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Abstract

Let {S; }f=1 be an iterated function system (IFS) on R9 with attractor K. Let
(X2, 0) denote the one-sided full shift over the alphabet {1,...,£}. We define
the projection entropy function /5 on the space of invariant measures on X as-
sociated with the coding map # : ¥ — K and develop some basic ergodic
properties about it. This concept turns out to be crucial in the study of dimen-
sional properties of invariant measures on K. We show that for any conformal
IFS (respectively, the direct product of finitely many conformal IFSs), without
any separation condition, the projection of an ergodic measure under 7 is always
exactly dimensional and its Hausdorff dimension can be represented as the ra-
tio of its projection entropy to its Lyapunov exponent (respectively, the linear
combination of projection entropies associated with several coding maps). Fur-
thermore, for any conformal IFS and certain affine IFSs, we prove a variational
principle between the Hausdorff dimension of the attractors and that of projec-
tions of ergodic measures. © 2008 Wiley Periodicals, Inc.

Contents
1. Introduction
2. Statement of the Main Results
3. Density Results about Conditional Measures
4. Projection Measure-Theoretic Entropies Associated with IFSs
5. Some Geometric Properties of C ! IFSs
6. Estimates for Local Dimensions of Invariant Measures for C! IFSs
7. Proofs of Theorem 2.11 and Theorem 2.12
8. A Variational Principle about Dimensions of Self-Conformal Sets
9. Proof of Theorem 2.15
10. A Final Remark about Infinite Noncontractive IFSs
Bibliography

Communications on Pure and Applied Mathematics, 0001-0066 (PREPRINT)
© 2008 Wiley Periodicals, Inc.

11
18
37
42
48
53
56
62
63



2 D.-J. FENG AND H. HU

1 Introduction

Let{S;: X - X }le be a family of contractive maps on a nonempty closed set
X C R4, Following Barnsley [2], we say that ® = {S; }le is an iterated function
system (IFS) on X. Hutchinson [27] showed that there is a unique nonempty com-
pact set K C X, called the attractor of {S; }f=1, such that K = Uf=1 Si(K). A
probability measure yu on R4 is said to be exactly dimensional if there is a constant
C such that the local dimension

1 B(x,
(. x) = lim og u(B(x,r))
r—0 logr

exists and equals C for p-a.e. x € R4, where B(x,r) denotes the closed ball of
radius r centered at x. It was shown by Young [65] that in such a case the Hausdorff
dimension of u is equal to C (see also [14, 43, 51]).

The motivation of the paper is to study the Hausdorff dimension of an invari-
ant measure u (see Section 2 for precise meaning) for conformal and affine IFSs
with overlaps. To deal with overlaps, we regard such a system as the image of a
natural projection 7 from the one-sided full shift space over £ symbols. Hence we
obtain a dynamical system. We introduce a notion projection entropy, which plays
a similar role as the classical entropy for IFSs satisfying the open set condition,
and it becomes the classical entropy if the projection is finite to one. The concept
of projection entropy turns out to be crucial in the study of dimensional proper-
ties of invariant measures on attractors of either conformal IFSs with overlaps or
affine IFSs.

We develop some basic properties about projection entropy (Theorems 2.2
and 2.3). We prove that for conformal IFSs with overlaps, every ergodic measure
is exactly dimensional and d (., x) is equal to the projection entropy divided by the
Lyapunov exponent (Theorem 2.8). Furthermore, if ® is a direct product of con-
formal IFSs (see Definition 2.10 for the precise meaning), then for every ergodic
measure on K the local dimension can be expressed by a Ledrappier-Young type
formula in terms of projection entropies and Lyapunov exponents (Theorem 2.11).
We also prove variational results about the Hausdorff dimension for conformal IFSs
and certain affine IFSs (Theorems 2.13 and 2.15), which says that the Hausdorff
dimension of the attractor K is equal to the supremum of Hausdorff dimension of
W taking over all ergodic measures. The results we obtain cover some interesting
cases such as S;(x) = diag(p1,...,pq)x + a;j, wherei = 1,...,£ and pl._l are
Pisot or Salem numbers and a; € 74,

The problems of whether a given measure is exactly dimensional and whether
the Hausdorff dimension of an attractor can be assumed or approximated by that
of an invariant measure have been well studied in the literature for C 1** confor-
mal IFSs that satisfy the open set condition (cf. [6, 22, 49]). It is well-known that
in such a case, any ergodic measure p is exactly dimensional with the Hausdorff
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dimension given by the classic entropy divided by the Lyapunov exponent. Fur-
thermore, there is a unique invariant measure y with dimg (1) = dimg (K), the
Hausdorff dimension of K. However, the problems become much complicated and
intractable without the assumption of the open set condition. Partial results have
been obtained only for conformal IFSs that satisfy the finite-type condition (see
[45] for the definition). In that case, a Bernoulli measure is exactly dimensional
and its Hausdorff dimension may be expressed as the upper Lyapunov exponent
of certain random matrices (see, e.g., [16, 17, 35, 37, 39]), and furthermore the
Hausdorff dimension of K can be computed (see, e.g., [34, 45, 54]).

There are some results for certain special nonoverlapping affine IFSs. McMullen
[44] and Bedford [5] independently computed the Hausdorff dimension and the box
dimension of the attractor of the following planar affine IFS:

-1 .
Si(x) = ["O k91:|x—i— [Z,l//ll:} i=1,....¢,

where all a; and b; are integers, 0 < a; < n, and 0 < b; < k. Furthermore, they
showed that there is a Bernoulli measure of full Hausdorff dimension. This result
was extended by Kenyon and Peres [33] to higher-dimensional self-affine Sierpin-
ski sponges, for which ergodic measures are proved to be exactly dimensional with
Hausdorff dimension given by a Ledrappier-Young type formula. Another exten-
sion of McMullen and Bedford’s result to a broader class of planar affine IFSs
{S; }f=1 was given by Gatzouras and Lalley [36], in which S; map the unit square
(0, 1)? into disjoint rectangles with sides parallel to the axes (where the longer
sides are parallel to the x-axis; furthermore, once projected onto the x-axis, these
rectangles are either identical or disjoint). Further extensions were given recently
by Barariski [1], Feng and Wang [19], Luzia [41], and Olivier [46]. For other
related results, see, [3, 17, 20, 24, 26, 30, 32, 38, 52, 60].

Along another direction, in [11] Falconer gave a variational formula for the
Hausdorff and box dimensions for “almost all” self-affine sets under some assump-
tions. This formula remains true under some weaker conditions [28, 61]. Kdenmaki
[29] proved that for “almost all” self-affine sets there exists an ergodic measure m
so that m o 7! is of full Hausdorff dimension.

Our arguments use ergodic theory and Rohlin’s theory about conditional mea-
sures. The proofs of Theorem 2.6 and Theorem 2.11 are based on some ideas from
the work of Ledrappier and Young [40] and techniques in analyzing the densities
of conditional measures associated with overlapping IFSs.

So far we have restricted ourselves on the study of finite contractive IFSs. How-
ever, we point out that part of our results remain valid for certain noncontractive
infinite IFSs (see Section 10 for details).

The paper is organized as follows: The main results are given in Section 2. In
Section 3, we prove some density results about conditional measures. In Section 4,
we investigate the properties of projection entropy and prove Theorems 2.2 and 2.3.
In Section 5, we give some local geometric properties of a C ! IFS. In Section 6, we
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prove a generalized version of Theorem 2.6, which is based on a key proposition
(Proposition 6.1) about the densities of conditional measures. In Section 7, we
prove Theorems 2.11 and 2.12. In Section 8, we prove Theorem 2.13, and in
Section 9 we prove Theorem 2.15. In Section 10 we give a remark regarding certain
noncontractive infinite IFSs.

2 Statement of the Main Results

Let {S; }f=1 be an IFS on a closed set X C R¥. Denote by K its attractor. Let

Y = {1,..., 03N be associated with the left shift o (cf. [9]). Let My (%) denote
the space of o-invariant measures on X endowed with the weak-star topology. Let
7 : ¥ — K be the canonical projection defined by

2.1 {m(x)} = () S, 00 Sy, (K)  where x = (x;)F2,.

n=1

A measure u on K is called invariant (respectively, ergodic) for the IFS if there is

an invariant (respectively, ergodic) measure v on ¥ such that u = v o 71,

Let (2, F,v) be a probability space. For a sub-o-algebra A of F and [ €
LY(Q, F,v), we denote by E, ( f|.A) the conditional expectation of f given A. For
a countable F-measurable partition £ of 2, we denote by I,,(§|.4) the conditional
information of £ given A, which is given by the formula

22) L (EJA) = =) xalogEy(xalA),
Aeé

where y4 denotes the characteristic function on A. The conditional entropy of &
given A, written H,,(£|.A), is defined by the formula

m@m=fh@mm.

(See [48] for more details.) The above information and entropy are unconditional
when A = N/, the trivial o-algebra consisting of sets of measure zero and one, and
in this case we write

LEW) =1,(6) and H,(EN) =: Hy(§).

Now we consider the space (X, B(X), m), where B(X) is the Borel o-algebra
on X and m € My (X). Let P denote the Borel partition

(2.3) P={ljl:1=j=4
of X, where [j] = {(x;)72, € X : x1 = j}. Let T denote the o-algebra
I={BeB(X):07'B =B}

For convenience, we use y to denote the Borel o-algebra B(R?) on R?.
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DEFINITION 2.1 For any m € My (%), we call

hg(o,m) := Hp(Plo 'z~ 1y) = Hu(Pln~'y)

44

the projection entropy of m under w with respect to {S; };_,, and we call

hz(o.m, x) := En(f|1)(x)

the local projection entropy of m at x under w with respect to {S; }f
denotes the function L, (P|o "'z~ ly) — L, (P|n~1y).

—1» Where f

Itis clear that hy (0,m) = [ hy (0, m,x)dm(x). Our first result is the following
theorem:

THEOREM 2.2 Let {S;}*_, be an IFS. Then
(1) Forany m € My(X), we have 0 < hy(0,m) < h(o,m), where h(o, m)
denotes the classical measure-theoretic entropy of m associated with o.
(ii) The map m + hx(o,m) is affine on M(X). Furthermore, if m =
[ vdP(v) is the ergodic decomposition of m, we have

hz(o,m) = /hn(o, v)dP(v).
(iii) For any m € My (%), we have
1
lim ~ L,(PA Y2~ ty)(x) = h(o,m, x) — hy(o,m, x)
n—oon

for m-a.e. x € X, where h(o, m, x) denotes the local entropy of m at x;
that is, h(o,m, x) = Ly(Plo 1 B(2))(x).

Part (iii) of the theorem is an analogue of the classical relativized Shannon-
McMillan-Breiman theorem (see, e.g., [8, lemma 4.1]). However, we should notice
that the sub-o-algebra 7!y in our consideration is not o-invariant in general (see
Remark 4.11).

Part (iii) also implies that if the map = : ¥ — K is finite to one, then

hy(o,m) = h(o,m)

for any m € My(X). In Section 4, we will present a sufficient and necessary
condition for the equality (see Corollary 4.16). However, for general overlapping
IFSs, the projection entropy can be strictly less than the classical entropy.

In our next theorem, we give a geometric characterization of the projection en-
tropy for certain affine IFSs, which will be used later in the proof of our variational
results about the Hausdorff and box dimensions of self-affine sets.

THEOREM 2.3 Assume that ® = {S; }le is an IFS on R? of the form
Six)=Ax+c¢;, i=1,....¢,

where A is a d x d nonsingular contractive real matrix and ¢; € R?. Let K denote
the attractor of ®. Let Q denote the partition {[0,1)? + o : « € Z%} of R?. For
n=0,1,..., weset Q, ={A"Q : Q € Q}. Then
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(1) Foranym € My (X), we have

-1
ho(om) = lim mCTCn)
n—o00 n
(i1) Moreover,
. log#{Q € Q: A"Q NK # T}
lim

n—o00 n

= sup{h,(o,m) :m € Mqy(2)}.

To give the applications of projection entropy in dimension theory of IFSs, we
need some more notation and definitions.

DEFINITION 2.4 {S; : X — X}f:1 is called a C! IFS on a compact set X C R?
if each S; extends to a contracting C !-diffeomorphism S; : U — S;(U) C U on
anopensetU D X.

For any d x d real matrix M, we use || M || to denote the usual norm of M, and
[ M ] the smallest singular value of M, i.e.,

M|l = max{|Mv|:veR? |v]=1} and

(2.4) 4
[M] = min{|Mv|:v e R?, |v| =1}

DEFINITION 2.5 Let {S;}_; bea C! IFS. For x = (x;)%2, € ¥, the upper and

lower Lyapunov exponents of {S; }le at x are defined respectively by

Y _ . . 1 / n
Alx) = —lhn_l)})%leogﬂSx],_,xn (ra”x)],

/!

ey, T ),

1
A(x) = —limsup — log ||.S
n—oco N

where Sy . (mwo"x) denotes the differential of Sy,..x, 1= Sx; 0---0 Sy, at

mo"x. When A(x) = A(x), the common value, denoted by A(x), is called the
Lyapunov exponent of {S; }le at x.

It is easy to check that both A and A are positive-valued o-invariant functions on
¥ (i.e., A = Aoo and A = A o g). Recall that for a probability measure p on R4,
the local upper and lower dimensions are defined, respectively, by

log u(B(x,r)) log u(B(x,r))

d(w, x) = limsup . d(u.x) = limnf oar

r—0 logr

where B(x,r) denotes the closed ball of radius r centered at x. If d(u,x) =
d (i, x), the common value is denoted as d (i, x) and is called the local dimension
of m at x.

The following theorem gives an estimate of local dimensions of invariant mea-
sures on the attractor of an arbitrary C ! IFS without any separation condition.



DIMENSION THEORY OF IFS 7

THEOREM 2.6 Let {S; }le be a C IFS with attractor K. Then for p = momx ™1,
where m € My (X)), we have the following estimates:
— h 5 ) h ’ )
d(/"l’a]'[x)f M and i(ﬂ’nx)z n(f—n’l.x)
A(x) A(x)
where hy(0,m, x) denotes the local projection entropy of m at x under w (see
Definition 2.1). In particular, if m is ergodic, we have

hy(o,m) — hy(o,m)
m <d(u,z) <d(u,z) < W

DEFINITION 2.7 Let {S;}‘_, bea C! IFS and m € My (). We say that {S; }_,
is m-conformal if A(x) exists (i.e., A(x) = A(x)) for m-a.e. x € X.

form-a.e. x € %,

for p-a.e. 7z € K.

As a direct application of Theorem 2.6, we have the following:

THEOREM 2.8 Assume that {S; }le is m-conformal for some m € My (X). Let
w = mo L. Then we have

h 9 b
2.5) d(p, tx) = ,,(U—mx) form-a.e. x € X.
A(x)
In particular, if m is ergodic, we have
h ’
(2.6) d.z) = O ez € K

o [Adm

Recall that S : U — S(U) is a conformal map if S’(x) : R? — R? satisfies
[18”(x)|| # 0and |S’(x)y| = ||S/(x)|/|y| forall x € U and y € R¥.

DEFINITION 2.9 A C!IFS {S; }le is said to be weakly conformal if

1
—(log| S,
n

X1Xn

(mo"x)] —log || Sy, ..x,, (0™ X))
converges to 0 uniformly on X as n tends to co. We say that {S; }le is conformal
if each S; extends to a conformal map S; : U — S;(U) C U on an open set

U D K, where K is the attractor of {S; }le.

By definition, a conformal IFS is always weakly conformal. Furthermore, a
weakly conformal IFS is m-conformal for each m € Ms(X) (see Proposition
5.6(ii)). There are some natural examples of weakly conformal IFSs that are not
conformal. For instance, let S;(x) = Ajx+a;, i = 1,...,£, such that, for each i,
A; is a contracting linear map with eigenvalues equal to each other in modulus, and
AjA; = AjA; for different i, j. Then such an IFS is always weakly conformal
but not necessarily conformal. The first conclusion follows from the asymptotic
behavior

lim A7)V = lim A7) = p(An). i= 1L

where p(A;) denotes the spectral radius of A; (cf. [64]).
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Theorem 2.8 verifies the existence of local dimensions for invariant measures
on the attractor of an arbitrary weakly conformal IFS without any separation as-
sumption. We point out that the exact dimensionality for overlapping self-similar
measures was first claimed by Ledrappier; nevertheless, no proof has been written
out (cf. [50, p. 1619]). We remark that this property was also conjectured later by
Fan, Lau, and Rao in [15].

We can extend the above result to a class of nonconformal IFSs.

DEFINITION 2.10 Assume for j =1,...,k, ®; := {Si,j}f=1 is a C1 IFS defined
on a compact set X; C R%/. Let ® := {Si}f:1 be the IFS on X1 X --- X X C
R4t x --- x R% given by

Si(z1,..2k) = i)y Sk (@),
i=1,...,¢, j=1,...k, zZj € Xj.

We say that @ is the direct product of @1, ..., ®p, and write & = P x -+ - x Py

THEOREM 2.11 Let ® = {S; }le be the direct product of k C' IFSs ®, ..., ®f.
Let p = mon !, wherem € My (X). Assume that ®1, ..., ®y are m-conformal.
Then

(i) d(u, z) exists for u-a.e. z.
(i1) Assume furthermore that m is ergodic. Then [ is exactly dimensional. Let
T be a permutation on {1, . .., k} such that

Ar) =00 = Ae)s

where Aj = [ A;(x)dm(x), and A;(x) denotes the Lyapunov exponent of
®; at x € X. Then we have

k
hJT] (G,m) 4 Z hrrj (U,m) - hﬂ'jfl (O—’ m)

Az(1) Az

Q7 d(u,z) = for -a.e. z,

J=2

where 7t denotes the canonical projection with respect to the IFS ® (1) X
o+ X D), and hy; (0, m) denotes the projection entropy of m under ;.

We mention that fractals satisfying the conditions of the theorem include many
interesting examples such as those studied in [5, 33, 36, 44].
As an application of Theorem 2.11, we have the following:

THEOREM 2.12 Let {Si}f=l be an IFS on R? of the form
Si(x) =A4ix+a;, i=1,...,¢,

such that each A; is a nonsingular contracting linear map on R%, and A; A i =
AjA; forany 1 <1i,j < L. Then for any ergodic measure m on X, |1 = m o P
is exactly dimensional.
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Indeed, under the assumption of Theorem 2.12, we can show that there is a non-
singular linear transformation 7' on R¥ such that the IFS {T o S; o T‘l}f=1 is the
direct product of some weakly conformal IFSs. Hence we can apply Theorem 2.11
in this situation.

We remark that formula (2.7) provides an analogue of that for the Hausdorff
dimension of C 7% hyperbolic measures along the unstable (respectively, stable)
manifold established by Ledrappier and Young [40].

The problem of the existence of local dimensions also has a long history in
smooth dynamical systems. In [65], Young proved that an ergodic hyperbolic
measure invariant under a C ' 7% surface diffeomorphism is always exactly dimen-
sional. For a measure /4 in high-dimensional C !¢ systems, Ledrappier and Young
[40] proved the existence of 6% and §°, the local dimensions along stable and un-
stable local manifolds, respectively, and the upper local dimension of w is bounded
by the sum of ¥, §°, and the multiplicity of O as an exponent.

Eckmann and Ruelle [10] indicated that it is unknown whether the local dimen-
sion of w is the sum of §* and &° if u is a hyperbolic measure. Then the question
was referred to as the Eckmann-Ruelle conjecture, and it was confirmed by Bar-
reira, Pesin, and Schmeling in [4] 17 years later. Some partial dimensional results
were obtained for measures invariant under hyperbolic endomorphism [58, 59].
Recently, Qian and Xie [53] proved the exact dimensionality of ergodic measures
invariant under a C? expanding endomorphism on smooth Riemannian manifolds.

In the remaining part of this section, we present some variational results about
the Hausdorff dimension and the box dimension of attractors of IFSs and that of
invariant measures. First we consider conformal IFSs.

THEOREM 2.13 Let K be the attractor of a weakly conformal IFS {S; }f=1. Then
we have

2.8) dimy K = dimg K

2.9 =sup{dimg pu:pu=monx" ', me My(Z), mis ergodic}
=max{dimg u:pu=monx ', me My(2)}
hy(o,m
(2.10) = sup % im e Mg (2);,

where dimp K denotes the box dimension of K.

Equality (2.8) was first proved by Falconer [12] for C % conformal IFS. It
is not known whether the supremum in (2.9) and (2.10) can be attained in the
general setting of Theorem 2.13. However, this is true if the IFS {Si}f=1 satisfies
an additional separation condition defined as follows:

DEFINITION 2.14 An IFS {S; }f=1 on a compact set X C R¥ is said to satisfy the
asymptotically weak separation condition (AWSC), if

1
lim —logt, =0,

n—oon
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where ¢, is given by
(2.11) tn = sup #{Sy, :ue{l,....0}", x € Sy(K)};

xeR4

here K is the attractor of {Si}le.

The above definition was first introduced in [18] under a slightly different set-
ting. For example, if 1/p is a Pisot or Salem number, then the IFS {px + a; }le
on R, with a; € Z, satisfies the AWSC (see proposition 5.3 and remark 5.5 in
[18]). Recall that a real number 8 > 1 is said to be a Salem number if it is an
algebraic integer whose algebraic conjugates all have modulus not greater than 1,
with at least one being on the unit circle; § > 1 is called a Pisot number if it is
an algebraic integer whose algebraic conjugates all have modulus less than 1. For
instance, the largest root (& 1.72208) of x*—x3—x% —x + 1is a Salem number,
and the golden ratio («/g + 1)/2 is a Pisot number. See [57] for more examples
and properties of Pisot and Salem numbers. Under the AWSC assumption, we can
show that the projection entropy map m +— h (o, m) is upper semicontinuous on
M (X) (see Proposition 4.20) and, as a consequence, the supremum (2.9) and
(2.10) can be attained at ergodic measures (see Remark 8.2).

Next we consider a class of affine IFSs.

THEOREM 2.15 Let ® = {S;}¢_, be an affine IFS on R? given by

i=1
Si(x1,...,xg) = (p1X1, ..., pgxq) + (@i1,....a;4),
where py > -+- > pg > 0and a;; € R. Let K denote the attractor of ®, and
write Aj = log(1/p;) for j = 1,...,d and Ay, = oo. View ® as the direct
product of @1, ..., D4, where ®; = {S; j(x;) = pjx; + a,',j}le. Assume that
O x -+ x ®; satisfies the AWSC for j = 1,...,d. Then we have
dimg K = max{dimg p : p = mon~', m is ergodic}
d

1 1
= max — — ——— | hy.(o,m) : mis ergodicy ,
{;(Aj Aj+1) s (0m) ¢ %

where 7; is the canonical projection with respect to the IFS ®1 x -+ x ®;. Fur-

thermore,
4 1 1
dimp K = —— —|H;,
? J;(A,- /\,-+1) ’

where H; := max{hy; (o, m) : m is ergodic}.
It is direct to check that if ®; satisfies the AWSC for each 1 < j < d, then

so does @1 x --- x ®;. Hence, for instance, the condition of Theorem 2.15 is
fulfilled when 1/p; are Pisot numbers or Salem numbers and (a;,1,...,a; 4) €

74 . Different from the earlier works on the Hausdorff dimension of deterministic
self-affine sets and self-affine measures (see, e.g., [1, 5, 26, 33, 36, 44, 46]), our
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model in Theorem 2.15 admits certain overlaps. The two variational results in
Theorem 2.15 provide some new insights into the study of overlapping self-affine
IFS. An interesting question is whether the results of Theorem 2.15 remain true
without the AWSC assumption. It is related to the open problem of whether a
nonconformal repeller carries an ergodic measure of full dimension (see [21] for a
survey). We remark that, in the general case, we do have the following inequality
(see Lemma 9.2):

. 1 o
dimpK > Zl E - o sup{/iz,; (0, m) : m is ergodic}.
j=
Furthermore, Theorem 2.15 can be extended somewhat (see Remark 9.3 and The-
orem 9.4).

3 Density Results about Conditional Measures

We prove some density results about conditional measures in this section. To
begin with, we give a brief introduction to Rohlin’s theory of Lebesgue spaces,
measurable partitions, and conditional measures. The reader is referred to [47, 55]
for more details.

A probability space (X, B, m) is called a Lebesgue space if it is isomorphic to
a probability space that is the union of [0, s], 0 < s < 1, with Lebesgue measure
and a countable number of atoms. Now let (X, B,m) be a Lebesgue space. A
measurable partition n of X is a partition of X such that, up to a set of measure
zero, the quotient space X /7 is separated by a countable number of measurable
sets { B; }. The quotient space X /n with its inherit probability space structure, writ-
ten as (X, By, my), is again a Lebesgue space. Also, any measurable partition
n determines a sub-o-algebra of B, denoted by 7], whose elements are unions of
elements of 7. Conversely, any sub-o-algebra B’ of B is also countably gener-
ated, say by {B/}, and therefore all the sets of the form () 4;, where A4; = B
or its complement, form a measurable partition. In particular, B itself corresponds
to a partition into single points. An important property of Lebesgue spaces and
measurable partitions is the following:

THEOREM 3.1 (Rohlin [55]) Let n be a measurable partition of a Lebesgue space
(X, B,m). Then, for every x in a set of full m-measure, there is a probability
measure my defined on 1(x), the element of 1 containing x. These measures are
uniquely characterized (up to sets of m-measure 0) by the following properties:
if A C X is a measurable set, then x +— m'L(A) is §-measurable and m(A) =
fmZ(A)dm(x). These properties imply that for any f € LY(X,B,m), m>(f) =
En(f10)(x) for m-a.e. x, and m(f) = [Em(f|D)dm.

The family of measures {m} in the above theorem is called the canonical sys-
tem of conditional measures associated with 1.
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Throughout the remaining part of this section, we assume that (X, B,m) is a
Lebesgue space. Let 7 be a measurable partition of X, and let {m.} denote the
corresponding canonical system of conditional measures. Suppose that 7 : X —
R4 is a B-measurable map. Denote y := B(R?), the Borel--algebra on R?. For
y € R4, we use B(y, r) to denote the closed ball in R? of radius r centered at y.
Also, we denote for x € X,

(3.1) B™(x,r) = n ' B(xx,r).

LEMMA 3.2 Let A € B.
(i) The map x — m-(B™(x,r) N A) is §\ &~ y—measurable for each r > 0,
where §j vV w1~y denotes the smallest sub-c-algebra of B containing ) and
a! Y.
(ii) The functions
C . . mI(BT(x,r)N A) _ mI (BT (x,r) N A)
lim inf 7 , limsu 7
r=>0  mx(B*(x,r)) r—>0  mx(B*(x,r))

and
mZ(B”(x, r) N A)

r>0  my(B™(x,r))

are ) vV w Y y—measurable, where we interpret 0/0 = 0.

PROOF: We first prove (i). Let A € Band r > 0. For n € N, let D,, denote the
collection

D, ={[0.27"% 4+ a:a €272}
For y € R4, denote
Wa(y) = U 0.
Q€D,:QNB(y,r)#2

Write W, := {W,(y) : y € R} It is clear that W, is countable for each n € N.
Furthermore, we have W, (y) | B(y.r) for each y € R? as n — oo, that is,
Wat1(y) C Wu(y) and (;2; Wa(y) = B(y,r). As a consequence, we have
7 'Wy(x) | B™(x,r) and hence

m}(B™ (x,r) N A) = lim m(x "Wy (nx) N A), x e X.
n o

Therefore to show that x — m(B™ (x,r)NA) is V7w ~! y—measurable, it suffices
to show that x — mL (7~ W, (7x) N A) is § v 7~ y—measurable for eachn € N.

Fixn € N. For F € Wy, let [',2(F) = {x € X : Wy(wx) = F}. Then
I',(F) € =y, By Theorem 3.1, m%(z~'F N A) is an /-measurable function
of x for each F € W,,. However,

ml(x  Wa(rx) N A) = >y, @)ml@~ F N A).
Few,

Hence m(w ='W, (wx) N A) is §) v 7~ y—measurable; so is my(B” (x,r) N A).
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To see (ii), note that for x € ¥ and r > 0 satisfying m*(B"(x,r)) > 0, we
have
miBT(.)NA) _ . ml(B(x.q) N A)
my (B (x,r)) airiqeQ+  mi(B*(x,q))
Hence for the three limits in (ii), we can restrict r to be positive rationals. It to-
gether with (i) yields the desired measurability. O

LEMMA 3.3 Let A € B. Then for m-a.e. x € X,

_ mi(BT(x,r)NA) Ao
(3.2) lim (B (5.7) =Emn(xali v ly)(x).

PROOF: Let f(x) and J (x) be the values obtained by taking the upper and
lower limits in the left-hand side of (3.2). By Lemma 3.2, both f and S are
A v m~ly—measurable. In the following we only show that 7(x) = E,(xaln v

7~ 1y)(x) for m-a.e. x. The proof for J(x) =En (xalfi v = 1y)(x) is similar.
We first prove that

63 [ Fam= [ EnGulivaindm BeiDey
Bnz—1D BNzx—1D

By Theorem 3.1, for any given C € n, m (x € C) represents the same measure

supported on C, which we rewrite as mc. Fix C € 1. We define measures pc and

ve on R4 by uc(E) = me(r 'ENA)and ve (E) = me(n L E) forall E € y.

It is clear that uc < vc. Define

B
gc(z) = limsup pe(B(z.r) e RY,

r—o0 vc(B(z,r))’

Then ?(x) = gy(x)(mx) for all x € X. According to the differentiation theory of

measures on R? (see, e.g., [43, theorem 2.12]), gc = duc/dvc, ve-a.e. Hence
for each D € y, we have [}, gc(z)dvc(2) = pc (D), ie.,

f gc(mdme(y) = pe(D) = me (=D 1 4).
x—lD
That is,
(3.4) / fdm? =ml(z"'DNA), xeX.
7—1D

To see (3.3), let B € 7). Then

/ 7dm:/)(an—1D7dm
BNna—1D —
_ /Emummfm)dm -
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= / XBEm(xz—1p f | H)dm

:/( / 7dmZ)dm(x) (by Theorem 3.1)
B z-1pD

_ / m (1D 0 Aydm(x) (by (34)
B

- / %5 Em (£t prald) (0)dm(x)  (by Theorem 3.1).
Thus we have

/ Fdm = / Epn (18 Xt prali) () dm(x)
BNa—1'D
= /XBXJTIDHA dm =m(B N 7 'DN A)

_ / En (5t pxald v 7= 9)dm
Z/XBnn—lem(XAmV?T_l)/)dm

- / Enn(ali v 7' y)dm.
Bnz—lD
This establishes (3.3).
Let R = f —E,u(xalfi v 77 1y). Then R is §j vV 7~ ! y—measurable and

Rdm =0, Be# Denly.
Bnrx—1(D)
Denote F = {BNax Y (D):Be#, Den'y}andlet

k
F = { | Fi -k eN, Fi..... F € F are disjoint; .
i=1
It is clear that | 7 Rdm = 0forall F € F'. Moreover, it is a routine to check that
F' is an algebra that contains 7 and 7'y, and hence F’ generates the o-algebra
v ly.

We claim that R = 0 m-a.e. Assume this is not true. Then there exists € > 0
such that the set {R > €} or {R < —e} has positive m-measure. Without loss of
generality, we assume that m{R > €} > 0. Since F’ is an algebra that generates
A v =~ 1y, there exists a sequence F; € F’ such that m(F;i A{R > €}) tends
to 0 asi — oo (cf. [63, theorem 0.7]). We conclude that f F; R dm tends to
f{R>e} Rdm > 0asi — oo, which contradicts the fact that sz- Rdm =0. [
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Remark 3.4.
(i) Letting n = A be the trivial partition of X in the above lemma, we obtain
m(BT(x,r) N A)
r—0 m(B*(x,r))

=En(ralnr”'y)(x) m-ae.

(ii) In general, E,n (xalm~'y)(x) = Em(xalf) v 771y)(x) m-a.e.; both of
them equal
my(B™(x,r) N A)
r>0  my(B™(x,r))

by ().

PROPOSITION 3.5 Let & be a countable measurable partition of X. Then for m-
ae x € X,
n T

(BT (x.r) NEW)) -
3.5 lim lo = -1 \Y.4 X),
(3.5) i loe = T B (x.r)) m (&1 Y)(x)
where Ly, (- | -) denotes the conditional information (see (2.2) for the definition).
Furthermore, set

my (B™ (x,r) N (x))
m (B™(x,r))
and assume Hy, (§) < co. Then g > 0 and g € L'(X, B, m).

(3.6) g(x) = — inf log
r>0

PROOF: (3.5) follows directly from Lemma 3.3 and the following equality:

: my (B™(x,r) N £(x)) my (B™(x,r) N A)
lim log .
r—>0 my (B™(x,r)) my (B™(x, 1))

= Z x4(x) lim log
r—0

A€

Now we turn to the proof of (3.6). It is clear that g is nonnegative. By Lem-
ma 3.2, g is measurable. In the following we show that g € L1 (X, B, m).

Let C € nand A € & be given. As in the proof of Lemma 3.3, we define mea-
sures uc and ve on R by e (E) = me(r 'ENA) and ve (E) = mc(n ' E)
for all £ € y. By theorem 7.4 in [56], we have

B
e {Z e R? : inf —MC( (z,r)

AW<3d)y Ao
2o ve(Bz.r) }— C T

Hence for any A > 0,

. me (BT(x,r) N A)
me ({x S T e (B ()

Integrating C with respect to m;, we obtain

T(BT(x,r)N A
m(%xeX:infm( (x, r) )<A}HA)§3”Z)L.
r>0  mjy (B™(x,r))

<x§ mA) <39,
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Denote .
BT (x,r)yN A
) = ing TEETC D 0 A)
r>0  my (B*(x,r))
Then the above inequality can be rewritten as
m(AN{gh <y <39).

Note that by (3.6), g(x) = — ZAeg ¥4(x)log g4 (x). Since g is nonnegative, we
have

/gdmz/ooom{g>t}dt:/OooZm(Aﬂ{gA<e_t})dt

Aeg

o0
< Z/ min{m(A), 3de_t}dt
Aeg’0
< Z(—m(A) logm(A) + m(A) + m(A) log Sd)
Ae&
= Hp(§) + 1+ log39.
This finishes the proof of the proposition. U
Remark 3.6. Consider the case X = ¥ and £ = P, where P is defined as in (2.3).
Suppose that {Si}f=1 is a family of mappings such that S; : 7(X) — S; (7 (X)) C
RY is homeomorphic for each i. Then in (3.5) and (3.6), we can change the terms
B™(x,r) to 7' R, x(mx), where R, x(z) := Sx_llB(le (z),r). To see this, fix i
and define 7’ = S; o w. Then we have
LT R ) NG mE(BT () N[
im =
r>0  my(x Ry x (X)) r>0  mi(B™(x,r))
= En(xli v (7)™ y) ().
However, (7')"!'y = 77!y due to the assumption on S;. Hence the last term in
the above formula equals E, (x[;1|7 v 77 1y)(x). Thus we can replace the terms

B7(x,r) by JT_IR,-,X (7 x) in (3.5). For the change in (3.6), we may use a similar
argument.

LEMMA 3.7 Let 7 : X — R? and ¢ : X — R¥ be two B-measurable maps. Let
1 be the partition of X given by n = {n~'(z) : z € R¢}. Let A € Bandt > 0.
Then for m-a.e. x € X, we have

¢ i
(3.7) m"(B?(x,t) N A) > limsup m(BT(x.) N AN B¥(x,r))
r—0 m(B7(x,r))

and
m(U®(x,t) N AN B™(x,r))
m(BT(x,r)) '

(3.8) ml(U?(x,1) N A) < lim inf
r—>
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where B®(x,t) 1= ¢ 'B(px,t) and U®(x,t) = ¢~ 'U(px,1); here U(z,t)
denotes the open ball in R¥ centered at z of radius t.

PROOF: Fix A € Band ¢ > 0. Similar to the proof of Lemma 3.2, forn € N,
let D,, denote the collection

Dy ={[0.27"* + a1 € 27"ZF}.

For y € R¥ , denote

Wa(y) = U 0. M= U ¢
Q€D QNB(y,1)#D Q€D,:QCU(y,t)
Write W, := {W,(y) : y € R¥} and W, = {Wn(y) .y € R¥}. It is clear that
both W, and W, are countable for each n € N. Furthermore, we have W, (y) |

B(y,t) and Wy, (y) 1 U(y,1) for each y € R¥ as n — oo. As a consequence, we
have ¢ ='W, (¢x) | B®(x,1) and ¢~ Wy (¢px) 1 U®(x,t) for x € X. Therefore

mi(B®(x.1) N A) = lim ml(¢~ Wa(¢x) N 4)

and
mT(U®(x,0) N A) = lim m" (¢~ Wy (dx) N A)
n—o00
foreach x € X.
In the following we only prove (3.7). The proof of (3.8) is essentially identical.

Forn e Nand F € Wy, letI',(F) = {x € X : W,(¢x) = F}. Then for m-a.e. x
and all » € N, we have

mi(¢p~ Wa(px) N A)

= Y e @ml@ FnA)
Few,

= > 1 ©En(g-1 Fral D)
Few,

= 3 ara e OEm Qg paalt T )()
Few,
m(d)_lF NANB™(x,r))

= Z XT,(F)(x) rlg)% (B (x.1) (by Lemma 3.3)
Few,

~ lim m(@~ Wa(¢x) N AN B™(x,r))
r—0 m(BT(x,r))

> fimsup m(B®(x,t) N AN B™(x,r))

T 0 m(B™(x,r))

Letting n — o0, we obtain (3.7). Il
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Remark 3.8. Under the conditions of Lemma 3.7, assume that
g:n(X)— gn(X)) C R

is a homeomorphism. Then we may replace the terms B (x, r) in (3.7) and (3.8)
by B87(x,r). To see this, let 7" = g o 7r. It is easy to see the partition 7 is just the
same as {(7)"1(z) : z € R4}.

PROPOSITION 3.9 Let T : X — X be a measure-preserving transformation on
(X, B,m), and let  be a measurable partition of X. Suppose that v : X — RY is
a bounded B-measurable function. Then for any r > 0,

1
lim —logm7, (B™(T"x,r)) =0 form-ae x € X.
n—o0o n
PROOF: Fix r > 0 and ¢ > 0. Since 7(X) is a bounded subset of R¥, we can
cover it by £ balls B(rrx;, 5) of radius 5, where x; € X andi = 1,...,{. Define
Ay ={x € X : mI(B"(x,r)) <e ™}, neN.
If a ball B™(x;, 5) intersects Ay, then for any y € A4, N B™(x;, %), we have
B™(x;,%) C B™(y,r) because B(wx;,%) C B(wy,r) by the triangle inequality.
So the definition of A, gives m} (A, N B™(x;,5)) < my)(B™(y.r)) < e ".
Hence
m(A, N B"(xi, 3)) = /mZ(An N B™(x;, 5))dm(y) < e

and m(A,) < Le ",

This estimate gives directly that g(x) := logm(B™(x,r)) € LY (X,B,m).
Note that g(T"x) = Y7, g(T'x) — Zln;ll g(T'x). By the Birkhoff ergodic
theorem we can get lim,, o % g(T"x) = 0 for m-a.e. x € X, which is the desired
result. O

LEMMA 3.10 Let A be a sub-c-algebra of B. Let A € B with m(A) > 0. Then
En(xalA)(x) >0
for m-a.e. x € A.
PROOF: Let W := {E;;(x4|A) < 0}. Then W € A. Hence

0> /Em(XAlA)dm = /XA dm(x) =m(ANW),
w w
which implies m(A N W) = 0. This finishes the proof. U

4 Projection Measure-Theoretic Entropies Associated with IFSs

Throughout this section, let {S; }le be an IFS on a closed set X C R4, and
(X, 0) the one-sided full shift over {1,...,£}. Let M (X) denote the collection
of all g-invariant Borel probability measures on X. Let 7 : £ — R? be defined as
in (2.1), and A (o, -) as in Definition 2.1.
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4.1 Some Basic Properties

In this subsection, we present some basic properties of projection measure-
theoretic entropy. Our first result is the following:

PROPOSITION 4.1
(1) 0 < hp(o,m) < h(o,m) for every m € Mq(X), where h(o,m) denotes
the classical measure-theoretic entropy of m.
(ii) The projection entropy function is affine on My (%), i.e., for anymy, my €
My (2) and any 0 < p < 1, we have

4.1) hz (o, pmy + (1 — pymz) = phy(0,m1) + (1 — p)hz (0, m2).

The proof of the above proposition will be given later. Now let us recall some
notation. If £ is a partition of X, then § denotes the o-algebra generated by &. If
£1,...,&, are countable partitions of ¥, then \/7_, & denotes the partition con-
sisting of sets A1 N --- N A, with A; € . Similarly for o-algebras Ay, A,, ...,
\/,, An denotes the o-algebra generated by |, A,.

Let P be the partition of ¥ defined as in (2.3). Write Py = \/?=0 o~iP for
n > 0. Let y denote the Borel o-algebra B(R?) on R. Similar to Definition 2.1,
we give the following definition:

DEFINITION 4.2 Letk € N and v € M« (X). Define
ha (0, v) = Hy(P§ o x ™t y) = Hu(Pg ' =~ "y).

The term A (0%, ) can be viewed as the projection measure-theoretic entropy
of v with respect to the IFS {S;, o---0S;, : 1 <i; < {forl <j <k} The
following proposition exploits the connection between /i (0%, v) and & (o, m),
where m = %Zf‘;& voo i,

PROPOSITION 4.3 Letk € N andv € Mgk (X). Set m = %Zﬁ:& voo . Then

m is o-invariant, and hy (o, m) = Lhy (%, v).

To prove Propositions 4.1 and 4.3, we first give some lemmas about the (condi-
tional) information and entropy (see Section 2 for the definitions).

LEMMA 4.4 (cf. [48]) Let m be a Borel probability measure on X. Let &£, 1 be
two countable Borel partitions of X with Hpy,(§) < oo, Hy(n) < oo, and A a
sub-a-algebra of B(X). Then we have the following:
) Lpoo—1 (lA) 00 = Lu(0'Elo™ " A).
(i) Inm(§ Vv nlA) = In(§lA) + Lu(l§ v A).
(iii) Hm(§ Vv n|A) = Hn(§lA) + H(n|§ v A).
(v) If A1 C Ay C --- is an increasing sequence of sub-o-algebras with Ay, 1
A, then 1,,(£| An) converges almost everywhere and in L' to 1,(£|.A). In
particular, limy, o0 Hy (E|An) = Hpy (E|A).
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LEMMA 4.5 Denote g(x) = —xlogx for x > 0. For any integer k > 2 and
X1,...,Xk = 0, we have
1 & 1 & ko
228 < g(% in) < Zg(;’)
i=1 i=1 i=1

and

k k
42 ) glxi) = (x1+-+ xp)logk < g(xr + -+ x) < Y g(xi).
i=1 i=1
Moreover, for any p1, p2 = O with p1 + p> =1,

2 2 2
(4.3) > piglx)) < g(me) <Y pigl) +&(p))x;.
j=1 j=1 j=1
PROOF: The proof is standard. U

LEMMA 4.6 Let m be a Borel probability measure on 3. Assume & and n are two

countable Borel partitions of ¥ such that each member in & intersects at most k
members of 1. Then Hy, (§) > H, (E Vv n) —logk.

PROOF: Although the result is standard, we give a short proof for the conve-

nience of the reader. Denote g(x) = —x log x for x € [0, 1]. Then
Hy(€) = g(m(4)) = Zg( > mAn B))
A&t A€t “Ben, BNA#D
= [( > gmAn B))) — m(A) log k] (by (4.2))
Aet - “Ben, BNA#o
. (Z S glm(An B))) ~logk
Ae& Ben
= Hp(€ V1) — logk.
This finishes the proof. O

The following simple lemma plays an important role in our analysis.
LEMMA 4.7 P v o lx7ly = Pv aly.

PROOF: We only prove PV o lx7ly C P v 7~ ly. The other direction
can be proved by an essentially identical argument. Note that each member in
P v o~ 'x~1y can be written as

£
JUlIne a4,
=1
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with A; € y. However, it is direct to check that
1o~ ta™ 4, = (1N 77 (S (4))).
Since S; is injective and contractive (thus continuous), we have S;(4;) € y.
Therefore Uf=1 [j1Nno~tx~14; € Pvaly. O
LEMMA 4.8 Let m be a Borel probability measure on ¥ and k € N. We have
Hu(Pg o™ n™ly) = Hu(P§ |~ 1y) =

k—1
> Hypog—i (Plo ' n7'y) = Hypops (Pl 'y).
Jj=0
Moreover, if m € Mg (X), then
Hp(P§ o™ a™y) = Hp(P§ M ™"y) = khx (0, m).
PrROOF: For j =0,1,...,k — 1, we have
Ln(Py o™/ 77! y) = In(PE o™V HValy)
=1L,(6/Plo /77 ly) + Im( \/ o_iP‘a_jﬁ v o_jn_ly)
0<i<k-—1,
i#]
-1, (77(])‘_1 lo~UHD =1y (by Lemma 4.4(ii))
=I,(c/Plo/n7ly) + Im( \/ a_iP‘a_jﬁ \% 0_(j+1)n_1y)
o<i<k-—1,
i#]
-1, (77(’)‘_1 |a_(j+1)n_1y) (by Lemma 4.7)
=In(c/Plo /77 ly)—1In (J_jP|0_(j+1)n_1y) (by Lemma 4.4(ii))
= Lypoo—i (Pl7 ') 007 —L05—i (Plo™'n 7 y) 00/  (by Lemma 4.4(i)).
Summing j over {0, ...,k — 1} yields
@4) TP 7w ™y) = Ln(Ps Mo F ™t y) =
k—1 . .
Y (Doo—i (PIr™'y) 007/ =Ty (Plo™ 7 y) 0 07).
j=0
Integrating, we obtain the desired formula. O
For any n € N, let D,, be the partition of R4 given by
(4.5) Dp ={[0.27"¢ 4o € 27"Z%}.
LEMMA 4.9 Letm € My (X). For eachn € N, we have
Hun(Plo 27 Dy) — Hn(Pln ™ Dy) > —d log(vVd + 1).
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PROOF: Since m is o-invariant, by Lemma 4.4(iii), we have
Hm(P|U_1”_lﬁn) - Hm(P|7T_lﬁn)
= Hp(PVvoln™D,) — Hu(o ln71Dy)
— Hpn(PV 77 'Dy) + Hpu(r ™' Dy)
= Huy(PV o n7Dy) — Hy(P v 17 1Dy).

(4.6)

Observe that foreach 1 < j < £ and Q € Dy,
U1no 'z~ (Q) = [jInx~'(S;(Q)).

Since S; is contractive, diam(S; (Q)) < 27" +/d and thus S; (Q) intersects at most
(«/3 + 1)? members in D,,. We deduce that [j] N o~ 771 (Q) intersects at most
(v/d 4+ 1)¢ members in P v 7! D,. By Lemma 4.6, we have

Hy,PVvoln D)) > Hy(PVvo la D, va 1D,
.7 —dlog(Vd +1)
> Hu(PV 7 'D,) —d log(Vd + 1).
Combining this with (4.6) yields the desired inequality. g
PROOF OF PROPOSITION 4.1: We first prove part (i) of the proposition, i.e.,
0 < hy(o,m) < h(o, m).
Since 15,, 1 y as n tends to oo, by Lemma 4.4(iv), we have
lim_ Hp(Plo~'n7'D,) — Hyp (Pl 'Dy) =
Hm(P|(7_17T_1V) - Hm(P|7T_IV)-
This together with Lemma 4.9 yields
Hu(Plo™ 7~ 'y) = Hu(Pln~'y) > —d log(Vd + 1),

Applying the same argument to the IFS {S;,..;, : 1 <i; < £, 1 < j <k}, we
have

Hu(P§ o™ n™y) — Hn(PEn™ly) = —d log(Vd + 1).

This together with Lemma 4.8 yields /i, (o, m) > —d log(«/g + 1)/ k. Since k is
arbitrary, we have h; (o,m) > 0. To see h, (0, m) < h(o, m), it suffices to observe
that

khz(o,m) = Hp(PE Yo ™* 27 1y) — Hpu(PEHa™1y)
< Hn(PE Yo% y) < Hu(PE).
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Now we turn to the proof of part (ii). Let mi,my € My(X) and m = pmy +
(1 — p)m, for some p € [0,1]. Using (4.3), for any finite or countable Borel
partition & we have

(4.8)  |Hm(§) — pHm,(§) — (1 — p)Hm,(§)| = g(p) + g(1 — p) <log2.
Let k € N. By Lemma 4.8, Lemma 4.4(iv), and (4.6), we have

1 T _ _
hy(0,m) = —(Hu(PE o ™* 27 1y) — Hu(PEn™1y))

—_

(4.9) = (Hn(PEY o ™% n71Dy) — Hp(PE 77 1Dy))

— lim
n—>oo
L im (Hn(PEYV 0% 271D,) — H(PE~' v 2 71Dy))
& n—o00 m\ /"o n m\ /"o n))-
The above statement is true when m is replaced by m; and m». However, by (4.8),
Hu(PEY v 0 ™% 771Dy) — Hp (P~ v 27 1Dy)

differs from
2
Z pjlHm, (Pg_l 4 U_kﬂ_lpn) — Hp, (Pg_l 4 ﬂ_IDn)]
j=1
at most 21log 2, where p; = p and p, = 1 — p. This together with (4.9) yields
4.1). 0

PROOF OF PROPOSITION 4.3: Let k > 2 and v € M« (X). We claim that
hﬂ(ak, Vo O_j) = h,,(ok, v) forany 1 < j < k — 1. To prove the claim, it

suffices to prove hy(c®,voo™) = hy(c¥,v). Note that both v and v o ! are

o*-invariant. By Lemma 4.8, we have

(0%, v) = Hy(PE Yo k2 =ty) — H,(PE 2 1y)
k—1
=Y (Hyoo—i (Plo a7 1y) = Hyouus (Pl 1Y),
j=0
while

h,,(ak, Vo o_l) = HVOU—I(P§_1|U_kJT_1)/) — H,,oa—l(P(lf_lhr_l)/)
k—1
= (Hvoa_j_l(P|o_17T_1y)_Hvoo*—j—l(P|7T_1y))'
0

-
I

Since v is 0¥ -invariant, we obtain /i (6%, v oo ~1) = hy(c*, v). This finishes the

proof of the claim.
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To complete the proof of the proposition, let m = % Zf.:(} voo !, Itis clear that
m is o-invariant. By Proposition 4.1(ii), h(c*,) is affine on M« (2). Hence

k—1
1 .
hy (0%, m) = T Zhn(ak,v ooy = hy(c®,v).
i=0

Combining this with Lemma 4.8 yields the equality /5 (0, m) = Lhy(c*,v). O

4.2 A Version of the Shannon-McMillan-Breiman Theorem
Associated with IFSs

In this subsection, we prove the following Shannon-McMillan-Breiman type
theorem associated with IFSs, which is needed in the proof of Theorem 2.11. It is
also of independent interest.

PROPOSITION 4.10 Let {S;}*_, be an IFS and m € My (X). Then
1 1y—
(10) lim —Ln(PEH 2™ y)(x) = En(fIT)(x) = h(o,m. x) = hx (0. m. x)

almost everywhere and in L', where
[ = Tu(Plo™'B()) + Ln(Pln'y) = Lu(Plo ™'z "),

T =1{B e B(X):0'B = B}, and h(o,m, x), hy(0,m, x) denote the classical
local entropy and the local projection entropy of m at x (see Definition 2.1), respec-
tively. Moreover, if m is ergodic, then the limit in (4.10) equals h(o,m) — hy (o, m)
for m-a.e. x € X.

Remark 4.11. If £ is a countable Borel partition of ¥, and A C B(X) is a sub-o-
algebra with 67! A = A, then the relativized Shannon-McMillan-Breiman theo-
rem states that

klim %Im (éé‘_l}A)(x) =E,(g|T)(x) form-ae. x € X,

where g = L, (§|A Vv £7°) (see, e.g., [8, lemma 4.1]). However, under the setting
of Proposition 4.10, the sub-o-algebra 7!y is not invariant in general.

In the following we present a generalized version of Proposition 4.10.

PROPOSITION 4.12 Let £ be a countable Borel partition of ¥ with Hy,, (§) < oo,

and let A C B(X) be a sub-c-algebra so that g\/(r_lA = g?vA. Letm € Mg (X).
Then

@i im (67 A = En (/100
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almost everywhere and in L', where

fi=Tn (s\a—IA v\/ o"E) + L (EJA) — Tn(Elo ™" A)

i=1

andZ = {B € B(X): 0" !B = B}.
To prove Proposition 4.12, we need the following lemma:

LEMMA 4.13 ([42], corollary 1.6, p. 96) Letm € My (X). Let Fy, € L' (X, m) be
a sequence that converges almost everywhere and in L' to F € L1(Z,m). Then

1 k—1

lim -~ > Fe—j (07 (x)) = Em(F|T)(x)
Jj=0

k—oo k “

almost everywhere and in L.

PROOF OF PROPOSITION 4.12: For k > 2 and x € X, we write

gk (¥) = L (EX1A) () — L (5572 A) (0 ).

Then
k—2 '
412)  Lu(EMA) ) = LaEA @ ) + ) gr—j (07 ).
Jj=0

We claim that

k—1
() =T (s\a—lA v\/ o—"z?) () + In(ELA) ()
i=1

~In(Elo A ().

(4.13)

By the claim and Lemma 4.4(iv), gz converges almost everywhere andin L' to f.
Hence (4.11) follows from (4.12) and Lemma 4.13.
Now we turn to the proof of (4.13). Let k > 2. We have

Im( (])‘_1 !J_IA)(x)
k—1

= Im(§|0_1A)(x) + Im(\/ a_iE‘U_IA v §) (x)

(4.14) 2

k—1
= Ln(§|o™" A) () +1m(\/ oIE|AV E)(x>,

i=1
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using the property o ~1 A v § =Av g? Meanwhile, we have
Ln (56" o ™" 4) (x)

k—1 k—1
“.15) = Im(\/ J_ié‘a_lA) (x)+ Iy (S‘O'_l.A \Y; \/ o"'g?) (x)

i=1 i=1

k—1
= Im(é;‘(])‘_z}A)((fx) + I, (‘E‘O'_l.A \Y \/ o"'g?) (x).

i=1
Combining (4.14) with (4.15) yields

k—1
4.16) Lu(&lo " A)(x) + Im(\/ o 'ElAV §) (x) =
i=1
k—1 R
Im( (’)“Z\A)(ox) + I, (S{O_IA \% \/ G_’S)(x).
i=1
However,
k—1 ' R
(4.17) Ln (€571 A) () = Tn (| A () + Im(\/ o 'E[Av s)(x).
i=1
Combining (4.16) with (4.17) yields (4.13). This finishes the proof of Proposi-
tion 4.12. 0

We remark that Proposition 4.10 can be stated in terms of conditional measures.
To see this, let

n={r""'(2):z €RY
be the measurable partition of X generated by the canonical projection & associated
with {S; }le. For m € Mgy(X), let {m?} ecx denote the canonical system of
conditional measures with respect to . For x € ¥ and k € N, let 73{)‘ (x) denote

the element in the partition 77(])‘ containing x. Then Proposition 4.10 can be restated
as follows:

PROPOSITION 4.14 Form € My (X), we have

1
— lim —logmT(P¥(x)) = En(f|2)(x) form-ae. x € %,
k—oo k
where f := I, (Plo 'B(2)) + Lu(P|lr~'y) =L, (Plo~'x~ty). Moreover, if m
is ergodic, then the limit in (4.18) equals h(o, m) — hy (0, m) for m-a.e. x € X.

(4.18)

PROOF: It suffices to show that for each k € N,

logm! (73(])c (x)) = -1, (73(])c |771y)(x) almost everywhere.
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To see this, by Theorem 3.1 we have

Y xa@miA) = Y xa@Em(raln ' y)(x) form-ae. x € X.
Aepk Aepk

Taking the logarithm yields the desired result. O

Remark 4.15. In Proposition 4.14, for m-a.e. x € X, we have

. 1
Jim ——logm1(P§ (7)) = En(fID)(y) forml-ae.y € n(x).

To see this, denote
o1
R=1yeZ:— lim —logm}(P5(») = Em(f|ID(){-
k—oo k
Then 1 = m(R) = fm?c (R N n(x))dm(x). Hence m (R N n(x)) = 1 m-a.e. For
y € RN n(x), we have
. 1 , 1
lim ——logm}(P§(y) = lim ——logm}(Pg(y)) = Em(f1D)().
k—oo k k—oo k
As a corollary of Proposition 4.14, we have the following:

COROLLARY 4.16 Letm € My (X). Then

1
hy(o,m) = h(o,m) <= lim —10gm§’c(73(’)°(x)) = 0 m-a.e.
k—oo k
< dimg m}] = 0 m-a.e.

In particular, if dimgr 77Y(z) = 0 for each z € R?, then hy(0,m) = h(o, m).
Here dimg denotes the Hausdorff dimension.

PROOF: Let f be defined as in Proposition 4.14. Then

/Em(f|I)dm = / fdm = h(o,m)— hy(o,m).
By (4.18), E; (f1Z)(x) = 0 for m-a.e. x € X. Hence we have
h(o,m) = hy(o,m) <= E,(f|Z) = 0 m-a.e.
1
< lim —log mZ(P(’f(x)) = 0 m-a.e.
k—oo k
Using dimension theory of measures (see, e.g., [14]), we have

dimg m] = esssupyep )liminfw
* YET) T S00 log (K
This together with Remark 4.15 yields
En(f|Z) = 0 m-ae. < dimg m] = 0 m-a.e.

This finishes the proof of the first part of the corollary.
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To complete the proof, assume that dimg 7~ 1(z) = 0 for each z € R?. Then
for each x € ¥, dimg n(x) = 0 and hence dimgy m) = 0. Thus hy(o,m) =
h(o, m). a
4.3 Projection Entropy under the Ergodic Decomposition

In this subsection, we first prove the following result:

PROPOSITION 4.17 Let {S; }f=1 be an IFS and m € My (X). Assume that m =
[vdP(v) is the ergodic decomposition of m. Then

hr(o,m) = /h,,(a, v)dP(v).

PROOF: Let 7 denote the o-algebra {B € B(X) : 0~ !B = B}, and let
m € My (Z). Then there exists an m-measurable partition ¢ of X such that € = 7
modulo sets of zero m-measure (see [47, pp. 37-38]). Let {m%} denote the con-
ditional measures of m associated with the partition . Then m = [ m& dm(x)
is just the ergodic decomposition of m (see, e.g., [31, theorem 2.3.3]). Hence to
prove the proposition, we need to show that

(4.19) hy(o,m) = /hn(a,mi)dm(x).

We first shof\\)v the direction “<” in (4'192‘ Note that 7 is U—invgriant and P v
o ln7ly =Pvraly Hencewehave Pvola~lyvI=PvalyvI.
Taking € = P and A = 7~ !y v T in Proposition 4.12 yields

lim ~ Ln(P5 =ty v I)(x) = En(f]7)(x)
k—>oo k
almost everywhere and in L!, where
[ =Tu(Plo™'B(E) + In(Plr 'y VI) = Ln(Plo 'z~ 'y v I).
By Remark 3.4(ii), we have
L (Po 171 7) () = Tn(P5 ™y v D) ().

Hence according to the ergodicity of m¢ and Proposition 4.10, we have

(4.20)

1 1y —
s (PG y) ()

1
= lim —Im(’P(lf_1|7r_1)/ v I)(x)
k—oo k

h(o,m%) —hy(o,m%) = lim
k—o00

almost everywhere and
1
4.21) / h(o,m%) — hy(o,m%)dm(x) = lim —H,y (77(])(_1 In~ly v I).
k—oo k
Using Proposition 4.10 again we have

1
(4.22) h(o,m) —hy(o,m) = lim — Hyu (P2~ 1y).
k—o00

k
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However, H,,,(P(’,‘_1 77 ly vI) < H,,,(P(’f_1 |7 ~1y) (see, e.g., theorem 4.3(v) in
[63]). By (4.21), (4.22), and the above inequality, we have

/h(a,mfc) — hy(o,m%)dm(x) < h(o,m) — hy (0, m).

It is well-known (see [63, theorem 8.4]) that [ h(o, m%)dm(x) = h(o, m). Hence
we obtain the inequality i (0,m) < [ hy(o,m&)dm(x).

Now we prove the direction “>" in (4.19). For any n € N, let D,, be defined as
in (4.5). Since 25,, 1 y, we have

(4.23) hn(o.m) = lim_ Hp(Plo~'n'D,) — Hp (Pl Dy).

Now fix n € N and denote A(m) = Hp,(Plo~'n1Dy) — Hp(P|n~1D,) and
B(m) = Hp(o 'n™'D,|P Vv ' Dy)
=Hp(Pvo iz 'D,va D) — H,(PVv D).
Then by (4.6) and (4.7), we have
(4.24) B(m) —c < A(m) = B(m),

where ¢ = d log(\/z + 1). As a conditional entropy function, B(m) is concave on
Mg () (see, e.g., [25, lemma 3.3(1)]). Hence by Jensen’s inequality and (4.24),
we have

A(m) > B(m) —c > / B(m%)dm(x) — ¢ > fA(mi)dm(X) —c.
That is,
Hp(Plo ™' ' Dy) = Hu(Pln ™' Dp) =
/ Hype (Plo™ 271 Dy) — Hype (Pl 1Dp)dm(x) — c.

Letting n — oo and using (4.23) and the Lebesgue dominated convergence theo-
rem, we have

hy(o,m) > /hﬂ(o, mé)dm(x) —c.
Replacing o by o* we have
(4.25) hy(c®,m) > / h (0%, m&)dm(x) — c,
where ¢ denotes a measurable partition of X such that
& ={BeB(X):0*B =B}

modulo sets of zero m-measure. Note that m = [ m¥ dm(x) is the ergodic de-

composition of m with respect to o%. Hence m = i % Zf:é m¥ oo™ dm(x) is
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the ergodic decomposition of m with respect to o. It follows that
1 k—1 .
(4.26) Z Z mék oo™ =m, m-ae.
i=0
By (4.25), Proposition 4.3, and (4.26), we have

k—1
1 .
ha(o®,m) = T Y hx(e®.moo™)
~

v

k—1

1 .

Z E /hn(ak,mi" oo Ndm(x)—c¢
i=0

k—1
1 .
:/hﬂ(ak,E E mfckoa_l)dm(x)—c
i=0

= /h,,(ok,mi)dm(x) —c.
Using Proposition 4.3 again yields
hy(o,m) > /hn(o,mi)dm(x) - % for any k € N.

Hence we have hy(0,m) > [ hy(0,m&)dm(x), as desired.

g

PROOF OF THEOREM 2.2: It follows directly from Propositions 4.1, 4.10,

and 4.17.

4.4 Projection Entropy for Certain Affine IFSs and Proof of Theorem 2.3

In this subsection, we assume that ® = {Si}le is an IFS on R of the form

Six)=Ax+c¢;, i=1,....¢,

g

where A is a d x d nonsingular real matrix with ||A|| < 1 and ¢; € R?. Let K

denote the attractor of ®.

Let Q denote the partition {[0, 1)¢ + & : & € Z9} of R?. Forn = 0,1, ..., and

X eRd,we set

0, ={4"0:0€Q}, Q+x={4"0+x:0¢€Q}

We have the following geometric characterization of s for the IFS @ (i.e., Theo-

rem 2.3).

PROPOSITION 4.18
(1) Letm € My (X). Then

-1
4.27) hy(o,m) = lim M

n—o0o n
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(i1)
nli)ngo log#Q € Q- :nQ nk# o = sup{hr(o,m) :m € Mqs(2)}.

To prove the above proposition, we need the following lemma:

LEMMA 4.19 Assume that Q is a subset of {1, ..., £} such that S; (K) N S;(K) =
@ foralli,j € Q withi # j. Suppose that v is an invariant measure on X
supported on QN i.e, v([j]) = 0 forall j € {1,...,L\Q. Then hy(c,v) =
h(o,v).

PROOF: Tt suffices to prove that (o, v) > h(o, v). Recall that
hx(0.v) = Hy(Plo™'n™y) = Hy(Plz~"y)

and H,(Plo~'n7'y) > H,(P|loc~'B(X)) = h(c,v). Hence we only need to
show H,(P|7~y) = 0. To do this, denote

§ = min{d(S;(K).Sj(K)):i.j € Q, i # j}.

Then § > 0. Let £ be an arbitrary finite Borel partition of K so that diam(A4) < %
for A € £. Set W = {[i] : i € Q}. Since v is supported on 2N, we have

Hy(Pln7'§) = Hy(P v 7~ '€) — Hy(x ')
= H,W v 77 1§) — Hy(x1%).

However, for each A € &, there is at most one i € 2 such that S; (K) N 4 # &,
ie,[i]N 714 # @. This forces H,(W v 7~ '§) = H,(n~1§). Hence

Hy(Plx~'€) = 0.
By the arbitrariness of £ and Lemma 4.4(iv), we have H, (P|z~ly) = 0. O

PROOF OF PROPOSITION 4.18: We first prove (i). Let m € M(X). Denote
y = B(RY). According to Proposition 4.3, we have

Hm(Pé)_lkr_er_l)/) — Hm(Pé)_1|7r_1y) = phy(o,m), peN.
Now fix p. Since Qn 1 y, by Lemma 4.4(iv), there exists ko such that for k > kg,
[Hn(P§ o™ Pn ™t y) = Hu(P§ o™~ Qpp)] < 1
and
| Hn(P™ 27 y) = Hm (P 1™ Quegnyp)| < 1.
It follows that for k > ky,
pha(@.m) =2 < Hn(P§ o™~ Qp) = Hn(P§ ' I~ Qe r)p)

(4.28)
< phy(o,m) + 2.
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Now we estimate the difference of conditional entropies in (4.28). Note that
Hm(Pé)_1 |U_p7T_1 Q’]\cp) = Hm(Pé)_1 Vo Px! Qkp) — Hm(U_pTF_1 Qkp)
= Hu(PE™' vo Pn71Qs,) — Hu(n 1 Q4p)
and
Hn(P ™ 1™ Quernyp) = Hm(PE™ v 77" Quenyp) = Hin(r ™! Qi) p)-
Hence we have
Hu(P§ ™ o™~ Opp) = Hm(P§ ™' 1~ Qun)p)
(4.29) = Hn(Py ' Vo P Q) = Hu (P v 17 Qg p)
+ Hu (' Qe 1)p) — Hm (171 Q).
Observe that for each [u] € P§ ~!and any Q € Q,
WlNo P 142 Q = [ulNn 1S, 457 Q.

Since the linear part of Sy, is A?, the set S, A¥? O intersects at most 2¢ elements
of Q+1)p. Therefore each element of 775) “lvePr! Qkp intersects at most

24 elements of 776) BRRYZ 2 Q(k+1)p- Similarly, the statement is also true if the
two partitions are interchanged. Therefore by Lemma 4.6 we have

|Hn(PE™ v o™ P Qpp) — Hun(PE™' v 71 Q1) p)| < d log 2.
This together with (4.28) and (4.29) yields

Phx(o,m) —2—d1og2 < Huy(t ' Qut1)p) — Hm(t ' Qxp)
< phx(o,m) + 2+ dlog2

for k > ko. Hence we have

Hpy (™! 2+ dlog?2
lim sup Hnr Qip) k) < hz(o,m) + S dos
k—o00 kp
and
Hpy (™! 2+ dlog?2
k—o00 ¥4 V4

By a volume argument, there is a large integer N (N depends on A, d, and p and
is independent of k) such that forany i = 0,1, ..., p — I, each element of Qg4 ;
intersects at most N elements of Qy,, and vice versa. Hence by Lemma 4.6,
|Hm(7t_1Qkp) — Hm(n_lep+i)| <log N for0 <i < p — 1. It follows that

i Hm(”_IQkp) . Hm(”_IQn)
imsup ——————— = limsup ———

k—o00 kp n—00 n
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and
H -1 H -1
liming 2O Qkp) _ oo Hm (T Qn)
k—o00 kp n—o00 n
Thus we have
2+ dlog?2 Hyp (™!
n—o00 n
Hpy (! 2+ dlog2
n—o00 n

Letting p tend to infinity, we obtain (4.27).
To show (ii), we assume K C [0, 1)? without loss of generality. Note that the
number of (nonempty) elements in the partition 7~ Q,, is just equal to

N, :=#{0Q € Q: A"Q N K # &}.
Hence by (4.2), we have
Hy,(n71Q,) <logN, VYm e My().
This together with (i) proves
log N,

lim inf
n—>oo

> sup{hy(o,m) : m € My(2)}.

To prove (ii), we still need to show

log N,
(4.30) lim sup 08 Yn < sup{hr(o,m):me Ms(2)}.

n—->oo

We may assume that limsup,,_, ., log N,/n > 0; otherwise there is nothing to
prove. Let n be a large integer so that N, > 7¢. Choose a subset I" of

{0:A"0NK#2, 0}
such that #T' > 774 N, and
(4.31) 20N20 =@ fordifferent 0,0 €T,

where 20 = UPeQ:Fn@;ﬁ@ P, and P denotes the closure of P. Foreach Q € T,
since A"Q N K # @, we can pick a word u = u(Q) € X, in such a way that
SuKNA*"Q # @.

Consider the collection W = {u(Q) : Q € I'}. The separation condition (4.31)
for elements in I" guarantees that

Su@)(K) N S, 5)(K) =@ forall @, 0 €T with Q # 0.
Define a Bernoulli measure v on WX by

v(wr--wi]) = H#0) K, keN, wi,...,wg € W.
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Then v can be viewed as a 6”-invariant measure on X (by viewing WY as a subset
of X). By Lemma 4.19, we have h,(c",v) = h(c",v) = log#I'. Define u =
1 Sy voo~ . Then i € My(Z), and by Proposition 4.3,

hy(c™, v log#  log(77 9N
I (o) = x(0"v) _ gn . g(n n)

from which (4.30) follows. O

’

4.5 Upper Semicontinuity of % ; (o, - ) under the AWSC

In this subsection, we prove the following proposition:

PROPOSITION 4.20 Assume that {S; }le is an IFS that satisfies the AWSC (see
Definition 2.14). Then the map m +> hy (o, m) on My (X) is upper semicontinu-
ous.

We first prove a lemma.
LEMMA 4.21 Let {S,-}f=1 be an IFS with attractor K C R?. Assume that
#Hl<i<l:xeSi(K)<k

for some k € N and each x € R?. Then H,(P|x~'y) < logk for any Borel
probability measure v on X.

PROOF: A compactness argument shows that there is ro > 0 such that
#{l <i <€:B(x,r0) NSi(K) #32} <k

for each x € R?. Letn € N so that 27"v/d < ro. Then for each Q € D,,
where Dy, is defined as in (4.5), there are at most k different i € {1,...,£} such
that S; (K) N Q # @. It follows that each member in 7~ D,, intersects at most k
members of P vV 771D,,. By Lemma 4.6, we have

Hy(P|ln~'D,) = Hy(P Vv n~'D,) — Hy(n "' Dy) < logk.
Note that n_lﬁn 1 7~ 1y. Applying Lemma 4.4(iv), we obtain
H,(Plz~'y) = lim H,(P|x"'Dy) < logk.
n—>00

As a corollary, we have the following:
COROLLARY 4.22 Under the condition of Lemma 4.21, we have
hy(o,m) > h(o,m) —logk foranym € Mqy(X).
PROOF: By the definition of /i (o, m) and Lemma 4.21, we have
ha(o,m) = Hu(Plo 27 ly) — Hu(Pl™'y) = Hu(Plo 'x~'y) — logk.

However, H,,(Plo 'n~ly) > H,(Plo~'B(X)) = h(o,m). This implies the
desired result. Il
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To prove Proposition 4.20, we need the following lemma:

LEMMA 4.23 Let {S; }f=1 be an IFS with attractor K. Suppose that 2 is a subset

of {1,...,4} such that there isamap g : {1,...,L} — Q so that
S; = Sg(,-), i=1,...,L
Let (QN,5) denote the one-sided full shift over Q. Define G : ¥ — QN by
(xj)721 = (8(xj))72;. Then
() K is also the attractor of {S; }ieq. Moreover, ifwe let & : QN — K denote
the canonical projection with respect to {S; };cq, then we have 1 = 7T oG.
(i) Let m € My(Z). Thenv = mo G~ € Mz(QN). Furthermore,
hy(o,m) = hz(G,v). In particular, h; (o, m) < log(#).

PROOF: (i) is obvious.
To see (ii), let m € M (X). It is easily seen that the following diagram com-
mutes:

ELZ
c| Jo

oV %, oN,
Thatis, 5 oG = G oo. Hence v = m o G1 € Mz(QN). To show that
hy(o,m) = hz(@,v), let Q = {[i] : i € Q} be the canonical partition of QN.
Then

h#(G,v) = Hpog—1(Q5 ' T71y) = Hyog-1(QIT~1y)
= Hn(G QIG5 77 y) — Hu(GTH(QIGT 77 1y)
= Hn(G™H(Qlo ™ 7 y) = Hn(GTH(Q)|n ),
using the facts G oo =G oG and 7 o G = 7. Since P vV G~1(Q) = P, we have
hg(o,m) —hz @G, moG™1)
= (Hn(Plo™'n7ly) = Hn(P|n™'y))
— (Hn(GTH Qo™ n7ly) = Hn(GTH(Q)|n )
= (Hn(Plo~'7n71y) = Hn(GTH(Q)lo " 'n ™ 1y))
- (Hm(P|7T_1V) - Hm(G_l(Q)|7T_1V))
= Hp(Plo~' 27y v G™H(Q) = Hu(Pln™y v GT(Q)).
An argument similar to the proof of Lemma 4.7 shows that
oy v Q) =y vGTH(O).

Hence we have /i (0, m) = hz(G,m o G™1). O



36 D.-J. FENG AND H. HU

PROOF OF PROPOSITION 4.20: Let (v,) be a sequence in M (X) converging
to m in the weak-star topology. We need to show that limsup,,_, o, fix (0, v,) <
hy(o,m). To see this, it suffices to show that

1
(4.32) limsup iy (0,vy) < hg(o,m) + A log 1y,

n—>oo

for each k € N, where # is given as in Definition 2.14.

To prove (4.32), we fix k € N. Define an equivalence relation ~ on {1, ..., £}¥
by u ~ v if S, = Sy. Let u denotes the equivalence class containing u. Denote
Su=S8u.SetJ ={u:ueil,... 0% Let (N, T) denote the one-sided full
shift space over the alphabet 7. Let G : & — 7 be defined by

()72 = (k41 X +1)k) Fo-

It is clear that the following diagram commutes:

k
Z—U——>Z

6| |6
JN L) JN
Thatis, T o G = G o o¥. It implies that v, o G~1, m o G~! € Mp(TIV), and

lim v,0oG '=moG™L.
n—>o0

Hence we have
(4.33) W(T,moG™Y) > limsuph(T, v, 0 G™Y),
n—-oo

where we use the upper semicontinuity of the classical measure-theoretic entropy
map on (jN, T).
Define 7 : 7N — K by

T((ui)2)) = nll)rréo Suy 00 8y, (K).

Then 7 o G = &. By the assumption of AWSC (2.11) and Corollary 4.22 (consid-
ering the IFS {S,, : u € J}), we have

hz(T,mo G 1) >h(T,moG™ 1) —logt

> limsup h(T, v, o G™1) —logty  (by (4.33))

n—>o0

> limsup hz (T, vy 0 G™1) —log 1y,

n—>oo
where the last inequality follows from Proposition 4.1(i). Then (4.32) follows from
the above inequality, together with Proposition 4.3 and the following claim:

(4.34) hz(T,voG™Y) = hy(c®,v), veMy ().
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However, (4.34) just comes from Lemma 4.23, where we consider the IFS {S;, :
u € {1,...,£¥%} rather than {Si}f=1. O

5 Some Geometric Properties of C! IFSs
In this section we give some geometric properties of C ! IFSs.

LEMMA 5.1 Let S : U — S(U) C R? be a C' diffeomorphism on an open set
UcCR? and X a compact subset of U. Let ¢ > 1. Then there exists ro > 0 such
that

(G.D TS ] [x =y < 1SGx) = SO < eS| - 1x = y|

forall x € X, y € U, with |x — y| < ro, where S’ (x) denotes the differential of S
at x, and || - | and || - || are defined as in (2.4). As a consequence,

(5.2) B(S(x),c S (0)[r) € S (B(x, 7)) C B(S(x),¢[IS"(x)|r)
Jorallx € X and 0 <r < ry.

PROOF: Let ¢ > 1. We only prove (5.1), for it is not hard to derive (5.2) from
(5.1). Assume on the contrary that (5.1) is not true. Then there exist two sequences
(xn) C X, (yn) C U such that x, # yu, limy—o |Xn — yu| = 0, and for each
n=>1,

either |S(xz) — S(yu)| = clIS"(xn)|l - [xn — yal
or |S(xn) — S(yn)| < C_IHS/(xn)“ “|Xn — ynl.

Since X is compact, without lost of generality, we assume that

(5.3)

lim x, = x = lim y,.
n—00 n—>o0

Write S = (f1, f2,..., f2)". Then each component f; of S is a C! real-valued
function defined on U. Choose a small € > 0 such that

{zeRd iz —x| <eforsomex € X} C U.

Take N € N such that |x, — y,| < € for n > N. By the mean value theorem, for
eachn > N and 1 < j < d, there exists z,,; on the segment Ly, ,, connecting
Xpn and y, such that

JiGn) = fi(n) =V [ @n,j) - (Xn = yn).
where V f; denotes the gradient of f;. Therefore |S(x,)—S(yn)| = [Mn(xn—yn)|
with My, := (V f1(z2n,1),--.,. V fg (zn,d))T. It follows that
(5.4) IMal - |xn — yul < 1S(xn) = S(yn)| < [IMnll - [xn — yal.

Since S is C1', M, tends to S’(x) as n — oo. Thus we have [ M, — [S’(x)] and
[Mnll = [IS"(x)[l. Meanwhile, [S"(xp)] — [S"(x)[ and |S"(xn)ll — [IS"(xX)]I.
These limits together with (5.4) lead to a contradiction with (5.3). Il
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Let {S1,...,S¢} bea C! IFS on a compact set X C R Letw : ¥ — R? be
defined as in (2.1). By Lemma 5.1, we directly have the following:

LEMMA 5.2 Let ¢ > 1. Then there exists ro > 0 such that for any 1 < i < {,
x € X and0 <r <ry,

B(S,-(yrx),c_lﬂS;(nx)Hr) C S; (B(mx,r)) C B(Si(nx),c||Sl-/(71x)||r).
Letp, p: £ — R be defined by
(5.5 px) = ISy, (@ox)ll,  px) =[Sy, (mox)], x = (x;)2; € .

Let P be the partition of X defined as in (2.3). For x € X, let P(x) denote the
element in P that contains x. Then we have the following:

LEMMA 5.3 Let ¢ > 1. Then there exists ro > 0 such that for any z € ¥ and
0<r <ry,

B™(z.c¢™'p(2)r) N'P(z) C B (z.r) N'P(z) C B™(z,cp(z)r) N P(2),
where BT (z,r) is defined as in (3.1).

PROOF: Let z = (Zj);‘;l € X¥. Taking i = z; and x = 0z in Lemma 5.2, we
obtain

B(Sz, (w0z), ¢! |S;, (o 2)[r) C Sz, (B(moz, 1))
C B(Sz,(woz),c||S7, (wo2)|r).
That is,
B(nz,c_lg(z)r) C Sz, B(moz,r) C B(wz,cp(z)r),

where we use the fact that S, (moz) = mz, which can be checked directly from
the definition of 7. Thus we have

B™(mz.c ' p(2)r) NP(z) C (S, (B(oz.r))) N P(2)
C B™(z,cp(z)r) N P(2).
Finally, we show that
77 (Sz, (B(noz,r))) NP(z) = B (z,1) N P(2).
To see this, let y = (y; );";1 € X. Then we have the following equivalent implica-
tions:
y €' (Sz,(B(moz,1))) N P(2)

< y1 =21, 7y €S (B(moz,r)),

— y1=21. Sy (moy) € Sz (B(woz.r)),

< y1 =21, 7woy € B(roz,r),

< yn=z, yeB(zr),

<=y € B"(z,r) NP(2).
This finishes the proof of the lemma. O
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LEMMA 5.4 Assume that {Si}le is a weakly conformal IFS with attractor K.
Then for any ¢ > 1, there exists D > 0 such that for anyn € N, u € {1,...,£}",
and x,y € K we have

D7l SL) - 1x = yI < [Su(x) = Su(»)] < D[S ()] - 1x — vl
and
(5.6) DTSy, (x) || < diam(Sy (K)) < Dc™||S), (x)]-

PROOF: The results were proved in the conformal case in [18, lemma 3.5 and
corollary 3.6]. A slight modification of that proof works for the weakly conformal
case. g

As a corollary, we have the following:

COROLLARY 5.5 Under the assumption of Lemma 5.4, for o > 0, there is rg > 0

such that for any 0 < r < ro and z € K, there existn € N andu € {1,...,L}"
such that Sy (K) C B(z,r) and
(5.7) 1Su(x) = Su)| = r' ¥ x -y, x.yek.

PROOF: Denote a = inf{[S/(x)] : x € K, 1 <i < {} and b = sup{|S/(x)]| :
x €K, 1<i</{}. Then0 <a <b < 1. Choose ¢ so that

(5.8) | <c < b3cte

Let D be the constant in Lemma 5.4 corresponding to c. Take ng € N and rg > 0
such that

69 () < paprta, (149). 0800
2/ loga

Now fix z € K and 0 < r < rg. We shall show that there exist » € N and
u € {1,...,€}" such that S,,(K) C B(z,r) and (5.7) holds. To see this, take
o = (w;){2, € ¥ such that z = 7w, where 7 is defined as in (2.1). Let n be the
unique integer such that

(5.10) 1S e, (TO"@)|| < F1T2 < |5 (ro" o).

@1 @ @11
It follows that a” < r!11t®/2 < pn=1 \hich together with (5.9) forces that
(5.11) n>ng and ¢ <D 3ar%.

To see (5.11), we first assume on the contrary that n < ng. Then

logro o
(1+%) logox — r(}+2

o
> itz

a®>a" =g
contradicting the fact a” < r!t%/2 Hence n > ng. To see ¢3" < D 3qr=2/2,
note that

xQ —1)=%_ . o9 —
s < AnprDaig (using r1T2 < pm71)
o o
< C3b2+tx)nb_2+a <
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< (c3b2%¥)n0b_2% (using n > ng and (5.8))
<D 3a (by (5.9)).

This completes the proof of (5.11).
By (5.6), we have

diam S, .., (K) < D[S, ., (10" @) || < Dc"r' I <1

Since z € Sy,.-w, (K), the above inequality implies Sy, ...w,, (K) C B(z,r). By
(5.6) again, we have

(5.12) IS, (x)|| = D2c¢72"||S,(y)| VYue{l,....t}", Vx,y € K.
By Lemma 5.4, we have for x,y € K,

|Sw1~-~wn (x) — Sw1wn 631
> D78, O - [x =yl

]
> D738, o, (0" @) - |x = y] (by (5.12))
> DTSy, i, (RO T OIS, (r0" @)] - [x — Y]
> D_3c_3”ar1+%|x -yl (by (5.10))
> 1t x — y| (by (5.11)).
Hence the corollary follows by taking u = w; - - - wy,. 0

PROPOSITION 5.6 Let {S; }f=1 be a C! IFS with attractor K. Assume that K is
not a singleton. Then:

(i) Forany m € My (%), we have for m-a.e. x = (x;)72, € X,
logdiam Sy, ...x,, (K)

lim inf > —A(x),
n—o00 n

logdiam Sy, ...x,, (K
lim sup og diam S, -z, (K) < —A(x),
n—o00 n

where A, A are defined as in Definition 2.5. In particular, if {S; }le is
m-conformal, then for m-a.e. x = (x;)2, € %,
lim logdiam Sy, ...x,, (K) — ().

n—oo n

@Gi) If {S; }le is weakly conformal, then it is m-conformal for each m &
My (2).
PROOF: We first prove (i). Take ¢ > 1 so small that ¢ sup,cx, p(x) < 1. Let

ro > 0 be given as in Lemma 5.2. Let x = (x;)72, € X. Applying Lemma 5.2
repeatedly, we have

(5.13) Sxix, (B(ma"x,r9)) C B(zx,c"p(x)--- (" 1x)ro).
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Since {Si}f:1 is contractive, there is a constant k such that
Sxpi1-xnir (K) C B(wo"x, ro).
This together with (5.13) yields
diam Sy, ...x,,, (K) < diam Sy, ...x,, (B(wc" x, 19))
4 < 2¢"p(x) -+ p(@" )1,

Since K is not a singleton, there exists 0 < ry < rg such that for each z € K, there
exists w € K such that r; < |z — w| < rp. Indeed, to obtain r, one chooses an
integer ng large enough such that SUPyes,,, diam Sy, (K) < ro and then sets

1
rp = = inf diam Sy, (K).
ueEnO
For each such pair (z, w), applying (5.1) repeatedly yields
diam Sy, ..x,, (K) > |Sx;x, (2) = Sx{x, (W)]

n
> ric™" [ IS, (Sxy gy D1
j=1

Hence by taking z = 70" x, we have
(5.15) diam Sy, ..x,, (K) = ric ™" p(x) -~ p(a" " 'x).

Denote
logdiam Sy, ...x,, (K)
n

gx(x) = liminf
and

log di Seror (K
g% (x) = limsup og diam Sx; -, ( ).

n—o00 n

It is clear that g«(x) = g«(ox) and g*(x) = g*(ox). Let Z denote the o-algebra
{B € B(X) : 0~!'B = B}. Then by (5.15), the Birkhoff ergodic theorem, and
theorem 34.2 in [7], we have for m-a.e. x € X,

g+ (x) = En(g«|7)(x)

—nloge + Y "t ogpoo™
zEm( - gc+ ) i—ologp
n—o00 n
(5.16) = '
_ : - —i
= logc—i—nll)ngon ;Em(logeoa |Z)(x)
1=

z) )

= —logc + Enm(log p|7)(x)
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and similarly by (5.14),

(5.17) g"(x) <logc + Ep(logp|T)(x).
For p € N, write

Ap(x) = log]Sy, ..., (moPx)] and  Aj(x) = log||Sy, ..., (Ta?Px)].

1" Xp

Consider the IFS {S;,..;, : 1 <i; <{,1 < j < p} rather than {S;}_,. Then
(5.16) and (5.17) can be replaced by

1Xp

1 * 1 *
gx(x) = —loge + P Em(Ap|Zp)(x), g7 (x) <logc + P En(4,(Zp)(x),

where Z,, := {B € B(X) : 0~ ? B = B}. Taking the conditional expectation with
respect to Z in the above inequalities and noting that g«, g* are o-invariant, we
obtain

1
gx(x) > —logc + —Em(Aplﬂ(x),
(5.18) P

¢*(x) < loge + %Em(A;m(x).

Since Ap(x) is sup-additive (i.e., Ap4q(x) > Ap(x) + A4(0Px)) and A;‘(x) is
sub-additive (i.e., Ay, (x) < Aj(x) + Az(0Px)), by Kingman’s sub-additive
ergodic theorem (cf. [63]), we have

A - A% (x
(5.19) fim 2% _ 30, tim r™)

p—>00  p p—>o0

= —A()

almost everywhere and in L!. Hence letting ¢ — 1 and p — oo in (5.18) and
using theorem 34.2 in [7], we obtain that g4(x) > —A(x) and g*(x) < —A(x)
almost everywhere. This finishes the proof of (i).

To see (ii), assume that {Si}f=1 is weakly conformal and m € Mg (X). Then
|Ap(x) — A5 (x)|/ p converges to O uniformly as p tends to infinity. This together

with (5.19) yields A(x) = A(x) for m-a.e. x € . This proves (ii). U

6 Estimates for Local Dimensions of Invariant Measures for C ! IFSs

In this section, we prove a general version of Theorem 2.6, which is also needed
in the proof of Theorem 2.11. Let {T,-}f=1 be a C! IFS on R and {S,-}g=1 aCl
IFSon R¥. Let¢ : & — R? and 7 : & — RX denote the canonical projections
associated with {T; }f=1 and {S; }f=1, respectively. Let n and £ be two partitions of
3 defined, respectively, by

n=1{¢"'(2):zeR?}, E=0o"Tp.
Let P be the partition of X given as in (2.3), and let p(x), p(x) be defined as in
(5.5). Applying Lemma 5.3 to the IFS {S; }Z we have for any ¢ > 1 that there

i=1
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exist 0 < § < ¢ — 1 and ro > 0 such that for any r € (0,r¢) and x € X,
B™(x,(c —8)"'p(x)r) N P(x) C B™ (x,r) N P(x)
C B™(x,(c —8§)p(x)r) N P(x).

The following technical proposition is important in our proof.

6.1)

PROPOSITION 6.1 Letm € My (X) and ¢ > 1. Let 8, ro be given as above. Then
there exists A C X withm(A) = 1 such that for all x € A and r € (0, rp),
mL(B™ (x,cp(x)r) N P(x)) mL(B™ (x,r) N P(x))

6.2 :
(©2 mgx(B™(0x,1)) =/t m&(B™ (x,r))

and
mi(B™(x, c_ll_)(x)r) NP(x)) -

©3 n(Brox.r) -

(BT (x. (1= ¢§/2)r) N P(x))
m& (BT (x, (1 —c§/2)r))

—1
where [ := Y qep 1Akl 1Sy — BRY).

f(x)

PROOF: Write R; x(z) = Tx_llB(Txlz,t) fort >0, x = (x;)§2, € %, and
z € R9. It is direct to check that
(6.4) o 1p7 R, x (pox) N P(x) = B®(x,1) N P(x).
Hence for m-a.e. x,
m(¢p~ Rix(pox)) _ m(B®(x,t) NP(x)) m(p~" R x($pox))
m(B%(x,t)) m(B®(x,1)) m(B®(x,t) N P(x))
_ m(B®(x,1) N P(x)) m(o~'¢7 R x(pox))
T mB(x.0)  m@ ¢ Rx(pox) NP (X))
Letting ¢t — 0 and applying Proposition 3.5 and Remark 3.6, we have
. m(¢7 'Ry x(pox)) En(xalo'y)(x)
69 i @y A Gl e

xa(x)

AeP

for m-a.e. x.
Let A denote the set of x € X such that the following properties hold:

_ m(B®(x,1) N P(x)) ~1
M lim = ) —;)(AEm(XAId) y)(x) > 0.

.m0 "¢ R x(pox) N P(x)) 1,1
@ Jim == R, o) —A%;)XAEm(XAVT ¢~'P)()

> 0.
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(3) Forallg e QT,
m (B”(x,q) NPx)N B¢(x,t))
m (B®(x,1)) ’
m (B™(x,q) N P(x) N B?(x,1))
m (B?(x,1)) '
£ pro o m (B”"(x,q) NP(x)N o_lqb_lRt,x(qSUx))
(B () N PE0) 2 fimsup (@19 Ryn (o)) ’
m (B™ (x,q) NP(x) No'¢7 R, x(¢pox))
m (o~ 1¢7 R, x(¢pox))

mi(B™(x,q) NP(x)) > lirtnsgp

mT(UT(x,q) NP(x)) < 1i;ni(r)1f

mi(U’w(x, q) NP(x)) < 1i§ni(§1f

where
U™(x,q) :=n"'U(rx,q), U™ (x,q):=0 ‘7" U(nox,q).
and U(z, g) denotes the open ball in R¥ of radius g centered at Z.

. m(@ "Ry x(pox))
@ I By Y

Then we have m(K) = 1 by Proposition 3.5, Lemma 3.7, Remarks 3.6 and 3.8,
and (6.5).

Now let A = A No~'A. Then m(A) = 1. Fix x € A and r € (0, rg). Let
g1 € QT N (r,cr/(c —§8)). Choose g2,g3 € Q* such that g1 < g2 < cr/(c —§8)
and g2(c — 8)p(x) < g3 < cp(x)r. By (6.1), we have B™(x,q3) N P(x) D
B™9(x,q2) NP(x). This together with (6.4) yields

(6.6) BT (x,q3) NP(x) N B%(x,1) D
B™(x,q2) N P(x) N0~ '™ Ry x(pox).
Hence we have
mx(B” (x,cp(x)r) N P(x))
mgx(B™(0x,r))
_ mi(B(x.q3) N P(x))
mex (U™ (x,q1))
- limsup,_, o, m(B”(x,q3) N P(x) N B?(x,t))/m(B%(x,t))
~ liminf; o m(B™(0x,q1) N ¢_1Rt,x (¢Gx))/m(¢_1Rt,x (pox))
(by Lemma 3.7 and Remark 3.8)

m@~ Rix(gox)

m(B™(x,q3) N P(x) N B®(x,1))

= th_r)r(l) m(B®(x,1)) liItl’l—)S(l)l m(o~1BT(ox,q1) N0~ 1¢p7I R, x(¢po X))
_ m(¢ 'Ry x(pox)) m(B™(x,q3) N P(x) N B?(x,1))
= lim - lim sup

=0  m(B?%(x,1)) t—o m(B7T(x,q1) N o~ 1¢~ 1R, x(pox))
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Denote

Xt = m(B™(x,q2) N P(x) N0~ ¢~ Ry x (o)),
Yy = m(B™ (x.q1) N0~ ¢™ Rex($ox)).
Zs = m(o_qu_IR,,x(qﬁox)).
Using property (4), we have
my(B” (x,cp(x)r) N P(x))
mgx(B™(ox,1))
w ¢
> F(x) - limsup m(B™(x,q3) N P(x) N B®(x,t))

t—0 m(B7(x,q1) No~1p7IR;, x(poXx))
> f(x)-limsup X;/Y; (by (6.6))

t—0
X:/Z lim inf X,/Z
> f(x) - limsup t/ tif(x)-'l inf; 0 X:/Z;
o0 Yi/Z; limsup,_,o Y:/Z;

m5 (U™ (x.q1) N P(x))
m5.(B™ (x.q1))
mé(B™ (x,r) N P(x))

m5(B7 (x.q1)

Letting g1 | 7, we obtain (6.2). Inequality (6.3) follows from an analogous argu-
ment. g

> f(x)- (by Lemma 3.7 and Remark 3.8)

> f(x)-

Let (¢, 7) denote the map ¥ — R? x R¥, x > (¢x, wx). It is easy to see that
(¢, ) is the canonical projection with respect to the direct product of {T; }f=1 and
{S; }le. In the following we give a general version of Theorem 2.6.

THEOREM 6.2 Let m € My (X). Then for m-a.e. x € X, we have

logm¥(B™(x,r)) _ Em(gD)(x)

6.7 lim su
©7 r—>0p logr - A
and
1 n BT E
©8) timing &7 B0 T) B (D)
r—0 logr _A,(x)
where

g :=Ln(Plo ¢ BR?)) — Ln(Plp~ ' B(RY))
+ Ln(Pl(¢.0) ' BR? x R¥)) — Ly (Plo ™" (¢. 1) ' BR? x R¥)),
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and A(x), A(x) denote the upper and lower Lyapunov exponents of {S,} —patx
(see Definition 2.5). In particular, if {S; }i=1 is m-conformal, we have

, logmy(B™(x,r))  hgm)(0.m,x)—hg(o,m,x)

im = .

r—0 logr A(x)

PROOF: It suffices to prove (6.7) and (6.8). For brevity, we prove only (6.7).

The proof of (6.8) is analogous.
We first prove the inequality

logmy(B™(x,r)) _ Em(g|T)(x)

(6.9 lim su < — m-a.e.,
o” logr En(log p|Z)(x)
where p(x) = || Sy, (0x)|| for x = (x;)72,. To see this, let ¢ > 1 so that

¢ sup p(x) < 1.

xeX

Let ro and f be given as in Proposition 6.1. Forn € N and x € X, define
n(¥) = B(x)p(0x) --- B0 1x).
Write
m3(B™ (x,c"p, (x)ro))
max(B™(0x,c"1p,_1(0x)ro))’
my (BT (x,c"p, (x)ro) N P(x))
mi(B™(x,c"p, (x)ro))
m& (B (x, "1,y (0)r0) N P(x))
m (B (x.¢"15,_ (0x)r0))

Then by Proposition 6.1 we have for m-a.e. x, H,(x) + G,(x) > log f(x) +
W, (x), that is,

H,(x) :=log

G, (x) :=log

W, (x) :=log

Hp(x) = log f(x) — Gn(x) + Wy (x).

However,
n—1 )
log m7L(B™ (x,¢"5,(¥)r0)) = 3 Hu—j (07 x) + logm!L, . (B™ (6" x. r0)).
Jj=0

Hence for m-a.e. x,

logm}(B™ (x, c"p, (x)ro))
n

- L5 g S0~ G070 + Way 00
Jj=0

—

+ ~logml., (B" (6"x.10).
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Note that by Proposition 3.5,
Gn — G := —Lu(Plij v 7' B[RF)),
W, = W := —L,(Plo~'H v ol ' BRF))
pointwise and in L!. By Lemma 4.13 and Proposition 3.9, we have for m-a.e. x,

. logmi (B™(x,c"p,(x)ro))
lim inf

n—00 n

> En((log f — G + W)|I)(x)
= En(g|T)(x).
In the meantime, by the Birkhoff ergodic theorem, we have
1
lim —log(c"p, (x)ro) =logc + E,(logp|Z)(x) m-ae.
n—oon

Hence we have

. logmy (B™(x,r))
lim sup
r—0 logr
: logmy (B™ (x, c"p,(x)ro))
= limsup —
n—>00 log(c™p,, (x)ro)
Enm(g|Z)(x)
~ logc + Ep(logp|Z)(x)
Taking ¢ — 1, we obtain (6.9).
Let ¢ € N. Considering the IFS {7;,..;, : 1 <i; < {, 1 < j < ¢} and
{Sij iy 1 1 <ij <€, 1 < j < q}, analogously to (6.9) we have

C logml(BT(.r) _ Enm(ggD0)
6.10 1 =< ,
19 TP T logr T Enm(loghg D(Y)

where
ga = In(P{ 10T BRY)) — Ly (P ¢TI BRY))
+ Ln(PE7Y (6. 1) ' BRY x RKY)
— L, (P Yo (g, 1) I BRY x RK))

and hy(x) 1= ||S)/Cl,,,xq (09x)| for x = (x;)52;.

Due to (4.4), we have E;,(g417)(x) = gEn(g|Z)(x). It is easily seen that
hg(x) is sub-multiplicative in the sense that /1,1 4(x) < hp(x)hg(0Px). Thus by
the Kingman sub-additive ergodic theorem (cf. [63]), we have

lim l E;n(loghg|Z)(x) = —A(x) form-a.e. x.
q—>0 q

Hence letting ¢ — oo in (6.10) we obtain (6.7). This finishes the proof of Theo-
rem 6.2. O
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PROOF OF THEOREM 2.6: In Theorem 6.2, we take T; (x) = % foralll <i <
£ to obtain Theorem 2.6. To see this, we know that the attractor of {7; }le is just
the singleton {0}. Hence 7 is the trivial partition {X, @} of X, and thus we have

n_
my = m. Il

7 Proofs of Theorem 2.11 and Theorem 2.12

7.1 Proof of Theorem 2.11

Let ® = {S; }f=1 be the direct product of k ClIFSs ®q,..., ®y, which are de-
fined, respectively, on compact X; C R%,i = 1,...,k. For each i, let I'; denote
the canonical projection with respect to ®;, and let A;(x) denote the Lyapunov
exponent of ®; at x provided it exists.

Let m € My (X). Assume that @y, ..., d; are m-conformal. Let 2 denote the
collection of all permutations of {1,...,k}. For T € 2, we denote

Ar:i={x € X :Aj(x)exists forall i, A;(1)(x) < --- < Ay () (x)}.

Then m(| J,cq A:) = 1. Let w denote the canonical projection associated with the
IFS ®. In the following we show that the local dimension d(m o 7!, wx) exists
for m-a.e. x € X.

Without loss of generality we only show that d(m o 7!, wx) exists for m-
a.e. x € A, where e denotes the identity in 2. Here we may assume m(A,) > 0.
For other A ;’s, the proof is essentially identical under a change of coordinates.

Fori = 1,...,k, let m; denote the canonical projection with respect to ®; x
-+ x @;. Itis clear that w = mj. Bear in mind that

A(x) <o < Ap(x), x € Ae.

Fori = 1,...,k, we use {m;} to denote the family of conditional measures
{m."} of m associated with the partition

ni = %ﬂi_l(z):z € HR‘“}.

t=1

For convenience, we use {mg} to denote the family of conditional measures of m
with the trivial partition {X, @}. It is clear that m% = m for all x € .
Fori = 1,...,k, we give a metric d; on [],_, R? by

di((z1,...,2i), (Ww1,...,w;j)) = sup |2 — we|Rar
1<t<i

and define d = dj. We claim that for any x € A, and € > 0,
(7.1) ni(x) N PE(x) C BT (x, e "Ri+1(0)=€)y

when 7 is large enough. Here B (x, r) is defined as in (3.1). To see the claim, let
x € Ag and y € n;(x). Then 7; y = m;x. Thus

dry,nx) = sup |ty —Tix|gre: = sup |Iry — I'ix|ra:.
1<t<k i+1<t<k
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Since y € P(x) and A;41(x) < --- < Ax(x), by Proposition 5.6, we have
d(y, wx) < e "GFit1(0)=)

when n is large enough, and (7.1) follows.
Fori =0,1,...,k and x € X, denote

-1 i n
hi(o) = lim 08"x (P ()
n—o00 n+1

provided that the limit exists. By Proposition 4.14,
(7.2) hi(x) =h(o,m,x) —hy,(0,m,x) form-ae. x € X.
Fori =0,1,...,k—1and x € X, denote

log m; (Br“rl (x,r))
logr ’

¥ (x) = liminf
r—0

By Theorem 6.2 and (7.2), we have

ha; (0,m,x) —hg(0,m,x)  hi(x) —hit1(x)
7.3 g = Tl . =
73 ) Ai1(x) Ait1(x)

for m-a.e. x € X.
Fori =0,1,...,k and x € X, define

8;(x) = limsup logmiy(B” (x.))
r—0 log
We claim that
(C1) 8x(x) =84 (x) =Oforallx € .
(C2) hi(x) —hjt1(x) = Ai+1(8i(x) — §i+1(x)) for m-a.e. x € Ag and i =
0,1,....,k—1.
(C3) §; 1 1(x) + i (x) <§;(x) form-ae.x € Aeandi =0,1,...,k — 1.
Itis easy to see that (C1)—(C3) together with (7.2)—(7.3) force that for m-a.e. x €

logm’ (B” (x,r))
logr )

. 6;(x) = liminf
r—0

Ae, 8;(x) = 8;(x) (we denote the common value as §; (x)) fori = 0,1,...,k and,
furthermore,
k—1 k—1
_ hi(x) — hit1(x)
(7.4) dimon™!, wx) = §o(x) = ¥i(x) = .
( ) = do(x) ; /() gjo )

which is the desired result in Theorem 2.11.
In what follows we prove (C1)—(C3).

PROOF OF (C1): Since g = {7~ 1(z) : z € ]_[’t‘:1 RY7}, we have

mi(B™ (x.r)) = m (i (x)) = 1
for all x € X. Thus 8 (x) = Sx(x) =0forall x € X. a



50 D.-J. FENG AND H. HU

PROOF OF (C2): We give a proof by contradiction, which is modified from
[40, §10.2]. Assume that (C2) is not true. Then there exists 0 < i < k such that

hi(x) = hi1(x) < Ai41(0) (i (x) = 8i1(x))
on a subset of A, with positive measure. Hence there exist o > 0 and real numbers
hi,hj+1,Ai+1,0i,8;+1 with A; 1 > 0 such that

(7.5) hi —hiv1 < Aix1(8i — 8i41) — @,

and for any € > 0, there exists B¢ C A, with m(B¢) > 0 so that for x € B,
€ € €
|hi(x) — hi| < > |hit1(x) — hiy1] < X Ait1(x) = Aita] < 3
and
_ _ € — - €
|8 (x) —di| < 7 8i+1(x) — 8i41] < 3
Fix € > 0. There exists ng : Be — N such that for m-a.e. x € B¢ and
n > no(x), we have
logmiH (B™ (x,e"(i+172))

—n(Ai+1 — 2¢) = o te

1 .
(2) - logm' 1 (P§(x)) = hiz1—e (by (7.2));

ey

(3) 1i(x) NPH(x) C B (x,e " Pi+1729)  (by (7.1));

1 .
@)—;k%néﬂ%cm)shi+e (by (7.2)).

Take Ny such that
A= {x € B¢ : no(x) < No}
has positive measure. By Lemma 3.3 and Lemma 3.10, there exist ¢ > 0 and
A’ C A with m(A’) > 0 such that for x € A/, there exists n = n(x) > Ny such
that .
mg%LmA)>

5 i ¢ where L := B” x,e—"(li+1—25) .
©) mTNW()y ~ ( )
1 I (B™(x,2e "(Ri+172€) B
(6) 08Mx(B"(x. 2¢ DI
loa(1 —n(Ai41 — 2€)
7) log(1/c) e
n

Take x € A’ such that (1)—(7) are satisfied withn = n(x). Denote C = 1;4+1(x)
and C’ = n;(x). Then by (5) and (1),

m;—l—l(L N A) > cm?Ll(L) > Ce—n(/li+1_2€)(gi+l+€)‘

But for each y € L N A, we have by (2), mi,“(P(')’ (y)) < e "hit17€) [t follows
that the number of distinct P(-atoms intersecting C N L N A is larger than

miFH (L N A)en P19,
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However, each such P -atom, say Pg (y), intersects C' N L N A, and this together
with (3) guarantees that C’ N P§ (y) is contained in C' N B (x, 20 (Aiv1-2€)),
To see this, let z € P§(y) N C' N L N A. Since z € A, we have d(nz, mx) <
e it1726) Thys

C'APL(Y) = ni(z) N PE(Z) C BT (x, e "Pi+1729)y
C B”(x,Ze_”(AHl—ZE)).

Meanwhile by (4), m;(Pg (y)) = e thite) (forw € P§(y) N C' N L, we have
1 (x) = i (w) and thus m, (P2 () = m, (Pl (w))). Hence we have

m' (B (x, 2 it1726)y)
> #{PI-atoms intersecting C’ N L N A} - e 1#i O
> m;H(L N A)en(hi+1—é)e—n(hi+€)
> ce—n(ki+1—2e)(§i+1+e)en(h;+1—€)e—n(hi+6)'

Comparing this with (6), we have

(Ai+1—2€)(8i —e)
< (g1 —26)Si1 + ) (A —2€) +

< (Aiv1—20)@Biv1 + (A —26) + hi —hiy1 + 3e.

log(1
%/C)—i—hi—hi_,_quZe

Taking € — O yields h; — hj+1 > Aiy1 (g,- - gi+1), which leads to a contradiction
with (7.5). O

PROOF OF (C3): Here we give a proof by contradiction, adopting an idea from
the proof of [40, lemma 11.3.1]. Assume that (C3) is not true. Then there exists
0<i <k—1suchthat§; {(x)+ ¥ (x) > §;(x) on a subset of A, with positive
measure. Hence there exists # > 0 and real numbers §;, J; , 1, A; such that
(7.6) 8;ip1 + 0 >6; + B,

and for any € > 0, there exists A C A, with m(A¢) > 0 so that for x € A,

AT B =8l <5 1Bipa) -8

€ €
i+1l < 5’ |9 (x) — 9| < 5

Let0 < € < %. Find N; and a set A, C A with m(AL) > 0 such that for

x € AL andn > Ny,
(7.8) mFH(B™ (x,2e7™)) < e "Ei4179)

By Lemma 3.3 and Lemma 3.10, we can find ¢ > 0 and A C A, withm(A) >0
and Ny such that for all x € A” and n > N>,

miC(A/e N B™(x,e™))
mi (B™(x,e™"))

> C.
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For x € A and n > N,, we have

m' (B™(x,e™™)) < c 'm' (AL N B™(x,e™™))

=1 /mﬁ,‘“(A'E N B™(x,e™™)dm' (y)
(7.9)

=71 / mi AL N BT (x,e ") dm’(y).
BUi+1 (x,e=m)
Let y € ni(x) be such that n; +-1(y) N AL N B™(x,e™ ") # &. Then there exists

w € AL N B™(x,e™") such that 7; 11y = mwj+1w. Hence AL N B™(x,e™") C
B™(w,2e™") and by (7.8)

mﬁ,Jrl(A/e N B™(w,e™™) = mi (AL N BT (w,e™))
< mi (B (w,2¢7"))

< e "Ciyi7e),

Combining this with (7.9), we have

m(B™(x,e™™) < ¢ e Cin1m Dl (Bl (x, ™)), x € A,

n > N,.
Letting n — oo, we obtain §; (x) > §,, | — € + ¥ (x) for x € A. Combining this

with (7.7) yields
3; =811+ Vi —4e>=8; 14+ 0 =B,
which contradicts (7.6). O

7.2 Proof of Theorem 2.12

DEFINITION 7.1 A real square matrix A is called asymptotically similar if all the
(complex) eigenvalues of A are equal in modulus. Correspondingly, a linear trans-
formation 7 on a finite-dimensional vector space V is called asymptotically simi-
lar if its representation matrix (associated with some basis of V') is asymptotically
similar.

LEMMA 7.2 Let (Ay, ..., Ay) be an L-tuple of commuting linear transformations
on R4, Then there are subspaces Vy, ..., Vi of R4 such that
DR =V @@ Vi;
(ii) Vi is Aj-invariant for 1 <i <k and1 < j < {;
(iii) the restriction of Aj on V; is asymptotically similar for 1 < i < k and
l<j=t

PROOF: For brevity, we only prove the lemma in the case £ = 2. The reader
will see that the idea works for all cases.

Let S, T be two commuting linear transformations on R?. Let f denote the real
minimal polynomial of S. Suppose f = fltl fpt” is the decomposition of f into
powers of distinct, real irreducible monic factors f;. Let W; denote the null space
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of [fi(S)]%,i = 1,..., p. Then W;’s are S-invariant and R = W; @ --- @ Wy
(cf. [62, theorem 7.3]). Moreover, Sw,, the restriction of S to W;, is asymptotically
similar.

Since ST = TS, W; is also T-invariant for each i. But Ty, may be not
asymptotically similar. However, as above, for each i, we can decompose W;
into W; = Wi 1 @ --- ® Wy, such that W; ; are the null spaces corresponding to
some factors of the minimal polynomial of Ty.. Again, W; ; is Tw,-invariant and
Sw;-invariant. Furthermore, Tyw;, ; and Sy, ; are asymptotically similar. Hence

RY = ;. ; Wi,; is the desired decomposition for S and 7. O

PROOF OF THEOREM 2.12: Let {S; }le be the IFS given in the theorem. Then

there is a nonsingular linear transformation Q on R¢ such that {QS; Q_1}f=1 is
the direct product of k asymptotically conformal IFS by Lemma 7.2. Hence the
desired result follows from Theorem 2.11. O

8 A Variational Principle about Dimensions of Self-Conformal Sets

In this section, we assume that K is the attractor of a C! weakly conformal IFS
d = {S; }le on a compact set X C R?. The main result of this section is the
following variational principle (i.e., Theorem 2.13):

THEOREM 8.1 Under the above setting, we have

8.1) dimg K =dimp K

8.2) =sup{dimg pu:pu=mon"t, me My(X), mis ergodic}
8.3) =max{dimg u:pu=mon"t, me My(2)}

hy(o,m
(8.4) = sup f”i—dm) :m e Mg(2); .

PROOF: Without loss of generality we assume that dimg (K) > 0, where dimp
denotes the upper box-counting dimension (cf. [13]). Let

O<tz3<tr<tg <di_mB(K).

We first prove that there is an ergodic measure m € M (X) such that dimg m o
7~ 1 > t3. To achieve this, let @ = 5 /t3—1, and let r( be given as in Corollary 5.5.
Since dimp(K) > 1, for any 0 < € < rg, there exist r € (0, ¢) and integer
N > r~" such that there are disjoint closed balls B(z;,r),i = 1,..., N, with
centers z; € K. By Corollary 5.5, we can find words w; € X*,i = 1,..., N,
such that Sy, (K) C B(z;,r) and

(8.5) |Sw,; () = Sw; )| = r!Tx —y|, x,y €K
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This implies r!1* diam(K) < diam(Sy, (K)) < 2r. According to this fact and
(5.6), there exist two positive constants A, B (independent of ) such that

1 1
B log (—) < |lw;i| < Alog(—) foralll <i <N.
r r

Hence by the pigeonhole principle, there is a subset 7 of {1,..., N} with cardi-
nality

N r_tl
= > > 7
(A—=B)log()+1 ~ (A—B)log(}) +1

such that the words w; (i € J) have the same length, say n.
Now we adopt an argument from the proof of [12, theorem 4]. Let

§ = min{d(B(z;,r), B(zj,r)):i,j € T, i # j}

For any positive integer ¢ and distinct sequences i1, ...,ig and jq,..., j; taking
values in 7, let k be the least integer such that iy # ji. Applying (8.5) (k — 1)
times, we have

—t>

#J

d(Sw;, 0+ 0 S, (K),Sw; 008y, (K)) =
”(l+a)(k_1)d(B(Zik, r), B(ij, r)) > ra+o)s
Define a measure 7 on the class of finite unions of sets Swi1 0---0 Swiq (K) by
letting 77(Swl.1 00 Sy, (K)) = (#J)71. This extends to a measure 7 on the

o-algebra generated by these sets. Let U be any subset of K with diam(U) < §
and let ¢ be the least integer such that

r@tDU+D s < diam(U) < r20+9s,

Then U intersects at most one set Swi1 0---0 Swiq (K), hence

t t
n(U) < #J)™9 < r2 < 2§ Fe diam(U) 5e
= 2§71 diam(U)"3.

This implies dimg 1 > £3.

We point out that the measure 1 constructed as above is, indeed, the projection
of a ¢ -invariant and ergodic measure v under 7. Actually, v is the unique measure
on X satisfying

v([wi -wi, ) = #T)?, gqeN,iy,....igeJ.
Applying Theorem 2.8 to the IFS {Sy, : i € J}, we have

hy (o™,
dimg n = dimg v o' = n (0", V) .
— [log||S; (mo™x)||dv

X1 Xn
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Take m = % Z?;é v o o~%. Then m is o-invariant and ergodic. Applying Theo-
rem 2.8 and Proposition 4.3, we have

dimgmon~! = hz (0. m) = hz (0", v)
— [log||Sy, (wox)|dm — — [log||Sy,.., (wo™x)||dv
= dimg n > t3.

Since 13 < dimgK is arbitrarily given, we obtain (8.1) and (8.2).
To show (8.3), let (m;) be a sequence of measures in M (X) with
lim dimg m; o 771 = dimg K.
I—>00
Take a sequence of positive numbers (@;) such that Y 7o, a; = 1. Then m =
322 | aim; is an element in My () with

1

dimg m o™~ = supdimg m; o 1= dimg K.

1

To show (8.4), according to (8.2), it suffices to show that

1S hyz(o,m)
~ = [log||S, (wox)|[dm(x)

Fix m and let & = m o w~!. Denote by A the right-hand side of (8.6). By
Theorem 2.8, d (i, z) exists for p-a.e. z € R4 Hence to show (8.6), we only need
to show that for any € > 0, there is a Borel set £ C R¥ such that (E) > 0 and
d(u,z) > A — e for z € E. Assume this is false. Then d(u,z) < A — € for
u-a.e. z € R4. Thus by Theorem 2.8 again, we have

(8.6) dimgmon™ m € Mg (2).

hr(o,m,x) < A(x)(A —¢) form-ae. x € X.

Taking integration with respect to m on both sides yields
hx(o,m) < (A —¢) / Adm,

which leads to a contradiction. O

Remark 8.2. Assume that {S; }le is a weakly conformal IFS that satisfies the
AWSC (see Definition 2.14). Then the supremum in (8.2) and (8.4) can be attained
by ergodic measures. To see this, by Proposition 4.20, the map m +> h (o, m) is
upper semicontinuous on M (X); hence the supremum in (8.4) is attained at some
member, say mg, in Mq(X). Let mg = [ v dP(v) be the ergodic decomposition
of mg. By Theorem 2.2(ii), we have

hﬂ(07 m()) — f hTC(O—’ U)dIP)(V)
[ Admg [[AdvdP(v)
Since hy(0,v)/[Adv < dimp K for each v, the above equality implies that

hy(o,v)/[Adv = dimg K for P-a.e. v. Hence the supremum in (8.4) can be
attained at some ergodic measure, so do the supremum in (8.2).

dimg K =
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9 Proof of Theorem 2.15

We first present some lemmas.

LEMMA 9.1 Let {Si}le be an IFS with attractor K. For n € N, write ¥, =
{1,...,£}"* and denote

Then
(1) supthy (0, m) : m € My (E)} < log Nu/n.
(2) Letty, = sup,epa #{Su 1 u € Ty, x € Su(K)}. Then

log N, —logt
sup{hz (o, m) :m € Mq(X), m is ergodic} > 08 Vn = 08 1n

PROOF: We first show (i). Let n € N and m € My (X). By the definition of
N, , we can construct a subset 2 of 3, with #Q2 = N, such that for any u € %,,
there exists w € Q2 so that S, = Sy,. Hence there is amap g : X, — 2 such that
Su = Sg(u) foreachu € . Let (2N, T') denote the one-sided full shift over £2.
Define G : ¥ — QN by

G((x1)i2p) = (wj);i1 ((xi)72; € 2),

where w; = g(X(j—1)n+1X(j—1)nt2"""Xjn). Let T : QN — R denote the
canonical projection with respect to the IFS {S,, : u € Q}. By Lemma 4.23(ii), we
then have

hz(c™,m) = hz(T,mo G 1) < log(#Q) = log Ny,.

It follows that /i, (o, m) < log N, /n. This proves (i).

To show (ii), let v be the Bernoulli measure on QN with probability weight
(1/Ny,...,1/Ny). Then v can be viewed as a ¢”-invariant measure on X. By
Lemma 4.23(ii), we have h (0", v) = hz(T,v). Note that for x € R?, there are
at most 7, words u in €2 such that x € S, (K). By Corollary 4.22, we have

hz(T,v) > h(T,v) —logt, = log N, —logty.
Let u = % Z?;é v oo . Then u is o-invariant and ergodic; furthermore,

1 1 log Ny, — log 1
hx (o, p) = ;hn(U",U) = ;hﬁ(T, V) > y

as desired. O
LEMMA 9.2 Let ® = {Si}le be an affine IFS on R? given by

Si(x1,...,xq) = (p1X1,+ , paxq) + (@i1,....0;.4),

where 1 > p1 > -+ > pg > 0and a;;j € R. Let K denote the attractor of ®,
and write A; =log(1/p;) for j =1,...,d and Ag41 = oo. View ® as the direct



DIMENSION THEORY OF IFS 57

product of @1, ..., D4, where ®; = {S; ;(x;) = pjx; + a,',j}le. Let 7 denote
the canonical projection with respect to the IFS ®1 x --- X ®;. Then we have

d

(L_ 1 )ijdi_mB(K)Sdi_mB(K)

Aj Aj+
1 1 ~
< - _ i,
- Z (/\j /\j+1) ’

with Hj = sup{hy, (0, m) : m € My(X)} and

01y 7

- log#SY) -y ex
Hj= lim og #{Sy u n},

n—o00 n

where {Sl.(j)}f:1 is the IFS @1 x -+ x ®; on R/.
PROOF: Without loss of generality we assume that
S0, 119 c 0,114, i=1,....L.
For n € N, we write
ND =#sD ues,), j=1....4d,
and

logpg  logpg
da(m) = n, q,-(n>=[( -

logp; logpj+1
where [x] denotes the integral part of x.

Construct 25, ; C qu(n),j = 1,...,d, such that #Q, ; = Nq(jzn) and for

eachu € Xy (n), there is w € 2p,; so that S,Sj) = S,S)j). Then the family of the
rectangles

)n:| forl <j <d-—1,

d
9.2) [ Swawaiw;.i (0.1, w1 € Qut.....wg € Lug.
j=1
is a cover of K. To see this, let u; € qu(n), j =1,...,d. Then we can find

w;j € Qp,j, j =1,...,d, such that S,Sj:) = S,S{;.). Hence

d

Sugug—r-1 (K) C Sugug_y- (0.1%) € T Sugugy-ur.; (0. 1])
j=1

d d
C 1 Suararu;.i (01D = [T Swawa—y-w,.; (0. 1]).
j=1 =1
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It follows that the family of rectangles in (9.2) covers K. One can check that each
rectangle in (9.2) is an almost (p4)"-cube. Hence by the definition of box-counting
dimension, we have

d )
- . ;1:1#9”,] . Hj=1 quj.(n)
dlmBK < lim sup ——— = lim sup ——————
n—oo —log(pg)" n—oo —log(pg)"

G 5t)
=1\

Aj+1

This proves one part of (9.1).
To see the other part of (9.1), for j = 1,...,d, let Q; denote the collection
{[0,1)/ + & : « € Z/}, and define

MY =#{Q € Q; s diag(p], ..., p])Q N K; # @},

where K; denotes the attractor of ®; x --- x ®;. Then by Proposition 4.18(ii), we
have H; = lim,— log M,gj ) /n. We claim that for n € N, there exists a subset
ﬁn, j C Xy with cardinality > 777 M,gj ) such that

©3) SP@0, 1) NSV ([0,11) =@ forallw,w’ € Qy ; with w # w'.

To show the claim, we construct a finite subset of Q;, denoted by Wn(j ). such
that () #W,”) > 77/ M., (i) diag(p}.....p")Q N K; # @ for each Q €
w9 and (i) 20 N 20 = @ for 0,0 € WY with O # O, where 20 :=
UQ’eQ_,-:Q’mQ;éz Q’. Foreach Q € Wn(j), since diag(py.....p})Q N K; # &,
we can pick a word w(Q) € X, such that diag(p?, ..., p;’)Q N Si}j()Q)Kj #* O
and hence

diag(pf,...,p})Q N SL(UJ()Q)([O, 1Y) # @.

Denote Q,,; = {w(Q) : Q € Wn(j )}. The separation condition (iii) for the
elements in W,,(] ) guarantees (9.3). This finishes the proof of the claim.

As above, we can construct 2, ; well foreach j = 1,...,d and n € N. Now
fix n and consider the following collection of rectangles:

d
]‘[ Swawar-w;,j (0.1, wj € Qg ;. 1 <j <d.
j=1
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It is clear that the above rectangles are almost (p;)"-cubes and that each of them
intersects with K. Furthermore, they are disjoint due to (9.3). Hence by the defini-
tion of box-counting dimension, we have

d

dimy (K) > liminf [1=1 #2; 0.5 > liminf [1=1 7 M)
n—oo  —log(pg)" n—00 —log(pa)"
_y (£-1)n
o A
This finishes the proof of (9.1). Il

PROOF OF THEOREM 2.15: We divide the proof into two steps:

Step 1. Show the variational principle for dimyg K.
We first give an upper bound for dimg K. Fix n € N. Define

Ny =#{SV uex,), j=1...4d,

where {Sl.(j )}le denotes the IFS ®; x --- x ®;. Then we can construct
QCcx,, j=dd-1,...,1,
such that #Q2; = N;, X, D Q4 D Qg_1 D -+ D 1 and furthermore, for each
ue€Xyand1 < j <d,thereis w; € Q; such that S,S]) = S&,fj). Hence there are
natural maps 64,641, ..., 61 with
0 Oq— Oq— 0

T QS Qg =S
such that S,Sj ) = S(gj zu) forany 1 < j < d andu € Q; 1, with the convention

J

Let Z; : Q4 — R be the indicator of Qy4, i.e., Zy(u) = 1 forall u € Q.
Define
Zao(w) = Y, Za@w). weQq.
ue@;ll(w)
Define inductively
logOj +1
Zj(w) = Z Zip1(u)™=rit2 weQj, j=d—-2,d-3,..., 1.

ueefl(w)

In particular, define
log oy

Z 0= Z Z 1 (u) logpy |
ue2
Using the technique by Kenyon and Peres [33] (which is an extension of McMullen
[44]), we have

log Zg

(9.4) dimg K < ——.
—nlog pi
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More precisely, define a probability vector (p(u))yeq, by

log

Za(u) .aﬁ Zi(0;0j 41041 (u)°ri+1
Zd—l(ed—l(u)) = Zj_l(ej—lej"'ed_l(u))

p(u) =

with convention Zy (8o ---6;_1(u)) = Zg for any u € Q4. Let v be the product
measure on (7)Y by assigning probability p(u) to each digit u € Q4. The
measure v can be viewed as a measure on X, which is o”-invariant and ergodic.
Let # = von~L. Then

1 B(mx, log Z
03) iming 02 R(BGTx. 1) _ logZo
r—0 logr —n log p1

A detailed proof of (9.5) was given by Shmerkin (see the proof of (4.3) in [60])
for the case d = 2, while a slight modification of the proof of [33, theorem 1.2]
provides a proof of (9.5) for d > 2. Then (9.4) follows from (9.5) and Billingsley’s
lemma.

We want to indicate a connection between the upper bound log Z¢/(—n log p1)
and the projection entropies. First, we define the projections 9* : Q}\IH — Q}\],
j=d-1,...,1by

07 (u)f2) = (OIS, (e, € 2Ny

Then it is easy to see that for each 1 < j < d — 1, the measure

X € X.

R * * * —1
vii=vo(# o 0005 )

is a product measure on Q}\I.

Let T; denote the left shift operator on Q}\I. By a direct calculation, we have

logZy :i(__ ! )h(Tj,vj).
. n

—-n log P1

Thus we have

d
: 1 1\ AT}, v))
9.6) dimg K < (— — ) .
; )Lj )Lj+1 n
Let 7;, j = 1,...,d, denote the canonical projection from Q}\I to R/ with

respect to the IFS {S,Sj )}ueg ,; (remember that 7; denotes the canonical projection

from ¥ to R? with respect to {S,Sj) ‘U € ¥p}). According to Lemma 4.23(ii), we
have

9.7 hz, (Tj,vj) = hyg,(0c",v), j=1,....d.
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Since @1 x ---x ®;, j =1,...,d, satisfy the AWSC, there is a sequence () of
positive integers with lim, log ¢, /n = 0 such that

(9.8) sup #{(S) :ue Q. x e SPK)Y <ty j=1.....d,

xeR/
where K denotes the attractor of ®1 x --- x ®;. By Corollary 4.22, we have

hz (Tj,v;) = h(Tj,vj) —logty, > h(Tj,v;) —logty.

This together with (9.7) yields hy, (0",v) > h(Tj,v;) — logt,. Now applying
Theorem 2.11 to the IFS {S,, : u € £,}, we have

1 1 1
dimgvon ! =— (———) hz; (0", v)

n]_l Aj Aj.{.l
d

1 1 1

=22 (- ) 0t~ ogt)

”j=1 J J+1
logt d 1 1

> dimyg K — —=2 . (—— ) (by (9.6)).
n ];1 /\j /\j+1

Letm = % Z;Ll voo ™. Thenm is ergodic and dimg m o 7! =dimgvox~L.

Letting n tend to co, we obtain

(9.9) sup{dimg m o 7 Vime Mg(2), mis ergodic } > dimg K.
It is clear the “>" in the above inequality can be replaced by “=""since m o 7~ ! is
supported on K. Note that /17, (0,+), j = 1,...,d, are upper semicontinuous on

M (2) (see Proposition 4.20 and (9.8)). By Theorem 2.2(ii) and Theorem 2.11,
we see that the supremum in (9.9) is attained at some ergodic element in M (X).
This finishes the proof of the variational principle for dimg K.

Step 2. Show the variational principle for dimp K.
By Lemma 9.2, we only need to show that under the assumption of Theo-

rem 2.15,
9.10) Hi>H;, j=1,....d,

where

().
— log#{S, ueX
H; sup{h,,j (o.m):me My(2)}, Hj = lim g#Su ”}.

n—o00 n

To see (9.10), by (9.8) and Lemma 9.1, we have

e N.

H, > log#{S,gj) ‘u € En}—logtn’
n
Letting n — o0, we obtain (9.10) by the assumption log ¢, /n — 0. This finishes

the proof of the theorem. O
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Remark 9.3. With an essentially identical proof, Theorem 2.15 can be extended to
the following class of IFSs & = ®q x -+ x &y on RY9! x ... x R, where ®; has

the form {4,z; 4+ ¢; ; }le such that A; is the inverse of an integral matrix and all
the eigenvalues of 4; equal p; in modulus, p1 > -+ > pg, ¢ j € Q.

This together with Lemma 7.2 and the proof of Theorem 2.12 yields the follow-
ing:
THEOREM 9.4 Let ® = {S;}¢_, be an IFS on R¥ of the form
Six)=Ax+c¢;, i=1,...,¢,

where A is the inverse of an integral expanding d x d matrix, ¢; € Z.%. Let K be
the attractor of the IFS. Then there is an ergodic measure on K of full Hausdorff
dimension.

10 A Final Remark about Infinite Noncontractive IFSs

In the previous sections, we have made the restriction that an IFS consists of
finitely many contractive maps. We remark that part of our results can be extended
to certain infinite noncontractive IFSs.

Let ® = {S;}72, be a family of maps on R of the form

Si(x) =piRi(x)+a;, i=12,...,

where p; > 0, R; are orthogonal d x d matrices, and a; € RY.

Let (X, o) be the left shift over the alphabet {i : i € N}, and let m be an ergodic
measure on X satisfying H,,(Poo) < 00, Where Po, denotes the partition of X
given by

Poo = {[i]:i € N},
where [i] = {(x;)72, € X : x; = i}. Assume that ® is m-contractive in the sense
that

(10.1) > (ogprym((i]) <0. Y (loglaiym([i]) < co.

i=1 i=1

Denote
o0

A== (logpi)m([i]).
i=1
Let X’ denote the set of points x = (x;)?2, € X such that
.1 1
nli)ngo;log(pxlpxz e Px,) = —A, nlgr;oglogmx” = 0.

Then X’ satisfies 0~ 1(X’) = X’. Furthermore, by Birkhoff’s ergodic theorem,
m(X') = 1.
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Define the projection map 7 : X' — R4 by
7(x) = lim Sy, 0 Sy, 0---08,,(0), xeX'
n—-oo
It is easily checked that 7 is well-defined. Let 1 = m o w1 be the projection of

m under 7. We have the following theorem:

THEOREM 10.1 Under the above setting, 1 = momw !

hy(o,m)
A 9
where Hy(0,m) = Hpu(Poolo ™' 77 1y) — Hpy(Poolm™1y), y = B(RY).

is exactly dimensional and

dimg u =

We remark that when m is a Bernoulli product measure, ;1 = m o 7~ ! is the
stationary measure of an affine random walk determined by ® and m, and the decay
property of p at infinity has been extensively studied in the literature (cf. [23] and
references therein).

The proof of Theorem 10.1 is essentially identical to that given in Section 6.
Indeed, we only need to replace X in Section 6 by X', and replace “let ¢ > 1 so
that ¢ sup,.ex p(x) < 17 in the proof of Theorem 6.2 by “let 1 < ¢ < e*”
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