 3).
In Sections 4-6, where the lower bounds are proven, we restrict our considerations
into a bounded set where ¢ is absolutely continuous with respect to the Lebesgue
measure. We deduce that, covering K by a finite number of coordinate charts, we
may assume that f: U x V — R? is as in Theorem 1.1 and, therefore, Corollary 1.2
follows from Theorem 1.1. U

We continue by constructing examples that demonstrate the sharpness of our
results. We begin with showing that the lower bound proven by Persson (see (1.3))
is not always sharp.

Example 7.1. Let Qi,Qs C R? be disjoint open cubes with side lengths r1 and
ro, respectively. Let 0 < p < 1. Divide Qo into 2" subcubes Qé and set Fgp, =
U?idlp g, where pQ) is the concentric cube with Q) having side length p times that
of Q. Define A :== Q1 U Fy,. Using the change of variables ' = r;x for i = 1,2,
one easily sees that I,(Q,) = Ciri'L(Q1)? and I,(Fy,) < Cory'L(Fg,)?, where Cy
and Cy are constants depending only on d and t. Choosing sufficiently small p > 0,

guarantees that L(A) < 2L(Q1) which, in turn, implies that
g:(A) < AL(Q1)? It(FQ2)2 < C’(ﬁ)t,
gt(FQz) ]t(Ql) [’(FQ2) T2

where C'is a constant. Hence, Gi(A) > g:(Fg,) > 071(%)1@&(14)' Since the ratio

can be chosen arbitrarily large, we conclude that even for open sets and for o := L,

the lower bound given for dimy E(x, A) in [47] by means of g, may be strictly smaller
than the quantity so(A) in Theorem 1.1 (see (1.8)).

Next we give an example which shows that if we replace the assumption that every
A,, has positive Lebesgue density by a weaker assumption that £(A, N B(z,7)) > 0
foralln € N, x € A, and r > 0, Theorem 1.1.(c) is not valid and dimy E(x, A) can
be almost surely strictly smaller than ¢,(A).

Example 7.2. Let 0 := L onT? and set P :=[[°, 0. Define f(z,y): T>xT? — T?

by f(z,y) =z +y for all (x,y) € T*> x T2. For everyn € N, let £, :=[0,1] x {0} C
46



T? and F, = U, B(y;,27"") C T? where the centres y; are dense in E,. Set
A, = E, UF, and write A := (Ap)nen, E == (Ep)neny and F = (F,)pen. We
deduce that L(A, N B(y,r)) >0 for allr >0 and y € A, but

T LBy

for H'-almost all y € E,\F,, which follows by applying the Lebesque density theorem
for H'Y g, and noting that L(A, N B(y,r)) < 2rHY(B(y,r) N E, N F,). Recall that

lim sup(x,, + 4,) = limsup(z,, + E,) Ulimsup(z, + F,).

n—o00 n—00 n—o0
Now Y7 | HL(E,) = 00 and Y 7 | HL(F,) < oo for allt > 0. Thus to(A) =1
and to(F) = 0. By Corollary 1.2, we have dimy (limsup,,_,(z, + F,)) = 0 for all
x € (T?)N. Furthermore, limsup,, . (z, + E,) = 0 P-almost surely, since

P((zn + Ey) N (@ + Ey) # 0 for some n,m € N with n # m) = 0.

We conclude that dimy (limsup,,_,. (z, + A,)) = 0 < 1 = to(A) P-almost surely.
Observe that so(A) = so(F) = 0.

Next we construct an example illustrating that if the generating sets A,, do not
have positive Lebesgue density it is possible that dimy E(x,A) > so(A) almost

surely. For this purpose, we recall the following notation from [20].

Definition 7.3. For all0 < s < d, let

G*(RY) := {F C R*: F is a Gs-set such that dimH(n fi(F) > s for all
i=1
similarities fi: RY — R i € N}.

We say that the sets in the class G*(R?) have large intersection property.

In [20, Theorem A], Falconer showed that G*(R?) is the maximal class of Gs-sets
of Hausdorff dimension at least s which is closed under countable intersections and
similarities. Moreover, in [20, Theorem B], he gave several equivalent ways to define
the class G*(R?), one of them being

(7.1) F e G (RY) <= M:(FNQ)=M:(Q) for all dyadic cubes Q,

where M2, is the s-dimensional net content defined as in (1.6) with covering sets
being dyadic cubes. Definition (7.1) was extended by Bugeaud [9] and Durand [14]

for general gauge functions and open subsets of R?.
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Example 7.4. Let 0 := L on T P := [[2, 0 and define f: T? x T? — T by
flx,y) = x +y for all (z,y) € T¢ x T¢. Consider 0 < s < t < d and choose
a sequence (Bj)ien of open balls such that dimy E(x, (B;)ien) = t for P-almost all
x € (TYN. Fiz such a typical covering set and denote it by F. Assume that (B;);en is
a sequence of open balls such that dimy E(x, (B;)ien) = s for P-almost all x € (T4)N.
Let (1;)ien be a decreasing sequence of positive real numbers which tends to 0 so slowly
that E(x, (B(0, %)ien)) = T¢ for P-almost all x € (TN (for the existence of such
(ri)ien, see [36]). Viewing T* = [-1, 1[‘C R?, we define A; :=r;FUB; for alli € N
and set A = (A;)ien-

The fact that dimpg F < d implies that L(F) = 0 and, hence, Gi(A;) = Gi(B;)
for all i € N, giving so(A) = s (recall (1.8)). By [13, Theorem 2|, we have F €
Qt(] — 5, s9).  Let F be the lift of F to R by a covering map. We claim that
Fe GY(RY). Indeed, to prove this claim, by [14, Lemma 10], it is enough to show
that the equality in (7.1) (in which F is replaced by ﬁ) holds for all dyadz'c cubes
Q with small diameter. This is the case, since F € G'(] — 2, 2[ ) and F is the lift
of F. Since G'(R?) is closed under countable intersections and similarities by [20,
Theorem A}, we obtam H(x) := ﬂz i+ F) € GHRY) for all x € T% and, thus,

H(x):= Hx)N] - 3,3[*€ ¢! (] — 1, 1[4) by [14, Proposition 1].

33

Since B(x, (B(0,%);en)) = T? for P-almost all x € T, every point of T belongs
to B(x;, 3) for infinitely many i E N. Using the fact that the sequence (r;)ien
tends to zero, we conclude that] -3, 3llc Uz nB(xz, N — 1,4 for alln € N.
Combining this with the fact H(x) N B(x;, “N]) — 1, 4YC @ + i F for all i > n,
leads to H(x) C .2, (z; + 1 F) for P—almost all x € T?. By [14, Proposition 1],
every Gs-set containing a subset in G'(] — 3, 3[*) belongs to G'(] — 3,3[%). Thus,

P-almost surely, dimy (2, U5, (z; + 1 F)) > t, giving
dimyg E(X, A) > dimy E(X, (TiF)iEN) >t>s5= S()(A)

for P-almost all x € (T%)N,

Finally, we give examples which show that Theorem 1.1 fails if the distribution o

is singular with respect to the Lebesgue measure.

Example 7.5. (a) Let f(x,y) be as in Ezample 7.4 and let 0 := d,, for some xq €
T SetP:=[[2, 0. Defining A, := B(0,n4)\ {0}, we obtain so(A) = to(A) = d.
However, limsup,,_, . (x,+A,) = 0 P-almost surely. Thus, Theorem 1.1 is not valid.

(b) Let s < d and let C be the reqular 2%-corner Cantor set on T with dimy C =

dimp C' = s. Set 0 := H?®|c and assume that everything else is as in example (a).
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Then E(x,A) C C almost surely. In particular,
dlmH E(X, A) < dlmp E(X, A) <s< So(A) = to(A) =d

P-almost surely. Hence, for every s < d there exists a measure o with dimgo = s
for which Theorem 1.1 fails.

Remark 7.6. Seuret [49] and Ekstrom and Persson [17] have recently obtained re-
sults for dimensions of random covering sets generated by balls which are distributed
according to singular measures. These results give further examples demonstrating
that the assumption of non-singularity of o is necessary for the validity of Theo-
rem 1.1.

8. FURTHER GENERALISATIONS AND REMARKS

8.1. A weak large intersection property of random covering sets. In [13, 47],
it is proved that, when A = (A, )nen is a sequence of open balls or general open
sets on T¢ so that > 7, gs(A4,) = oo for some 0 < s < d, then almost surely the
random covering set E(x, A) has the large intersection property in the sense that
E(x,A) € G° (cf. Definition 7.3). We remark that this result also holds under a
weaker condition that Y~ G4(A,) = oo, because one may find open subsets B,, of

A, so that > > g4(B,) = 00, according to the following easily checked fact:
Gs(A) =sup{gs(B): B C A, Bisopen}

whenever A is open. We emphasise that, in the above investigation, the assumption
of A, being open is essential and cannot be dropped, for otherwise E(x, A) may not
be a Gs-set.

Nevertheless, in the general setting that the sets in A are Lebesgue measurable,

we obtain the following weak large intersection property of random covering sets.

Theorem 8.1. Assuming that A is a sequence of Lebesque measurable sets, we have
under the conditions of Theorem 1.1 that

dimp ([ E(x’, A)) > so(A)

Jj=1

for (I152, P)-almost all (x/);en € [],2, U™.

Proof. This can be verified by modifying the proof of Proposition 4.5 in the following
manner: Let ¢: N — N x N be a bijection obtained using the diagonal method.

Repeat the construction of Proposition 4.5 such that the n-th construction step is
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done using the variable x?(™1 where ¢(n); is the first coordinate of ¢(n). This

leads to the conclusion

00 Ny,

n=1i=N,_1+1

(cf. (4.9)), which implies the desired result. 0

8.2. Hausdorff measure of random covering sets. Let d € N. Denote by &
the collection of functions h: [0, co[— [0, oo such that A is increasing, positive near
0, lim, o h(r) = h(0) = 0 and h(r)r~¢ is decreasing. Any element of & is called a
gauge function. For F C R? and h € &, we use H"(F) and H" (F) to denote the
Hausdorff measure and Hausdorff content of F' with respect to the gauge function h
(cf. [10, 48]). For instance, H" (F') is defined by replacing (diam F},)* by h(diam F,,)
in the definition (1.6).

In [13], Durand studied the Hausdorff measures of random covering sets on T?
when A is a sequence of balls of the form A,, = B(0,r,). Using the mass transference
principle established in [3], he showed that, for any h € & with lim, o h(r)r=? = oo,

almost surely

HM(E(x,A)) = { oo if 3,y h(ra) = oo,

0  otherwise.
However, this approach does not extend to the general case when the sets in A are

not ball-like, since the mass transference principle may fail in such situation.

To deal with the general case, let us introduce some notation. For a Lebesgue
measurable set F' C R? with £(F) > 0 and h € &, we define the h-energy of F by

= ([ hlz =) acic)

Set gn(F) := L(F)?I,(F)~! and use g;, to define G1,(F) as in (1.9). Following the
argument in the proof of Lemma 3.2 with routine changes, we can show that

(8.1) HL(F) > Ga(F).

As a generalisation of Theorem 1.1, we have the following result on the Hausdorff

measures of general random covering sets.
Theorem 8.2. Let h € &. Under the assumptions of Theorem 1.1, we have

(1) 2oy Hao(An) < 00 = H"(E(x,A)) = 0.
(ii) 3202, Gr(A,) = co = HME(x,A)) = oo for P-almost all x € UV,

provided that I;,(B(0, R)) < oo for all R > 0 and A,, are Lebesgue measurable.
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(iii) Assume that r — h(r)r=4*¢ is decreasing for some ¢ > 0 and, moreover,
assume that h € & is such that the inequality h(r) < h(r)'*° is valid for
some § >0 and all v > 0. Then

iahmn) <oo = i%i(/ln) < 0,
n=1 n=1

provided that A, are Lebesque measurable with positive Lebesque density.

Proof. Statement (i) follows from a routine modification of the proof of Lemma 3.1.
Statement (ii) follows from the proof of Theorem 1.1.(b) with slight modifications.
Indeed, in the proof of Theorem 1.1.(b), the only place where the fact that the kernel
is || 7% is needed is inequality (2.11) (see the proof of Lemma 2.4). To extend that
inequality associated to h, it is enough to have that

(8.2) h(r) < (14 0(g))h((1 —&)r) for all 0 < r < 2R.

Note that h is doubling in the sense that h(2r) < ch(r) for some constant ¢ > 1,
which follows from the fact that h(r)r~? is decreasing. Hence, the gauge function h
obtained from h as the linear interpolation of h at points 27", n € N, is equivalent
with h and satisfies (8.2). Now Proposition 4.5 implies that H"(E(x, A)) > 0 P-
almost surely. It is not difficult to see that if > | G (A,) = oo there exists a gauge
function 2’ such that lim, o A/(r)h(r)~" = 0 and > 7, Gp(A4,) = co. Therefore,
H" (E(x, A)) > 0 which implies H"(E(x, A)) = 0.

The proof of (iii) is essentially identical to that of Lemma 3.10. Observe that
one may assume that #"(B(0, R)) > 0 for some R > 0 since otherwise the claim
is trivial. The assumption that h(r)r~?*¢ is decreasing is needed at the end of the
proof of Lemma 3.7 when the term (II) is estimated. (Recall that Lemma 3.7 is
needed in the proof of Proposition 3.8). Observe that heuristically %" (B(0, R)) > 0
means that A(r) should be larger than r¢ for small r > 0 and, therefore, h(r) should
be larger than 15 for small 7 > 0. O

Remark 8.3. One may expect that, for some R > 0, there exists a constant C' > 0
such that, for all Lebesgue measurable sets F' C B(0, R),

(8.3) H (F) < CGu(F).
If so, the condition >~ Gj,(A,) = oo in Theorem 8.2.(ii) can be replaced by

i H (A,) = co.
n=1

However, (8.3) does not hold for general doubling gauge functions even in the case

where F' is a ball. Indeed, let h(r) = r?(logr)? for all 0 < r < 7y, where 7y is chosen
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such that h is increasing. A straightforward calculation implies that I, (B(z, 7))
is comparable to (r¢|logr|)~t. Applying [45, Theorem 1.15] to product measures,
making a discrete approximation and using the fact that the sum Y7 | a? is min-
imised for the uniform probability vector (ai,...,a,), it is not difficult to see that
gn(B(x,r)) is comparable to G,(B(x,r)). Therefore, Gj,(B(z,r)) is comparable to
h(r)|logr|~" while H" (B(z,r)) is comparable to h(r).

Remark 8.4. Here we indicate how G),(F') can be calculated for some concrete
examples. Assume that F' = B(z,r). It follows immediately from the definition
that Gp,(F) < h(2r). If h(r)r~@*< is decreasing for some € > 0 (thus h is doubling),
one easily sees that I,(F) < Cr??h(r)~! for some constant C' > 0. Therefore, G1,(F)
is comparable to h(r). Another easily calculable example is when F is a rectangle
(or parallelepiped in higher dimensions) with side lengths a > b. Then G4(F) is
comparable to a® for 0 < s < 1 and to ab®*~! for 1 < s < 2.

Remark 8.5. Basing on the above remark, one can verify that (8.3) holds in the
following particular cases: (i) F' is a ball and h is a gauge function so that r —
h(r)r=4*¢ is decreasing for some € > 0; (ii) F' is a rectangle, and h(r) = r® for some
non-integer s € (0, 2).

8.3. A question on the measurability of level sets of random covering sets.
It is a natural question whether dim E(x, A) takes a constant value almost surely
in the general setting that A is a sequence of Lebesgue measurable sets, where
dim is either the Hausdorff, packing or box counting dimension. It is obvious that

dim E(x, A) does not depend on a finite number of coordinates z;. Therefore,
F,:={xcU":dimE(x,A) = s}

is a tail event for every 0 < s < d, provided that F; is measurable. In this case,
the Kolmogorov’s zero-one law would imply that x +— dim E(x, A) is almost surely

a constant. Theorem 1.1 gives the value of this constant under further assumptions
on A.

Using the results of Dellacherie [12] and Mattila and Mauldin [46], it is easy to
see that F§ is measurable with respect to the o-algebra generated by analytic sets
provided that the sets A, are analytic for all n € N (for details see [33]). For
Lebesgue measurable generating sets (A, )nen, we do not know whether the sets Fj

are measurable or not.
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