PROJECTIONS OF PLANAR MANDELBROT RANDOM MEASURES
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ABSTRACT. Let p be a planar Mandelbrot measure and 7.p its orthogonal projection
on one of the principal axes. We study the thermodynamic and geometric properties of
7w pb. We first show that . is exact dimensional, with dim(m.p) = min(dim(u), dim(v)),
where v is the Bernoulli product measure obtained as the expectation of m.u. We also
prove that . is absolutely continuous with respect to v if and only if dim(u) > dim(v).
Our results provides a new proof of Dekking-Grimmett-Falconer formula for the Haus-
dorff and box dimension of the topological support of m.u, as well as a new variational
interpretation. We obtain the free energy function 7r,, of m.u on a wide subinterval
[0,qc) of Ry. For ¢ € [0,1], it is given by a variational formula which sometimes yields
phase transitions of order larger than 1. For ¢ > 1, it is given by min(7,,7,), which
can exhibit first order phase transitions. This is in contrast with the analyticity of 7,
over [0,¢.). Also, we prove the validity of the multifractal formalism for m.u at each
a € (T;r*u(qcf): T;r*u(0+)]'
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Mandelbrot measures are statistically self-similar measures introduced in early seventies

by B. Mandelbrot in [41] as a simplified model for energy dissipation in intermittent tur-

bulence. In R?, such a non-trivial random measure y is built on [0, 1]? and is characterized

2



by E(x([0,1]?)) = 1 and the equality in law

(L.1) p= 3 Wintd o,

0<i,j<m—1

where m is an integer > 2, S; ; are similarity maps on R? defined by

z+1i y+7
S’L,](Jj?y): (7yj>7

m m

W; ; are non-negative random variables satisfying

E Yoo Wiy =1

0<i,j<m—1

and

D :=-E Z W@j logm(Wm) > 0,
0<i,j<m—1
,u(i’j ) are independent copies of i, which are also independent of the weights W; ;. More-
over, u and (Wiyj,u(i’j))ogi’jgm_l can be constructed on the same probability space so
that (1.1) holds not only in law but also almost surely.

The topological support of u, denoted by K, is a statistically self-similar limit set so
that the following equality holds in law:
K= |J Sij(Kiy),
0<i,j<m—1
Wi,j>0
where K ; are independent copies of K.

The fine geometric properties of p were initially studied by Mandelbrot himself in [41,
40], as well as by Kahane and Peyriere in [36]. It was established that p is exact D-
dimensional, i.e. the local dimension of u equals D on a set of full y-measure. Moreover, a
statistical description of the mass distribution of p at small scales was given by Mandelbrot
by using large deviation properties of the branching random walk naturally associated

with u.

On the other hand, the topological and measure theoretic properties of K and the
natural branching measure it carries have been studied intensively [42, 51, 12, 18, 23, 31,
19, 26, 9, 39, 44, 54, 20, 46, 52, 53, 27, 50].

Mandelbrot measures, as well as self-similar measures and Gibbs measures, are typical
objects illustrating the multifractal formalism, which emerged in the middle of the eighties
from turbulence theory [30] and hyperbolic dynamical systems [32, 15], in order to describe
geometrically at small scales the distribution of a measure, or the Holder singularities of
a function; this formalism can be viewed as a geometric counterpart of large deviation

theory. For measures, it can be defined as follows.
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If (X,d) is a locally compact metric space and p is a positive and finite compactly
supported measure, denoting its topological support as supp(u), the L%-spectrum of y is

a kind of free energy concave function defined by

log sup { 3=, p(Bai, 7)) }
Tuid ER= lggérﬁf log(r)

)

where the supremum is taken over all the centered packings of supp(u) by closed balls
of radius r. When (X, d) possesses the Besicovitch property, i.e. the Bescovitch covering
lemma holds in (X, d) (see e.g. [43]), like Euclidean R? or any symbolic space endowed
with the standard metric, for a € R, it is always the case that (see e.g. [11, 49, 37])

dimpy E(p, ) < 7;(a) == inf{ag — 7,(q) : ¢ € R},

where

E(p,a) = {x € supp(p) : rl—if& W - a} ’

here dimpg stands for the Hausdorff dimension, and we adopt the convention that
dimyg 0 = —oo0.

We say that the multifractal formalism holds for p at o if dimgy E(u, ) = T;(OA), and
we say that it holds for p if this equality holds for all «, i.e. the Hausdorff spectrum
a — dimy E(p, ) and 7, form a Legendre pair. Furthermore, we say that there is k-th
order phase transition at g for p if 7, has a (k — 1)-th order derivative but no k-th order

derivative at q.

In this paper we will investigate the multifractal structure of the orthogonal projections
of a Mandelbrot measure p on the horizontal and vertical axes, and its relation with that
of p. For this purpose, we recall that under mild assumptions, defining for ¢ € R

T(q) = —log,, Z E(]‘{Wi,j>0}Wiq7j)7
0<i,j<m—1
then on the interval {¢ € R : T*(T"(¢q)) > 0}, 7, = T and hence 7, is analytic (see
Section 2.2).

In our study of projections of n, we will consider the range g > 0 for the L?-spectrum.
This restriction is often met in the geometric study of measures obtained via projection
schemes, like self-similar measures obtained as projections of Bernoulli products on self-
similar sets satisfying the weak separation condition (see e.g. [29] and the references
therein) or self-affine measures obtained as projections of Bernoulli products on almost all

the attractors associated with a given finite collection of contractive linear maps [25, 7).

For a line £ in R? passing through the origin, we let 7, denote the orthogonal projection
from R? to ¢, and let 7y denote the push-forward of ;v under my. For almost every line
¢, the behavior of the Li-spectrum 7y, ,(q) of e is essentially similar to that of the

projections of Gibbs measures treated in [6]. In this case, due to Marstrand’s projection
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theorem, one is naturally led to consider the case where D < 1, for otherwise the projection
of 1 is absolutely continuous with respect to Lebesgue measure and it is hard to say
more about the multifractality in general. Then, since D < 1, the dimension of the
projection is still D, and there are two possible behaviors in terms of the L?-spectrum.
If dimyg K < 1 as well, then 7, , = 7, on the interval [0, g2], where g2 is defined by
Tu(g2) = 2 (notice that ga > 3 due to the concavity of 7, and the facts that 7,(1) = 0 and
7,(0) > —dimpg supp(p) = —1 in this case). If dimy K > 1, there is a second order phase
transition at the unique g € [0, 1] at which 7;(7,,(¢)) = 1; more precisely, the L9-spectrum
Tr,.p is analytic over (0,q) and (g, ¢2) but not twice differentiable at ¢; specifically, it is
linear on [0, ¢] and equals 7, on [g,g2]. Also, the multifractal formalism is valid at any
a € 7, ,([0,g2]). Tt is worth mentioning that the preservation of the L?-spectrum over
[1, o] is a fact valid for any measure (see [34, 3]).

The situation is significantly different with the principal axes. To begin with, it is
worth noticing that for a Gibbs measure associated with a Holder potential on the unit
square, e.g. for the self-similar measures obtained when the weights W; ; are constant, its
projection on any of the main directions is still a Gibbs measure of this kind [13], so no
special new phenomenon appears related to its multifractal nature. Things turn out to be

more interesting with (random) Mandelbrot measures.

Let 7 denote the orthogonal projection on the first principal axis. It is known (Dekking
and Grimmett [18], Falconer [23]), that dimy m(K) in general differs from the typical
value obtained by Marstrand’s projection theorem when one projects on almost every line.
Instead of being equal to min(dimgy K, 1), dimgy 7 (K) is given by the following variational

formula:

m—1
. _ . : h
(1.2) dimy n(K) = 0%%2110&71 ZZ:; E(N;)",

where N; = #{0 < j < m —1: W;; > 0}. Moreover, this dimension equals the
box counting dimension of 7(K). It turns out that understanding the geometric struc-
ture of the projection m,pu of the Mandelbrot measure p heavily relies on its expecta-

tion, which is the Bernoulli product measure v associated with the probability vector

(Pi = Z?:ol E(Wi’j)>0§i§m—1’ for which it is known that
Tv(q) = —logy, Z p;-
0<i<m—1
pi>0

In this paper, we show (see Theorems 3.1, 3.3 and 10.2) that when p # 0, m.p is exact
dimensional with dim(7.u) = dim(px) = D if and only if dim(u) < dim(v), in which case
Tyt is singular with respect to v, while if dim(u) > dim(v) then 7. is absolutely contin-
uous with respect to v. Exact dimensionality and “dimension conservation properties” of

projections of Mandelbrot measures on all the lines have already been established in [27];
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however, the result of [27] is not quantitative, whilst for the principal axes we provide the
precise values for the dimensions, which differ from those given by Marstrand’s theorem
for almost every line when v is not the Lebesgue measure. Also, as a consequence of The-
orem 3.3 we get a new variational interpretation of Dekking-Grimmett-Falconer formula
for dimpy 7(K') (see Corollary 3.5 and Theorem 10.2).

Regarding the multifractal analysis (see Theorems 3.7 and 10.3), for ¢ > 1 we prove
that

TK*M(Q) = min(TM(Q)v TV(Q))

on a non-trivial interval [1, g.). This fact is a source of first order phase transitions when
the graphs of 7, and T cross each other transversally. For 0 < ¢ < 1, we prove that 7,

is given by the following variational formula:

m—1 [m—1 a/s
Tr.u(q) = —inf ¢ log,, Z Z E(Wi;) rg<s<1p,
i=0 \ j=0

which converges to the value of dimy 7(K) given by (1.2) as ¢ tends to 0. The function
Tr,u 18 differentiable over [0, 1]. It coincides with 7,(¢) when the infimum is attained at
s = q and 7,(q) when it is attained at s = 1. Otherwise, the infimum is attained at
a unique s(q) € (q,1), and this property holds on a neighborhood of ¢ over which by
definition of s(q) we have 7, ,(¢) > max(7,(q),7.,(q)); see figures in Section 4. These
possible changes of analytic expressions lead to phase transitions of orders greater than or
equal to 2. Also, each transversal crossing of the graphs of 7, and 7" in the domain (1, g;)

gives rise to a first order phase transition.

We also verify the validity of the multifractal formalism over (7;_,(qc—), Ty, (0+)].
When applied to the so-called branching measure on K, our result yields a partial multi-
fractal classification of the box-counting dimension of the fibers 7= ({z}), z € 7(K) (see
Corollary 11.1).

Let us finally mention that Mandelbrot martingales in various Bernoulli random envi-

ronments play an important role in our study.

The paper is organized as follows. We will mainly work with Mandelbrot measures on
the symbolic space {0,...,m — 1}V x {0,...,m — 1}, for this offers a simpler framework
to expose ideas and techniques. The transfer of the results from the symbolic space to
the Euclidean plane is explained in Section 10. In Section 2 we recall basic facts from
multifractal formalism, as well as the formal definition of Mandelbrot measures and a
precise known result for their multifractal analysis on the symbolic space. In Section 3
we present in complete rigor our main results in this symbolic context, while Section 4
contains comments and examples related to phase transitions. Section 5 provides the

proof of our results related to the dimension of the projected measures, as well as the
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new variational interpretation of the Hausdorff dimension of their topological support.
Sections 6 to 8 provide the proof of Theorem 3.7 about the multifractal analysis of the
projection. Specifically, Section 6 deals with the differentiability property of the function
identified to be the Li-spectrum of m,u, Section 7 exhibits the sharp lower bound for the
Li-spectrum, and Section 8 deals both with the sharp upper bound for the L?-spectrum
and the Hausdorff spectrum. Sections 5, 7 and 8 use moments estimates developed in
Section 9 for quantities related to Mandelbrot martingales in Bernoulli environments, as

well as other basic results gathered in the Appendix.

2. PRELIMINARIES ON MULTIFRACTAL FORMALISM AND MANDELBROT MEASURES ON
SYMBOLIC SPACES

Throughout this paper, we use N to denote the set of natural numbers, i.e. N =

{1,2,...}. Let us first restate the multifractal formalism in this context.

2.1. Multifractal formalism on symbolic spaces. Let m > 2 be an integer. For n > 0
let ¥, = {0,...,m — 1}". By convention, ¥ consists of the empty word e. Then define
Y = U020 (B xX) =U,50(Zn x Zp), and £ = {0,...,m — 1}N. The sets ¥, and
(X x 2)*7act in the standard v;ay by concatenation on X, UX and (¥ x ), U (X x X)
respectively. We denote by o the standard left shift operation on ¥, U (X x X). The length
of a word w € X, i.e. its number of letters, is denoted as |w|.

Forx = 21---xp--- € X, set Ty = X1 Ty ifn>1and eif n = 0. For u € X,, set
[u] ={z € ¥: 2y = u}.

The set ¥ is endowed with the standard metric distance

d(z,2') = m~P{men=rl

and ¥ x X is endowed with the distance d((z,y), (¢/,y')) = max(d(z,2'),d(y,y")).

Given a positive and finite Borel measure p on ¥ or ¥ X ¥, its topological support, i.e.
the smallest closed set carrying the whole mass of u is denoted as supp(p), and its lower

and upper local dimensions at = € supp(p) are defined as

dimny (p, @) = lim inf to_gé’{é[gx“g; and - ditnee(p,) = lim sup tigfjgf“g;
respectively. Let
dimy(p) = inf{dimyg F : p(FE) > 0 and E is a Borel set} and
dimp(p) = inf{dimp E : p(E) = ||p|| and E is a Borel set},
where dimp E stands for the packing dimension of E (see e.g. [43]) and ||p|| stands for the

total mass of p .



It is well known that (see e.g. [16, 17])
dim g (p) = sup{s : dimy,.(p, ) > s for p-almost every =} and
dimp(p) = inf{s : dimc(p,z) < s for p-almost every x};

when these two dimensions coincide, we say that p is exact dimensional and writes dim(p)

for the common value.

The L9-spectrum of p is the mapping 7, : R = R U {—o0} given by

P |
7p(q) = liminf — log,, > pupsoyp(w)? (¢ €R),

n—oo
wESn

where S, stands for 3,, or ¥, x ¥,,. It is well known that (cf. [47])
(14) < dimp (p) < dmp(p) < 7(1-).

For all o € R, set

(,07 a) = {$ € Supp(p) :@1oc(p7 IL') = a}v
(p,ct) = {x € supp(p) : dimmjec(p, ) = a}

o [t

and

E(p,a) = E(p, @) N E(p, ).

Then it is always the case that (see e.g. [37, 49])
dimpg E(p, @) < max(dimy E(p, a), dimy E(p, a)) < 75 (),

where the Legendre transform of f: R — RU {—oo} is defined as

f*ia e R inf(aq — f(q)).

geR
and a negative dimension means that the set is empty. We say that the multifractal
formalism holds at o if
dimy E(p, ) = 7, ().

It is well-known (see e.g. [37, 49]) that for a < 7,(0+),

(2.1) dimpy{z € supp(p) : dimyo.(p,z) < a} < (ilgg{aq —7p(@)} =75 (a).

2.2. Multifractal analysis of the Mandelbrot measures on ¥ x Y. Now let us
formally define the Mandelbrot measures on X x ¥. We consider a non-negative random
vector

W = (Wi;)ij)es:xs
whose entries are integrable. For ¢ € R we define
(2.2) T(q) = Tw(q) = —log,, Z E(Liw, >0y Wi))-

(i,j)€E1 X1
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Let N =3 hes,xs, 1w, >0}, and assume that P(N € {0,1}) < 1.

To build a Mandelbrot measure on ¥ x ¥ we assume that 7'(1) = 0 and consider a
sequence (W (u,v))(uv)elJ, -, Sxs, of independent copies of W, defined on a probability
space (2, A,P). B

Let 1 be the uniform measure on ¥ x ¥, i.e. n([u,v]) = m~2" for each cylinder [u,v] :=
[u] x [v] of generation n. For each n > 1 let p,, = pw, be the measure on 3 x ¥ whose
density with respect to 7 is constant over each cylinder [u,v] := [u] X [v] of generation n

and given by m?"Q(u,v), where

n

Q(ua U) = H Wuj,vj (u\j—lv /U|j—1)'

j=1
Denote the total mass of u, as Y, i.e.
Y, = Z Q(u,v).
lul=|v|=n
By construction the sequence (Y;,),>1 is a non-negative martingale of expectation 1 with
respect to the filtration (o(W(u,v) : |u| = |v| < n —1))p>1, thus it converges to a limit,

which we denote by Y.
Let T, = {(u,v) € ¥, x &, : Q(u,v) > 0}. The sequence (T},),>1 represents the

generations of a Galton-Watson process with offspring distribution given by that of V.
We have
Ky :=supp(un) = | J [u] x [v].
(u,v)€Ty
For n > k > 1 and (u,v) € X x Xk, the statistical self-similarity of the construction
yields pn([u] x [v]) = Q(u, v) Yk (u,v), with (Y, (u,v))(uw)en, x5, @ family of indepen-
dent copies of Y,_, also independent of (W (u,v) : |u| = |v] < k —1).

Consequently, with probability 1, there exists a family (Y (u, v)) uv)ex, x5, k>1) of copies
of Y such that for each k > 1 and (u,v) € X x X,

(2.3) lim (1] X [o]) = Qu, )Y (u,0).
n—oo
Moreover, the random variables Y (u,v), (u,v) € X x X, are independent, and generate

a o-field independent of (W (u,v) : |u| = |v] < k —1). By construction, this means that

1n weakly converges to a measure p defined by

p(fu] x [o]) = Q(u, v)Y (u,v).
Moreover, p is positive (i.e. Y > 0) with positive probability if and only if 7/(1—) > 0; and
this is also equivalent to the uniform integrability of (Y},),>1, that is E(Y) =1 ([36, 22]).
From now on we assume that this condition (i.e., 77(1—) > 0) holds; in this case, it is
known (cf. [36, 35]) that the measure y, if non-degenerate, is exact dimensional and

dim(p) = T"(1—) almost surely on {u # 0}.
9



Also, the events {y # 0} and {K := (0,5, Ky # 0} coincide up to a set of probability 0
over which K = supp(u) (see Proposition A.1 for a proof). In addition, the inequality
T'(1—) > 0 and the concavity of T' imply that T'(0) = —log,,,(E(N)) < 0, i.e. E(N) > 1.

We have the following result regarding the multifractal analysis of u (see also [33, 24,
48, 45, 5] for slightly less sharp versions). Recall that f* stands for the Legendre transform
of f.

Theorem 2.1 ([1]). Suppose that T is finite on a neighborhood of 0 and N > 2 conditional
on {N # 0}. Define f(a) = T*(a) if T*(a) > 0 and f(a) = —o0o otherwise. With
probability 1, conditional on {pu # 0}, 7, = f* and the multifractal formalism holds at

all a in the domain of 7; = f. In particular, 7,(q) = T(q) at each ¢ € R such that
T*(T"(q)) = 0.

Since we mainly want to focus on new phenomena associated with 7, u, to avoid too

many technicalities we discard the case when
sup{q >1:T(q) > —oo} =sup{q > 1:T*(T'(q)) > 0},

for which 7, itself exhibits a first order phase transition on (1, 00) [1].

Thus, when we study the validity of the multifractal formalism for 7, u, our assumptions
will be:

o P(N €{0,1}) <1, T'(1-) > 0;
e T is finite on a neighborhood of 0;

2.4
24 e cither 3 ¢. > 1 such that T*(T"(q.)) =0

or T*(T'(q)) > 0 for all ¢ > 0, in which case we set g. = oo.

We drop the assumption that N > 2 when N = 0 because this does not affect the
validity of Theorem 2.1 for the local dimensions « associated with non-negative g by
Legendre duality, and for our study of m.,u we will only focus on the case ¢ > 0. The
assumption that 7" is finite on a neighborhood of 0 implies that E(Y ") < oo for some
h > 0 (see [38, Theorem 2.4]).

3. MAIN RESULTS FOR PROJECTIONS OF MANDELBROT MEASURES ON THE SYMBOLIC
SPACE

Throughout this section we assume that P(N € {0,1}) < 1 and 7'(1—) > 0. We are
interested in the geometric properties of the measure .1, where 7 stands for the canonical

projection onto the first factor of ¥ x 3.
10



ForOﬁi,jSm—lset

Wij/pi ifpi >0
3.1 § E(W; ;) and V; " ’
(3-1) i) and Vi = { 1/m otherwise.

(In fact those ¢ for which p; = 0 will play no role in our study.) Then write V; := (V; ;)jex,
and define

(3.2) Ti(q) = Tv,(q¢) = —log,, ¥ E(lpy,»01Vi),  q€R.
JE
Notice that T;(1) =0 for all 0 < <m — 1.

Let v stand for the Bernoulli product measure on Y associated with the probability

vector (po, ..., Pm—1), that is
v([z1...zn]) =Pz - Do,
forn>1and xy1,...,2, € {0,1,...,m — 1}
By construction

(83) om0 =3 Elqw, oW Zl{wom e Zl{pl>0}pz 5@,

7.7

Consequently,
(3.4) sz — log,,(pi)) ( szT' ) + dim(v),

where we recall that
m—1

dlm Z Dbi 10g Di /IOg( )
=0

Notice that v = E(m,u), and recall that a direct calculation yields

(3.5) ~log,, Z ! (¢€R).

For ¢ € R, we denote by v, the Bernoulli product measure on > associated with the

probability vector (png”(Q), . ,pfnflm“(‘”).

Below we discard two trivial situations.
We first discard the case when p; = 1 for some 0 < ¢ < m — 1, which means that the
measure u is supported on a deterministic vertical line hence is a Mandelbrot measure on

a line, for which the multifractal nature is analogue to that of a 1-dimensional Mandelbrot

measure. For 0 <7 <m — 1, we set
Ni:#{Ogjgm—LWi,j>O}.

We also discard the case when N; = 1 almost surely for all 0 < i < m — 1, which implies

that 7, is a Mandelbrot measure on a line as well.
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3.1. Absolute continuity and dimension. This section gathers our results on the ab-
solute continuity/singularity of m.u with respect to v = E(m.u), and on the dimension
of m,p and its associated conditional measures in the natural disintegration of p along
Typ-almost every fiber {z} x 3. The result on dim(m.u) also yields a new variational

principle for dim 7(K).
Theorem 3.1. With probability 1, conditional on {u # 0}:

(1) If dim(p) > dim(v), then
(1) mep is absolutely continuous with respect to v.
(ii) Suppose that T is finite in a neighborhood of 1. Then the density of w.v with

respect to v is in L*(v) for all s in the following non-empty set

m—1
{s €(1,2]: T(s) >0 and Zpim*Ti(S) < 1}.

1=0

(2) If dim(p) < dim(v), then mep and v are mutually singular.
Remark 3.2. Sufficient conditions for 7. to be equivalent to v can be found in [8].

Theorem 3.3. With probability 1, conditional on {u # 0}:

(1) If dim(p) > dim(v) then .y is exact dimensional with dimension dim(v); while
if dim(p) < dim(v) and T is finite in a neighborhood of 1, then m.u is exact
dimensional with dimension dim(u).

(2) Suppose that T is finite in a neighborhood of 1. For m.u-almost every x, the
conditional measure p* is exact dimensional with dimension dim(u) — dim(mep) =
dim(p)—dim(v) = 7 Tl (1) if dim(p) > dim(v), and dimension 0 if dim(u) <
dim(v).

Remark 3.4. Recall that under the assumption that 7 is finite in a neighborhood of 1, in
[27] Falconer and Jin have already proven that with probability 1, conditional on {yu # 0},
for m,pu-almost every z, dim(u*) = dim(u) — dim(m,pu) without specifying the value of
dim(7m, ), hence of dim(u®).

When dim(p) > dim(v), a direct proof of the equality dim(u®) = Z?;_olpiﬂ'(lf)
without the additional assumption on the finiteness of 7" near 1 can be found in [8].

The previous statement makes it possible to derive the dimension formula of 7(K) by
using an adapted Mandelbrot measure, whilst in [23] Falconer builds statistically self-
similar subsets of w(K) of Hausdorff dimension smaller than but arbitrarily close to the
value given by (1.2). The new point is the variational principle invoking Mandelbrot

measures in (3.7) and the related uniqueness property.
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Corollary 3.5 (Dekking-Grimmett-Falconer formula revisited). Let

m—1
(3.6) ©:h>0~log (Z E(Ni)h> /log(m).

i=0
With probability 1, conditional on {K # (0},
dimyg 7(K) = dimp(7(K))

= inf o(h
(3.7) odnt e (h)

= max{H (m.p) : /' is a Mandelbrot measure supported on K},
where H(m ') = min(dim(p'), dim E(m.u’)). Moreover, the mazimum in (3.7) is attained
at a unique point if and only if ¢'(0) <0, i.e. Y75  log(E(N;)) < 0. Also, dim(m. ') =

H(me ) at some point ' where the mazimum is attained.

Remark 3.6. It is readily to check that dimgy m(K) = dimy K if and only if the inequality
ST SVE(N;) log E(N;) < 0 holds, i.e. in (3.7) the infimum is attained at h = 1.

3.2. Validity of the multifractal formalism. Assume (2.4) (in which ¢, is well-defined)
and set

(3.9) - Jae if g. < oo and 7,(q.) > T'(q.)
' e = inf{q > q.:7,(q) >T(q)} otherwise

Y

with the convention that inf () = g.. Let
(3.9)

m—1
—inf{longE(Ni)hzoghgl} if g=0,
=0

m—1
Tiq—
—inf{logm Zpgm*qTi(s)/S qg<s< 1} if0<qg<1,

1=0
\min(Tu(Q)aT(Q)) ifl<g< ac or q = ac < 0.

Theorem 3.7. The function 7 is differentiable everywhere except at the possible points in

(1,qc) at which the graphs of T and T, cross each other transversally. Moreover,
(1) with probability 1, conditional on {u # 0}, for all ¢ € [0,q.),

. -1
(3.10) 7(g) = lim —=log,, D Lm0y mei([u)?.

n—r00
ul=n

In particular 7,,(q) = 7(q). Also, if G = q. < 00, then 7r,,(q) = qT"(g.—) for
q > e
(2) If o € (7'(ge—), 7'(04)], with probability 1, conditional on {p # 0}, the multifractal

formalism holds at «.

Remark 3.8. Notice that when ¢. < oo, the equality 7,(¢.) = T(q.) cannot hold if
7(qc) < T'(q.—), for this would imply that 7,5 (7,(¢.)) < T*(T"(¢.—)) = 0, while 7;; o 7/, is

always positive over R.
13



Remark 3.9. The same conclusion as in (3.10) and Theorem 3.7(2) holds if we replace
Tapt([2)n]) DY Tapin([2),]) in the definition of the level sets E(m.pu,a).

Remark 3.10. (1) The identities 7 = T = 7, over [0, ¢.) hold if and only if for all
i€{0,...,m —1} with p; > 0, E(N;) =1 and W; ; € {0, p;} almost surely for all
0<j<m-—1,ie. T;is identically equal to 0 (see Section 6.1).

(2) On the other hand, a sufficient condition to have 7 = 7, over Ry and 7, > T
over (0,1) and 7, < T over (1,00) is (P): there exists a partition {Iy,...,Ip}
of {0 <i<m-—1:p; >0} such that (a) p; does not depend on i € Ij and
[Lics, E(Ni) = 1 for each 1 <k < L; (b) there exists 1 < k < L such that #I); > 2
and E(N;) # 1 for at least two values of i € Iy; (c) for all i € {0,...,m — 1} with
pi >0, W;; € {0,p;/E(N;)} almost surely for all 0 < j < m — 1. See the proof of

Lemma 8.6.

Remark 3.11. In all the examples we have examined numerically and for which we do
not have 7, = T', the functions 7, and T coincide at three points at most. We do not know

whether this is a general fact.

Remark 3.12. We think (and know that it is true on some intervals) that the validity
of the multifractal formalism for m,u holds almost surely for all a € (7'(g.—)), 7/(0+)].
However, we dediced to limit the technicalities as much as possible, the most important
facts being the new behaviors associated with the projection. In particular, the proof of
the validity of the multifractal formalism will show that the possible phase transitions
separate the domain of possible exponents « into intervals over which the computation
of the Hausdorff dimension of the sets F(m.u,a) uses different arguments, this being in
contrast with what happens for the measure p itself, indeed we can use one uniform

approach to deal with all the level sets F(u, «) (see [1]).

Remark 3.13 (Similar result for critical Mandelbrot measures). When 7"(1—) = 0, un-
der mild assumptions there exists a substitute to the degenerate Mandelbrot measure p,
namely a critical Mandelbrot measure ji, which satisfies the same statistical self-similarity
(1.1) with the set K as its support, but E(||u||) = oco; the multifractal analysis of this mea-
sure is considered in [5]. Defining ¢. like when 77(1—) > 0, we have g. = 1. Furthermore,

defining g. = 1 and v as for y, the conclusions of Theorem 3.7 holds for /.

4. PHASE TRANSITION. REMARKS AND EXAMPLES

This section gathers a series of remarks and examples related to phase transitions as-

sociated with m,pu.

Remark 4.1. Let S denote the set of non-analytic points of 7 in (0, g.). Then S is discrete

and possibly empty. Moreover, the cardinality of S N (0,1] is not less than the number
14



of times that the graphs of T" and 7, cross each other transversally over (0,1). These

properties will be established in Section 5.

Now we give some examples to illustrate Theorem 3.7.

Example 4.2 (Lognormal canonical cascades). Let us consider the standard lognormal
canonical cascade, for which the weights W; ; are independent and W; ; ~ m~2exp(BN —
%/2), where 3 >0 and N ~ N(0,1). We have

52

T(q)=2(¢g—1) - mq

(g—1).

A necessary and sufficient condition for u to be almost surely positive is 77(1) = 2 —
2 .

ﬁ(m) >0, ie. B €[0,2y/logm).
Fix g € (0,2y/logm) (we discard the case § = 0 which corresponds to p being the

restriction of the Lebesgue measure to [0, 1]?). Then, the dimension of y equals 2 — %Q(m),

and the measure v is simply the Lebesgue measure restricted to [0, 1], so 7,(q) = ¢ — 1.

Also, due to Theorem 3.1, the measure 7, u is almost surely equivalent to Lebesgue measure
if and only if 77(1) > 1, i.e. B € [0, y/2log(m)).
2,2
We also have T'(q)g —T'(q) = 2 — ﬁ%m), 0 g. = 24/log(m) /. Moreover, T'(q) = 7,(q)
if and only if ¢ = 1 or ¢ = qq := 2log(m) /3.

Thus, if 8 € [0, y/log(m)], we have ¢. < g. = qo; if B € (\/1og(m), \/2 log(m)), g¢c = ¢
and 7, and T cross once transversally at gy € (1,¢.), and do not cross over [0,1); if § =

v/2log(m) then 7, and T cross at 1 = gg only and g. = g.; if 8 € (y/2log(m), 24/log(m)),
then T" and 7, cross once transversally at go € (0,1) and do not cross over (1, 00).

The previous observations and the definition of 7 yield, with probability 1:

e if 5 € (0,/logm], then 7(q) = ¢ — 1 over [0,qo = ¢.] (and go > 1).
o If 5 € (y/log(m), \/21og(m)), 7(q) = g—1 over [0, qo], 7(q) = T(g) over [qo, ¢c = qc),
and qo € (1,qc).
In this case m,u provides new examples of statistically self-similar measures

absolutely continuous with respect to the Lebesgue measure over [0, 1], with a
non-trivial Hausdorff spectrum and a first order phase transition, here at ¢y (see
also [28] for deterministic examples for which, however, the Hausdorff spectrum is
not described at the phase transition).

o If 3= /2log(m), 7(q) = ¢ — 1 over [0,1 = qo] and 7(g) = T(q) over [1,q. = Gc).

o If 8 € (y/2log(m),2y/log(m)) then gy < 1, and a calculation using the definition
of 7 over [0, 1] shows that 7(¢) = —14+T1"(,/q0)q over [0, /qo] and 7(q) = T'(q) over

[\/670, qc = ac]
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In the last two cases, for which dim(u) < 1, our result provides, for the special
directions of projection considered in this paper, the same information as that

given by [6] for almost every direction, and recalled in Section 1.

Illustrations are provided by Figure 1.

(B) B € (VIogm,+/2logm). First order
phase transition at ¢g and second order
phase transition at ¢..

(¢) B =+/2logm. Second order phase tran- (D) 8 € (v/2logm,2y/logm). Second order
sitions at gy = 1 and ¢. = v/2. phase transitions at ,/qo and g..

FIGURE 1. The thick curve represents 7, over [0,q.| in case (A) and
[0, 00] in the other cases, while the dashed curve represents 7.

Below we construct a concrete example so that g. = oo and the function 7., , has a
non-differentiable point in (1, 00) (i.e. first order phase transition), and a non-C* smooth

point in (0, 1) (i.e. phase transition of order > 2). It is illustrated in Figure 2.

Example 4.3. Let (po,...,pm—1) be a positive probability vector different from the vector

(m=t ... ,m™). We have ppax = max{p; : 0 < i < m — 1} > m~!. We assume that
P0 = Pmax > VP1 = --- = /DPm_1. Fix B in the interval (m,mp_l.) and A € (0,1).

Let (Vij)i<i<m—1,0<j<m—1 be a family of random variables which take value §/m with
16



probability A3~ and ¢y, 5.5 = fl((g—_ﬁ)) with probability 1 — A\3~1. Let

Vo70€< max Pi ,1),

1<i<m— 1pmax

Vo,u =1 — Vo0, and Vg ; = 0 if j > 2; also suppose that Vo1 < Vpo. Set W; ; = p;V; ; for
all 0 <1,7 <m — 1 and define the functions 7; and 1" as previously.

Foralll <i<m—1and0 < j < m—1, by construction, W; ; < p;8/m < Wyo < pg < 1,
and also Wy; < Wyo < 1. Consequently, 7/(1) > 0. Also, for all 0 < ¢ < m — 1,
E(Z?:_OIVQJ) =landfor1 <:<m-—1,

—log(m) Z Vijlog(Vij) | = Alog (i) +m(1 = A8 Yempaloglemsn)

and —log(m)Ty(1) = Voolog(VO 0) + VO 11og(Vo,1). Thus, if we take A close enough to 1
and Vo close enough to 1, then Y /" LpiT/(1) <0, so that 0 < T'(1) < 7.(1), and T < 7
near 1+. Now let us make T'(¢q) explicit:

m—1
T(q) = — log,, ((POVO,O)q oV + Y mAg ™ (p D) 4 m1 - Aﬁ—1><picm,ﬂ,x)q> .

i=1
Hence T'(q) = —qlog,,(poVoo) + o(1) as ¢ — oo, with —log,,,(poVoo) > —log,,(po) > 0
since Vp,o < 1. This shows that 7% o 7" does not vanish over R} and g. = co. Moreover
T,(q) = —qlog,,(Pmax) + 0(1) as ¢ — o0, so 7,(q) < T'(q) near co. It follows that there is

a first order phase transition over (1, c0).

Now let us look at the situation over [0,1]. Clearly —log,,(m(m — 1) +2) = T(0) <
7,(0) = —1, and T'(1) < 7},(1) which implies that 7, < T near 1—. Thus, the graphs of
7, and T cross each other on [0, 1], and we know from Theorem 3.7 that there is at least

one phase transition of order at least 2. Let us be a little bit more precise. Set

me i(s)q/s.

Then

oG X
5. (0:5) = =5 *qlog(m Zp m~ TS T (T (5)).

1=0
By construction, %(1, 1) = —log(m) Y75 piTI(1) > 0.

Thus, by continuity of %(q,s), for ¢ near 1—, %(q, s) > 0 for all s € [g,1], which
implies that 7 is attained at s = ¢ and 7(q¢) = T'(¢). Also T;(T}(0)) = —T;(0) =1 >0
if i > 1, TE(T4(0)) = —Tp(0) = log,,(2) > 0 and by construction 7' T/(1) < 0.

Consequently, for all ¢ near 0+, %%(q, q) < 0 and 8G( q,1) > 0, which implies that 7(q) is
attained at some s € (¢, 1) and 7(¢) > max(7,(q),T(q)).
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FiGURE 2. Illustration of Example 4.3 with m = 2, pg = .62, § = 3.22,
A = .99 and Vo = .99 (blue curve: T; black curve: 7,; red curve: 7).
ge = ¢ = 00. One phase transition of order > 2 at some ¢g € (0,1) and
one first order phase transition at some ¢j € (1,00). 7r,, = 7 > max(7,,T)
over [0,qo), Tr,p = T = 7, over [q), qo], and 7, = 7, over [gg, 00).

Example 4.4. This example exhibits two phase transitions over [0, 1] and no first order
phase transition over (1,q.), with ¢. < oo and 7, = 7, over (1,00). Take m = 2,
po € (0,1), and Ny and N; two random integers taking values in {0, 1,2} and with positive
expectation. Then for 0 < i,j <1 define V;; = (E(V;)) " "1j<n,—13. This yields T;(q) =
(¢ — 1)log E(N;), hence T (T}(s)) = —T;(0) = T/(1) = log E(V;) for all s > 0. Also,

T(q) = —logy (PHE(No)' ™ + (1 — po)'E(N1)' 7).

We require E(Ny) < 1,

(4.1) E(No)E(N1) > 1,
(4.2) E(No)PE(Ny) 70 < 1,

E(No) \*° [E(Ny)\ '
(*3) ( Po > <1—p0> - b

Properties (4.2) and (4.3) yield 7,(1) > T'(1) > 0. Also (4.1) implies E(N7) + E(Ng) > 2
hence T'(0) < —1 = 7,,(0). The graphs of 7, and T cross each other on [0,1]. Let G be
defined as in the previous example. Property (4.1) yields %—f(q, s) < 0 for all s € [g,1]
if ¢ is close enough to 0, hence 7(q) is attained at ¢ = 1; 7(q) = 7,(¢). Moreover, (4.2)
implies that %—f(q, s) > 0 for all s € [q,1] if q is close to 1, hence 7(q) is attained at s = ¢:
7(q) = T'(q). Then our study of 7 in Section 6 implies that 7(¢) > max(7,(g),T(q)) on a

non-trivial interval, i.e. 7 is given by a third analytic expression.

It is also possible to choose the parameters so that 77(1) < —logy(po) = 7,,(+00) and
po > E(Np), hence 7, > T over (1,00) and ¢. < oo, which implies that 7, ,(q) = 7.(q)
over [1,00). A concrete choice is pg = .8, E(Np) = .6 and E(N1) = 1.8. See Figures 3.
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FIGURE 3. Illustration of Example 4.4 with py = .8, E(Ny) = .6 and
E(N1) = 1.8 (blue curve: T'; dashed blue curve: 7,; black curve: 7,; red
curve: 7). ¢e = G ~ 1.229 < oo. Phase transitions of orders > 2 at some
¢o < g in (0, 1), no first order phase transition over (1, ¢g.), and one second
order phase transition at q.. 7r,, = 7, over [0,qol, Tr,, = 7 > max(7,,T")
<[3ver (go, 90)s Trop =T = 7y over [qp, qc], and 7, (q) = 7.(q) = T"(gc)q over
Ge; XO).

Example 4.5 (Previous example continued). We can use the same model as in Exam-
ple 4.4 to get other different behaviors by modifying the values of the parameters pg, E(Ny)
and E(N7). See Figures 4 to 6.

5. PROOFS OF THEOREM 3.1, THEOREM 3.3(1), AND COROLLARY 3.5

We first introduce the following new notation and definitions.

For each u € 3, set

(5.1) mep([u]) = D ulluo]) = Y Qu,v)Y (u,0) = v(u) X (u),
’UEE‘u‘ ’UEE|U|
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FIGURE 4. Same model as in Example 4.4 with py = .1, E(Ny) = .4 and
E(N1) = 1.3 (blue curve: T; black curve: 7,; red curve: 7). g. = g. = 0.
Phase transitions of orders > 2 at some gy < ¢(, in (0, 1), no first order phase
transition over (1,00). 7r,, =T = 7, over [0, qo], Tr,, = 7 > max(7,,T")
over (qo, q), and 7r,, = 7, over [gj, 00).

where

|ul

(5.2) X(u)= > Y(u,0) [] Vi s (w1, v5-1)-

UEE‘U‘ 7=1

Define also
|l

)A(:(U): Z HVu]-,vj(uU—l"U\j—l)a

’UEE|H| j=1
and for all x € ¥, and n > 0, set

(5.3) X,(z) = X(z),) and X, (z) = X(z),).

Keep in mind that all variables defined above depend implicitly on w.

Now, let us start by presenting two results that will be used in this section. They are

proved in Section 9 as parts of Proposition 9.8 and Corollary 9.9 respectively.

Proposition 5.1. Let q € (1,2] such that T'(q) > 0. Letn be the Bernoulli product measure
on ¥ generated by a probability vector (pf,...,pl,_1). Set A := max{l, Z?:Olp;m*Ti(q)}.
Then there exists a constant Cy depending on W and q such that

A" < Bpgy(X9) < C,A", Vn €N,
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FIGURE 5. Same model as in Example 4.4 with pg = .3, E(Np) = .25 and
E(N1) = 2 (blue curve: T dashed blue curve: 7,; black curve: 7,; red
curve: T). ¢ = e ~ 2.176 < oo. One phase transition of order > 2 at
some ¢o € (0,1). One first order phase transition at some ¢; € (1, ¢.), and
one second order phase transition at gc. 7r,, = 7 > max(7r,,T") over [0, qo)
(in particular —7(0) = dimg 7(K) < min(—7,(0), =7°(0))), Tr,u = 7 Over
F]g7 qf)]) and 7r,, =T = 7, over [qo, qc), and 7r,,(q) = 7.(q) = T'(q.)q over
Gcy X

where Xy, is defined as in (5.3).

Corollary 5.2. Let ¢ € (1,2] such that T(q) > 0. Then there exists a constant Cy
depending on W and q such that for all n € N:

- min{r(0).7(9)} < E( o u([u])q) < Cym i min{n(@).T(@)}
UED,

5.1. Proof of Theorem 3.1: absolute continuity.

Proof of Theorem 3.1(1). (i) Since (X,d) satisfies the Besicovitch covering property, al-
most surely m,p, (dz) = f(w, z) v(dz) + pu(dz), where p,, is a Borel measure singular with
respect to v and

(5.4) flw,z) = lim <Xn(w,x) =

n—oo

W*Mw([xln])>
V(aﬂn) ’
v-almost everywhere. Thus, if Epg,(f) = E(||m«pl|) = 1, then p, = 0 almost surely, i.e.

Tt is almost surely absolutely continuous with respect to v.
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25

FIGURE 6. Same model as in Example 4.4 with py = .3, E(Ny) = .3 and
E(N1) = 2 (blue curve: T dashed blue curve: 7,; black curve: 7,; red
curve: 7). ¢, ~ 2.665 < oo and ¢. ~ 3.059. One phase transition of
order > 2 at some gy € (0,1). No first order phase transition over [1,q.).
Trop = T > max(7,,T) over [0,qo) (in particular —7(0) = dimy 7(K) <
min(—7,(0), =7°(0))) and 7,, = 7, over [qo, gc]-

We know by the construction of p that Epg, (X,) = E(||un]]) = 1 for all n > 1. This
implies that for all A € (0,1) the sequence (X),>1 is uniformly integrable with respect
to P ® v, hence by (5.4), limy,_s00 Epgy (X)) = Epgy (f).

Next we claim that under P ® v, X,, converges in law to a random variable X. We
postpone its proof to the next paragraph. Since for any given A € (0,1) the sequence
(Xé)nZI is uniformly integrable, it follows that lim,, .., Epg, (X)) = E]p@,,()?)‘). Hence

Epgy (f) = Epgy(X*) for all A € (0,1). Furthermore, if Epg, (X) = 1, letting A tend to
1 we get Epg,(f) = 1.

We now prove that X,, converges in law to a random variable X such that IEP@)V(X' ) =1.
By the definition of X, (x), for any t > 0,

Epgy(e”¥") = Emu( IT ¢v (t IT Ve, (a:U,l,vU,l)),
j=1

veEn

where ¢y stands for the Laplace transform of Y, i.e. ¢y (t) = E(e™*Y).

Let us show that

n

My () := max | | Vi, v, (:U‘j_l,vb»_l)



converges in law to 0 under P ® v, as n tends to co. For x € X, let Q. be the probability
measure on
(2 x E,O’(Vxn(ﬂ?‘n_l,v) n>1,veEX,1)®B(E))
whose restriction to
oV, (@pp—1,v) : 1 <j<myveX;q)@0([v] s v e X,

is determined by
@x,n(A X [U]) = E(]-A(w) H ij,vj (~T|j—1a U|j—1))
j=1

for A€ o(Vy;(v) : 1 <j<n,vejq)and v € ¥, This yields a new skew product
measure p(dw,dz,dy) = v(dz)Q,(dw,dy) on Q x X2, A direct computation shows that
the random variables (w, x,y) + Vi, 4, (2|1, ¥|j—1) are i.i.d. with respect to p, and their

logarithms are of expectation

m—1 m—1 m—1
> pi Y E(VijlogViy) = —log(m) Y piTj(1-) < 0.
i=0  j=0 i=0

By the strong law of large numbers, for p-almost every (w, z,y),

n
HILH;O H Va5 (2)-1,9)5-1) = 0.
j=1

Now fix € > 0. We have

P@v(Ma(z) 2 ¢) < EP®v< > 1{11;-;1vmj,v]-(xu_wu_nze})

UGETL
n
—1
< EP@V( 2 : € 1{H?:1 Virj v (T)-1,0)-1)2€} Hvxjv”j(x\jfl’mj*l))
VEX, j=1

= e*lp({ f[ Vi (@)j-1,95-1) 2 6}>
j=1

and the right hand side converges to 0.

Consequently, since E(Y) = 1, it follows that ¢y (u) = e~ *T°® near 0+, so for each

t > 0 we can write
(55) Bran(e™™) = Booy (Lan,meae X 0D + Er, (1ar, e ™)
= EIP’@V (eitin(1+o(6))) + Rna

where |Ry| < 2P@v(M,(z) > €) and X,,(140(¢)) > 0. On the other hand, the information
gathered in Appendix B applied with n = v and U; = V; shows that ()?n(x, Nn>1 1s a
Mandelbrot martingale in the random environment defined by v, and X, converges P ® v-
almost surely to a limit X. We then deduce from the bounded convergence theorem and

the fact that P ® v(M,(z) > €) tends to 0 as n — oo that Epg,(e~'*") converges to
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Ep@,(e*”}). Moreover, the condition dim(u) — dim(v) = Z;’;BlpiTi’(l—) > 0 is sufficient

for (X,,)n>1 to be uniformly integrable (Theorem B.1), hence Epg, (X) = 1.

(ii) Since T"(1—) > 0, the assumption that T is finite on a neighborhood of 1 im-
plies that T'(s) > 0, hence E(Y®) < oo on a right neighborhood of 1 (see [36] or [22]).
Moreover, the assumption dim(g) > dim(v) is equivalent to 375! p;/T/(1) > 0, hence
S pim~Ti5) < 1 on a right neighborhood of 1. Also, if s € (1,2] and both E(Y*) < oo
and Zi”iglpim_Ti(s) < 1, then sup,,>1 Epg,(Xn(z)®) < oo by Proposition 5.1. For any
such s > 1, using (5.1) we get

T pi([)n]) | 51 Tept([u])ys—1 .
/Z<y([xn])> mep(de) = 3 1{u<[u]>>0}(W) mop(fu]) = Y (U)X (u).

uES, UED,
Thus
e ([ (5 ) o) sy <o

Consequently, by the Fatou lemma,

. T p([T]]) \ 5= . T pt([T]]) \ 5=
E(llnrglgéf E(V/(‘[xln])) 17r*u(dx)> < hﬁggfl&?(/z <V/:[33,J)> 17r*u(dx)>
< o0,

from which we get
liminf/ (71'*/1,([.%]))8—171_ pu(dr) < oo as
n=oo Ju \ v([2)n])

Due to [43, Theorem 2.12(3)], this implies both the absolute continuity of 7, x with respect
to v and the desired result about the density of m,u with respect to v. ([

Proof of Theorem 3.1(2). If dim(u) < dim(v), there is nothing to prove since dimp (7, ) <
dim(p).

Suppose now that dim(u) = 77(1) = dim(v). This time, under P ® v, the martingale
X, (w, ) converges to 0 almost surely since 2?501 piT/(1—) = 0 (see Theorem B.1 again).
This implies that My (2) = maxyes, [[7—1 Vaj,0; (%]j-1,v)j-1) converges to 0 almost surely
under Pev. Using (5.5) this time yields the convergence in law to 0 for X,,, and Epg, (f*) =
0 for all A € (0,1). Consequently, f = 0 with P ® v probability 1, which is equivalent to

the fact that m,u and v are almost surely mutually singular. O

5.2. Proof of Theorem 3.3(1): dimension. When dim(y) > dim(v), since by The-
orem 3.1(1)(i) m.p is absolutely continuous with respect to v, we already know that if
u # 0, then dim(mpu) = dim(v). However, under the assumption that 7' is finite in a
neighborhood of 1, we give an alternative proof which works regardless of the respective
positions of dim(x) and dim(v), and independently of absolute continuity considerations.

We will use Corollary 5.2 and the following elementary lemma.
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Lemma 5.3. Let p be a positive and finite Borel measure on 3. Let D > 0. If for
all € > 0 there exists ¢ > 1 such that ), -, m"(qfl)(D*E)ZM:n p([u))? < oo, then
dimy .(p,x) > D for p-almost every x. Also, if for all € > 0 there exists q¢ € (0,1) such
that ) ,~, ma=1)(D+e) 2 jul=n P([u])? < 0o, then dimyec(p, x) < D for p-almost every x.

Proof. Fix € > 0. For all ¢ > 1 and n > 1, applying Markov’s inequality yields

p({x eX: m <D-— e}) = p({x ey p([xln])q—l > m—n(q—l)(D—e)})

< DO a1 p(da)
— mnrla—1)(D—e) Z p([u])d.
|u|=n
Consequently, if -, m™Ma—1 (D) > juj=n P([u])? < o0, by the Borel-Cantelli lemma we
get dimy..(p,z) > D — € for p-almost every z.

The upper local dimension of p is dealt with similarly. (]

Recall that dim(r) = 7,(1) and that almost surely, conditional on {u # 0}, dim(pu) =
T'(1). We deduce from Corollary 5.2 that for ¢ > 1 close enough to 1, there exists a
constant Cy such that for all n > 1,

m—na=Ddim@)+ola=1) i 77(1) > /(1)

q . "
E( EZ o p([u]) ) <Gy {m—n(q—l)T'(1)+0(q—1) if T'(1) < 7(1)
UC2in -

as ¢ — 1+. Fix € > 0. Take ¢ close enough to 1 so that the previous upper bound
holds with |o(q — 1)| < €(¢ — 1)/4. By Lemma C.1 we conclude that, with probability 1,
conditional on {u # 0}, for n large enough,

ma—1)(D—e) Z mep([u])? < mnela=D/2,
|u|=n
with D = 7/(1) if 7'(1) > 7/(1), and D = T’(1) otherwise. Then Lemma 5.3 yields the

expected lower bound for dimy (7., x), 7.p-almost everywhere.

To control dimyec(msp, ), mepu-almost everywhere, we only need to deal with the case

T'(1) > 7/(1). Indeed, for m,pu-almost every z, we obviously have dimjoc(mep, ) < dim(u).
Now assume 77(1) > 7/,(1). Let ¢ € (0,1). We have

E( Y mnllu)?) = 7 v([u)"E(X (u)?)

< D v(u)EX @) = Y v([u])! =m0,
UEX UELy

This is enough to conclude that dimjoe(mep, ) < 7,,(1) for mepu-almost every x by using

again Lemmas C.1 and 5.3.
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Putting together the previous arguments we conclude that with probability 1, condi-
tional on {u # 0}, mu is exact dimensional with dim(m,u) = dim(v) if 77(1) > 7,,(1) and
dim(mep) = dim(p) if 7(1) < 7,(1).

5.3. Proof of Corollary 3.5: variational principle.
Let ¢ : h € Ry — log, E?Z)l E(N;)".

We begin with the proof of (3.7). The upper bound for the box dimension of 7(K) can
be obtained as a consequence of our approach to the multifractal analysis, or by using
Falconer’s argument in [23] (see also [18]). To see it, notice that at a given generation n of
the construction, 7(Ky) is covered by at most 3, _, (#{v € Ep : Q(u,v) > 0})", for all
0 < h < 1, which yields that the expectation of this number is at most (info<p<; m®M)".
Applying Lemma C.1, we obtain that dimp(7(K)) < info<p<1 ¢(h). Thus it remains to

derive a lower bound for the Hausdorff dimension of 7(K).
Let ho be a point at which info<p<; ¢(h) is attained. Due to the convexity and the
analyticity of ¢, such a point is not unique if and only if E(V;) = 1 when E(N;) > 0. Let

us consider the Mandelbrot measure associated with the following weights:

Liw; ;>03
if E(N;) >0
Wi, =piVi; with V/; =< E(N;) LE(N) :

0 otherwise

E(N;)ho
/ / (3
p = (pi)ogigmfl = (_1> .

Let y/ be the associated Mandelbrot measure and ¢/ the Bernoulli product associated

where

with p/. Notice that for this measure the function T" = Ty is everywhere finite, so that

Theorem 3.3(1) applies to ¢’ in any case: dim(m.u') = H(mp'). Also,

o R XS E(N:)M log,,, (E(N:)) T o
dim(v) = OZ?:OIE(Ni)hO + log,, (ZZ; E(N;) ) = ¢(ho) — hoy'(ho)
and
m—1 m—1 h
vy 2o E(Ni)"log,, (E(N;)
(5-6) g b; v.’(l) = 0 Zinigl E(Ni)ho =@ (h0)~

Next we show that dimy 7(K) > H(m.u') > p(hg), by considering the scenarios hy = 1,
ho € (0,1) and hy = 0, separately. First suppose that hy = 1. Then y’ is the so-called

branching measure on K, and we see that
m—1
dim(v/) + 3 piT(1) = (1) = log(E(N))/ log(m) > 0,
i=0

hence 1/ is non-degenerate with positive probability (a fact that can also be directly seen

from Ty}, (1)). Moreover, since on [0,1] ¢ takes its minimum at i = 1, by smoothness of
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¢ we must have ¢'(1) < 0, consequently Z:nolp;T’ ,(1) <0, and thus by Theorem 3.3,
dim(mep') = dim(p’) and dimpy 7(K) = dimg (K) = ¢(1) when K # (.

Next suppose that 0 < hg < 1. We have ¢’(hg) = 0, hence szolp;T’ ,(1) = 0 and thus
by Theorem 3.3,

dim(m,p') = dim(p) = dim(v') = ¢(ho),
yielding dimgy 7(K) > ¢(hg) when K # ().

Finally suppose that hyp = 0. Then ¢'(0) > 0, so zmolpg ,(1) > 0 and thus by
Theorem 3.3, dim(mu') = dim(v') = ¢(0) < di
dimgy 7(K) > ¢(0) when K # 0.

m(y') when g 75 0, and consequently,

So far we have proved (3.7). Below we discuss the uniqueness problem regarding the

last variational relation in (3.7).

Notice that the Mandelbrot measure p’ considered above has a dimension equal to
dimyg K if and only if 77, (1) = =Ty (0) = log,,(E(N)), that is Ty is linear. In this

case, if hg = 1, i/ is the branching measure. If hg < 1, since

,_\

m—

Ty () = qlog,, ( D E(N)™) ~ log,, Z 1,0y E(N;) b))
=0
and the second derivative of Ty vanishes, we get that E(N;) = 1 for each ¢ such that

p; > 0. Once again 4/ is the branching measure.

For the uniqueness problem, the case when dimgy K = dimpy 7(K) is clear from the
above discussion, since the same argument in fact shows that a Mandelbrot measure
supported on K whose dimension equals that of K must be the branching measure. Thus

we can suppose that dimy K > dimy 7(K).

Suppose that the maximum in (3.7) is attained at a Mandelbrot measure p” defined
simultaneously with p' and supported on K conditional on non-vanishing. Then it is easily
seen that x” is generated by a random vector W" such that W', > 0 only if W;; > 0,
and we can associate with W” the probability vector (p; = Z;”;Ol E(W/;))o<i<m—1 and
the vectors V" = (W"./p])o<j<m—1 if p] > 0 and 0 otherwise. Moreover, p; > 0 implies
P} > 0 for otherwise the formula info<,<; log,, S0  E(N;)" for the Hausdorff dimension

of m(K') would give a strictly smaller dimension. Recall that

m—1

(5.7) H(mp") = mln(dlm( "), dim(v") + Zp"T’ n(1— ))
1=0

Now, let us observe that 327! p/ T{/,,( —) is always smaller than or equal to

m—1
Zp// ! Zp logm )
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This is due to the fact that TV// is concave, equal to 0 at 1, and

(5.8) Ty (0) = —log,, E 21{W~ ~0) = —log,, E(V;),

implying that 77 /'(1_) < —Tyn(0) < logm (N;).

Consequently, in order to optimize dim(v”) + > p” T{/,,( —), @’ must satisfy the
condition that T"/,,(l ) = T}, (1=) = log,, E(N;). On the other hand, by concavity of
Ty on [0,1], TVN(O) < T",,,(l ). Finally, since by (5.8), Ty»(0) = —log,, E(N;) =

T"/,,( —), we get Ty (0) = —log,,, E(N;) = T"/,,( —), hence Ty is linear on [0, 1]. This
means that like for V;/, the coordinates of the vector V/” equal either 0 or 1/E(N;). Since,
moreover, W, = 0 as soon as W ; = 0, we get V;” =V almost surely. On the other hand,
a simple study using Lagrange multipliers shows that dim(v") 4+ 375" pf log,, E(IV;) is
optimal for p” = p’ the maximum being unique. In other words, the maximum over pu”

of dim(v") + St pl! T"/,,( —) is reached uniquely at p'.

Now, suppose first that ¢’(0) < 0, i.e. the infimum of ¢ over [0, 1] is reached at a unique
ho € (0,1], or at hg = 0 with ¢'(0) = 0. In both cases, we have ¢'(hg) < 0, and our study
of ' (cf. (5.6)) shows that Zlnolp;T’ ,(17) = S phlog,, B(N;) = ¢/ (ho) < 0, showing
that H(m.p') = dim(y'). Consequemlly7 by the arguments in the last paragraph, for any
Mandelbrot measure p” supported on K,

dim(v") + Z p} {/,, ) < dim(v') + Z Pl =dim(y') = H(mp),

where the first equahty holds if and only if u” = p/. Then, the relation (5.7) yields u’ as

the unique Mandelbrot measure such that H(m,u') is maximal.

Next suppose that ¢'(0) > 0. Fix A > 1 and U, a random variable independent
of V' and taking value A > 1 with probability A™! and 0 with probability 1 — A~!.
Take p” = p’ and replace V' by V" = (V', V", V5',..., V') with V! = U, - V/. This
yields a Mandelbrot measure p” different from p’, with the same expectation v/ and
St ”T"/,,(l) = Z;nolp;T’ (1) — log,,(A\) > 0 if X is close enough to 1. Consequently,

H(mop") = dlm(z/) = H(mup/ ) and there is no uniqueness in this case.

6. PROOF OF THEOREM 3.7: DIFFERENTIABILITY PROPERTIES OF THE FUNCTION T

6.1. Differentiability over (0,1—].

Notice that the differentiability of 7 over (0, 1—] automatically holds if 7 = T over (0, 1],
and that this holds in particular if 7; is linear and E(NV;) = 1 for all 0 < ¢ < m — 1 such
that E(V;) > 0, i.e. T; = 0 so that T = 7, = 7 (it is shown below that this is also a

necessary condition, which is equivalent to having E(N;) =1 and V;; = 1w, >0y for all
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0 < j <m—1 almost surely). Moreover, still in this case, since we have excluded the case
that N; = 1 for all 0 < i < m — 1 such that E(N;) > 0, by Theorem 3.1(2), m,p and v are

mutually singular, and thus m,u # v almost surely.

Now suppose that 7 #Z T over (0,1]. For 0 < ¢ < s <1 set

and

m—1
0(0:8) = (- alog(m) G 0:8) = 3~ ()

Let ¢ € (0,1]. To begin with suppose that the infimum defining 7(q), i.e. the infimum
of G(q,-), is reached at s € (¢,1) (hence ¢ < 1). We claim that s is unique and for all
¢’ in an open neighborhood of ¢ there exists a unique s(¢’) € (¢’,1) such that 7(¢") =
—log,, G(q,s(q")). To show this claim, notice that at any sy € (¢g,1) at which the infimum
defining 7(q) is reached, g(q, sp) = 0. Moreover, for all s € [g, 1],

2 (q.5) = 3 plm B (glog(m)s (T (T(5)))* + 5T/(5)) < 0.

Suppose that T}’(s) = 0 for some i. Then

2
m—

m—1 m—1
55 v envin)? | (B3 v ) = (53 v 0entr

j=0 7=0 3=0
It follows that by the Cauchy-Schwarz inequality, there exists a constant ¢ such that almost
surely either V; ; = 0 or V; ; = ¢, hence ¢ = 1/E(N;). In this case, T, (T}(s)) = log(E(N;)).
Consequently, for 24 52 (g, s) to be equal to 0 we need to have E(V;) = 1 and Vi ; = 1w, ;>0
forall 0 <4,5 < m—1such that p; > 0, a situation that we have discarded by assuming that
7 # T (notice that this property is equivalent to requiring that 7; = 0 for all0 <i <m—1
such that p; > 0). Thus %(q, s) < 0, hence g(g, s) can vanish only at one point of (¢, 1),
that we denote by s(¢q). Then, because %(q,s(q)) < 0, the implicit function theorem

implies our claim, as well as the analyticity of s(-) and 7 on any maximal interval of points
52(a,5())
52(a:5(0))
s+ g(q,s) shows that s — 2 (q, s) is negative on the left hand side of s(¢) and positive

q such that s(¢q) € (¢,1). In addition, s'(¢) = — We also notice that the study of

on the right hand side, so the infimum of G(q,-) over [g,1] can be reached neither at ¢
nor at 1.

Now suppose that the infimum of G(g,-) is reached at sy € {g,1}. Suppose that this
infimum is reached at another point of [g, 1] as well (this can hold only if ¢ < 1). Then, let
s1 € (g,1) at which G(g,-) reaches a local maximum, hence g(g, -) vanishes. Our previous

analysis of the sign of g(q,-), which is the opposite of the sign of 8G( q,), shows that
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%—(j(q, -) is negative on the left of s1, which is a contradiction. Thus the infimum of G(g, -)
at sg is strict. We again denote this point so by s(q).

We notice that the argument in the above paragraph also shows that if ¢ is a point of
(0,1) at which 7, and T coincide, i.e. G(g,1) = G(q,q), then 7(g) cannot be attained at
q or 1. This entails the fact that 7 =T = 7, only if T; = 0 when p; > 0.

Next we prove that both 7 and s(-) are continuous over (0, 1]. Suppose that ¢ € (0, 1].
Let (gn)n>1 be a sequence of points in (0, 1] such that g, — ¢g. Without loss of generality,
we can assume that s(gy,) converges as well, to a number, say s,, which necessarily belongs
to [g,1] since s(qn) € [gn, 1]. It follows by continuity of G that G(gn,s(qn)) = G(q, sq)-
Suppose that s, # s(q). Then, G(q, s(q)) < G(q, 54), hence there exist ng > 1 and € > 0
such that for all n > ny, for all s € [g,, 1],

G(an, s) = Glqn, s(qn)) > G(g,5(q)) + €.

However, there exists a sequence (Sp)n>1 such that s, € [gn,1] for all n > ng and
(Gn, sn) — (q,s(q)). By continuity of G over [0, 1], G(gn, sn) = G(q, s(q)), but G(gn, sn) >
G(q,s(q)) + €, which gives a contradiction. Consequently, we obtained the desired conti-

nuity property of s(-), and that of 7 = —log,, G(-, s(+)).
Let us denote by Z the set of the connected components of {¢ € (0,1) : s(q) € (¢,1)}.
Let £ = (0,1]\ U;cz I. Let qo € E. If qo is an interior point of £, then by continuity

of s, we must have either s(q) = ¢ or s(q) = 1 on the maximal interval I, containing g

and contained in F; as a consequence, both s(-) and 7 are analytic on the interior of I,.

Suppose that ¢y € JF and gy < 1. Notice that since gy is an accumulating point of
Urez I, by continuity of %—f and s(-), either %—f(qo, q0) = 0 if s(qo) = qo or %—f(qo, 1)=0if
s(qo) = 1.

Up to symmetry between the left and the right hand sides of qg, there are essentially
three situations. There exists n > 0 such that either s(q) = ¢ over [¢go — 7, q0) and
s(q) € (g,1) over (qo,q0 + nl, s(¢) = 1 over [go — 1, q0) and s(q) € (g,1) over (go,q0 + 7],
or s(q) € (gq,1) both over [go — 7,q0) and (go,qo0 + 7]. It means that gp cannot be an
accumulating point of boundary points of E. Indeed, suppose that on the contrary g
is such a point. Then s(qy) € {qo,1}. First assume that s(go) = ¢go. By the remark in
the last paragraph, %—(j(q, q) should have infinitely many zeros accumulating at qg, which
would imply that %(q, q) = 0 for all ¢ € (0,1) by analyticity of G; but this does not
hold, for otherwise 7 = T, a case that we discarded. Indeed if 7 # T, there exists
qo € (0,1) such that s(qo) € (go,1). Then our previous study of ¢(qo,-) shows that
95 (g0, q0) = —(log)g(qo, q0) /a0 < 0 since g(qo, ) is strictly decreasing and g(qo, s(qo)) = 0.
Next assume s(gp) = 1. Again by the remark in the last paragraph we should have
%(q,l) = 0 and thus g(q,1) = 0 for all ¢ € (0,1), and it follows that g(g,s(q)) > 0

whenever s(q) # 1, leading to a contradiction.
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Finally suppose that ¢y = 1. The same approach as above shows that there exists n > 0
such that either s(¢) = 1 or s(q) € (¢q,1) over [1 —n,1). Also, we notice that 0 cannot
be an accumulating point of OF since we assumed that the T; are finite and analytic in a
neighborhood of 0.

We summarize the above in the following proposition.

Proposition 6.1. The functions T and s(-) are continuous over (0,1]. There exists a set
S, finite or empty, such that for each connected component I of (0,1]\ S, the functions T

and s(+) restricted to I are analytic, and I is a maximal interval over which either s(q) = q,
s(q) € (¢,1) or s(q) = 1.

It remains to prove the differentiability of 7 at each ¢ € S. Let ¢o € S. If g9 = 1, then
there exists 7 > 0 such that s(q) € (¢,1) over [1 —n,1). The formula
61) ) = - % (q,5(9))

' log(m)G(q,s(q))
implies that 7/(¢) has a limit at 1—, hence by the mean value theorem 7 is left differentiable
at 1.

Suppose that g < 1. If s(q) € (gq,1) for all ¢ in [g0 — 1,90 + 1] \ {qo} for some n > 0,
then formula (6.1) and the continuity of s(-) combined with the mean value theorem yield
the fact that 7 is C! at qo. If s(q) = q on [go — 1, q0) and s(q) € (g,1) on (qo,qo + 7],
we first notice that s(g)/q tends to 1 as ¢ — go+ by continuity of s(-). It is then almost
direct to see that 7/(q) given by (6.1) converges to T'(qo) as ¢ — qo+. Indeed,

(6.2) aaj(w(q)) = Zpgm (D9/549) (log(p;) — log(m)T;(5(q))/5(a))

m—1
(6.3) = Z p?m*Ti(S(Q))Q/S(Q) (log(p;) — log(m)T}(s(q)),
i=0

due to the equality %(q,s(q)) = 0. Then, letting ¢ tend to go+ and using the fact
that s(q)/q tends to 1, we get limy 4.+ 7'(¢) = T"(qo). On the other hand, 7 = T over
[q0 — 1, qo), hence 7 is C! at go. The other cases can be treated similarly.

6.2. Concavity of 7 over [0,1]. We will show later that the differentiability of 7 over
(0,1] combined with other arguments yields the equality of 7 with the L%-spectrum of
T« over this interval, conditional on {u # 0}. Consequently, 7 is concave on [0, 1] and
automatically differentiable at the right hand side of 0 as soon as it is right continuous
at 0.

6.3. Continuity and differentiability at 0. Due to the previous discussion, it is enough
to prove the continuity at 0. However, we will examine the value of 7/(0+). We distinguish

two cases.
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To begin with, suppose that h(q) = ¢/s(q) does not tend to 0 as ¢ tends to 0. It follows
that s(q) tends to 0. Suppose that for some sequence (gn)p>0 tending to 0, h(g,) —
hs € (0,1]. The study achieved above gives g(gn,s(qn)) = 0 if ¢, < s(gn) < 1 and
9(qn, s(qn)) <0 if s(¢n) = ¢n. This implies that

;_n

m—

E h* logm(E(N‘)): lim g(Qn, (n))

n—-+00
=0

vanishes if h, < 1 and is non-positive if h, = 1. By convexity of the mapping h € [0,1] —
log,, Z?;—Ol E(N;)", we conclude that in any case,

B N h
log, , Z E(N;) JnL log,, Z& E(N;)

i.e. hy is the point at which the minimum in (1.2) is attained. Moreover lim,, o 7(¢n) =
—log,, Zznol E(N;)" = 7(0). It follows that 7 is right continuous at 0.

Now suppose that h(q) = ¢q/s(q) tends to 0 as ¢ tends to 0. We have ¢ < s(q) <
1 for ¢ small enough. From this it follows that g(q,s(q)) > 0. Consequently, since
Z?:ol 14p,>0y log(E(N;)) = limg—0+ g(q, s(q)) (because h(g) tends to 0), this number is
non-negative. This implies that log,, 7" 1ip, >0y = info<p<ilog,, STSYE(N)R. On
the other hand limg_,04 7(¢) = —log,, Z?if)l 1y, >0}, hence 7 is right continuous at 0, and
7(0) = 7,(0). In this case we set h, = 0.

In all the cases, we set

E(Ni)h*
(6.4) p;j = (Zm_l E(N )h* )
i'=0 i 0<i<m—1

with the convention 0° = 0, and we denote by ¢/ the associated Bernoulli product.

6.4. The value of 7/(0+). Now we use Proposition 6.1 to determine the value of 7/(0+)
and examine more precisely the behavior of s(q) at 0+. This will be used to prove the

validity of the multifractal formalism for m.u at 7/(0+). Our observation is the following:

Proposition 6.2. Let p, be defined as in (6.4). One of the three following situations

occurs:

(i) 7 =T near 0+ and 7'(0+) = T7(0).
(ii) 7 = 7, near 04 and 7/(04) = 7,(0). Moreover, > piT(T/(1)) > 0.
(i) 7 > max(T,7,) near 0+, and there exists so € [0, 1] such that

m—1
7(04) = = > pi(log,, (pi) — T (50))-
=0

Moreover, Y i Olpé 7(T{(s0)) = 0.
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Proof. We treat the three cases considered in the statement separately.
Case 1: 7 =T near 0+. In this case, h, =1 and 7/(0+) = 77(0).
Case 2: 7 = 7, near 0+. We have h, = 0 and 7/(0+) = 7,,(0). Moreover, for all ¢ > 0

14

close enough to 0, s(¢) = 1 which implies that g(g, s(q)) = g(q,1) = 37" pITH(TI(1)) >
0. Consequently, letting ¢ tend to 0 we get Zﬁzlp;ﬂ* (T/(1)) > 0.

7

Case 3: 7 > max(7,7,) near 0+.

Assume at first that h, € (0, 1]. Letting ¢ tend to 0+ in the equality g(q, s(q)) = 0 we
obtain 27" piTH(T1(0)) = — S5  piTi(0) = 0. Then, applying (6.1) and (6.3) at g close

enough to 0+ and letting ¢ tend to 0 we obtain 7/(0+) = — >_7" pl(log,, (pi) — T/(0));

we then set so = 0.

Next assume that h, = 0. From the discussion of the continuity of 7 at 0 we deduce that
7(0) = 7,(0). Next, consider a sequence (g )n>1 converging to 0+ such that s(g,) (which
belongs to (gn,1)) tends to so € [0, 1]. From the equality g(gn,s(¢n)) = 0 we deduce that
S LT (T (50)) = 0 by letting n tend to co. Moreover, using (6.1) and (6.3) with gy,
and letting n tend to oo yields 7/(04) = — 37" pi(log,. (pi) — T!(s0))- O

6.5. Differentiability at 1. Due to (6.1), if ¢ < s(g) < 1 in a left neighborhood of 1,
by (6.1), 7/(1—) = T’(1). This, together with the facts that 7 > max(7,,T) over [0,1]
and 7(1) = T(1) = 7,(1) implies that 7,(1) > T’(1). Then, if the last inequality is strict,
7y > T hence 7 = T on a right neighborhood of 1, which yields the differentiability of 7
at 1. If 7/(1) = T(1), then min(7,,T) must have a derivative equal to T"(1) on the right

of 1, and we get the desired conclusion as well.

If s(¢) = 1 in a left neighborhood 1, then there we have 7 = 7, > T, and 7/(1—) = 7, (1).
Then a similar argument as in the previous case (with the roles of 7, and T' exchanged)

yields the existence of 7/(1).
The case s(q) = ¢ in a left neighborhood 1 is treated similarly.
In conclusion, we get

(6.5) (1) = {T/(l) it 77(1) < 7.(1) '

7/(1) =7,(1) otherwise

6.6. Differentiability and concavity over (1,q.). Recall that ¢. is defined in (2.4).
The definition of 7 clearly implies its concavity and differentiability at points at which the
graphs of 7, and T" do not cross transversally. Due to the analyticity of 7, and T, there

are at most finitely many such points in a given bounded interval.

7. PROOF OF THEOREM 3.7: LOWER BOUND FOR THE LY-SPECTRUM

Recall that T'(¢), 7,(¢) and 7(q) are defined/given in (2.2), (3.5) and (3.9), respectively.
33



Proposition 7.1. With probability 1, conditional on {m.u # 0},

(1) for all ¢ > 1 the following properties hold:
(1) Trop(q@) < 7ulq);
(i) of T(q) > 0, then 7r,,(q) = min(7,(q), T(q));
(iii) of T*(T"(q)) > 0 then T(q) > 0. If, in addition, min(7,(q),T(q)) = T(q), then
Trou(q) = T(q)-
(2) For all0 < q <1, 7r,(q) > 7(q).

Since, as a Li-spectrum, the function 7, is continuous over (0,00) and 7, 7, and T'
are continuous, to prove the above proposition we only need to get the desired inequalities
for each ¢ > 0.

Proof of Proposition 7.1. (1) (i) The fact that 7, ,(q) < 7,(q) for ¢ > 1 is general and
comes from the super-additivity of z — x? over R, applied to (7r* w([u]) = > pes, u[u, v]))q.

(ii) The almost sure inequality 7, ,(¢) > min(7,(q),T(q)) for a given ¢ > 1 such that
T'(q) > 0 is a direct consequence of Corollary 9.10.

(iii) Let ¢ > 1 be such that T*(7"(q)) > 0 and suppose that T(q) < 0. Recall that
T is concave, so its derivative is non-increasing. Also, 7'(1) = 0 and 7”(1) > 0. This
implies that 7" is negative at some point of (1, q), otherwise T' could not take non-positive
values over (1,q]. Since T” is non-increasing, it follows that 7" has a unique zero gy over
(1,¢] at which T"(q9) < 0. This implies that T*(T"(q0)) = qoT"(q0) < 0. Since T*(T") is
non-increasing on R (its derivative is ¢ — ¢T"(q)), we get T*(T"(q)) < T*(T'(q0)) < 0,
which is a contradiction. So T'(q) > 0.

Now recall that by Theorem 2.1, T'(q) = 7,(q) as soon as T*(1"(¢)) > 0. Thus, if
min(7,(q),T(q)) = T(q), the equality 7r,,(q¢) = T comes from (i) and (ii).

(2) Recall that m,pu([u]) = v([u]) X (u) for u € ¥, where

X(u) = Z M}E[(l{;ﬁ]) = Z Y (u,v) H Vo (Wk—1, V) —1)5
k=1

vGEn ’UEEn

as defined in (5.2). For 0 < ¢ <1 and ¢ < s < 1, using Jensen’s inequality, for each n > 1

we get

E( Z y([u])qX(u)q> - E( Z y([u])qX(u)s~Q/s)

UEETL Uezn

< D vl EX (u))?.

ueEn
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Then, using the fact that E(Y®) <E(Y)® = 1, and the branching property, we obtain

> () B(X (u)) = > I/([u])qE<< ui[(lﬁj)])) >q/s

uEXy uEXy vEX,
pul[u, v])\ =\ 9/
= u;n”([“])qE<v;n< )
— Z qE( Z Y U, ’U HVuk VL U,|k 1,U‘k 1) )q/s
UEX VEX,
_ Ys q/s Z Hp m~ LTu (8)a/s < (m lpgm—qT(s 3)n,
ueX, k=1 i=0

where p; and T; are defined as in (3.1)-(3.2). Since this holds for all s € [g, 1], for each
n > 1 we obtain

B( Y vl X)) < &5;221%””0 )"

UEETL

Consequently, Lemma C.1 yields that 7r,,(¢) > 7(q) almost surely. O

8. PROOF OF THEOREM 3.7: UPPER BOUND FOR THE L9-SPECTRUM AND VALIDITY OF
THE MULTIFRACTAL FORMALISM

Recall that ¢, and 7 are defined in (3.8), (3.9). Proposition 7.1 and the fact that both

7(0) and 7, ,(0) equal the box counting dimension of w(K) yield the following lemma.

Lemma 8.1. With probability 1, conditional on {u # 0}, Tr,, > 7 over [0, q.).

Consequently, due to the general inequality dim E(m.u, a) < 77 ,(a), valid for all a,
to prove the validity of the multifractal formalism at any o € [r'(¢"),7'(¢7)] for some
q € (0,qc) or at @ = 7'(0+) almost surely, as well as the almost sure equality of 7,, =7
over [0, q.), it is enough to show that, for each ¢ € [0, q.), with probability 1, conditional
on {p # 0}, dim E(mep, ) > 7*(a) for a € [7'(¢7),7'(¢7)] if ¢ > 0 and « = 7/(0+) if

q=0.

Indeed, once this is done, we automatically have that almost surely, conditional on
{n # 0}, () = ag — 7(q) < dimE(mp,a) < 77 () < aq — Tru(q) < ag —7(q).
Moreover, the information dim E (7., @) > 7*(«) for o = 7/(q), where ¢ describes a dense
countable subset of values of ¢, is enough to get the equality 7 = 7, over [0,q.). Also,

the fact 7, ,(q) = ¢T"(g.—) for ¢ > g, when g. = ¢ < oo follows from Proposition 10.4.

Then, to get (3.10) for g € (0, g.), we notice that if « € {7/(¢"),7'(¢7)}, for any € > 0

and large enough n, #{u € %, : mpu([u]) > m T} > (T (@)= for otherwise a
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simple covering argument would give dim F(m.u, o) < 7%(cv). This implies

S Lmsupsopron(fu])? 2 m Oy o4) 5 @ a0,

lu|l=n
Since € is arbitrary, this yields limsup,, .. —% longM:n L, u(u)>0ym=p([u])? < 7(q).
Moreover, we already know (by Proposition 7.1) that

. 1
Tr.u(q) = liminf —— log,, > Loy ma[u])? > 7(q).

|u|=n
This yields (3.10) and the equality 7, ,(q) = 7(¢) for ¢ > 0. The case when ¢ = 0 just
comes from the fact that dimy K = dimp K.

In the remaining part of this section we will prove the desired inequality (that is, with
probability 1, conditional on {u # 0}, dim E(m.u,«) > 7"(a)) by distinguishing the

following 4 cases:

Case (I): a« = T"(q) and 7(q) = T'(¢) with g € (0,¢.) \ {1}.

Case (II): a = 7/(q) with 7(q) # T'(q) and q € (0,q.) \ {1}, or « € {7'(¢7),7'(¢7)}
with ¢ € (1, ¢.) and a first order phase transition occurs at q.

Case (III): a € (7'(¢7),7'(¢7)) with ¢ € (1,¢.) and a first order phase transition
occurs at q.

Case (IV): a = 7/(0+).

Remark 8.2. To follow the different cases distinguished above, it is useful to have the

following properties in mind.

(1) If @« = 7/(1), our study of the exact dimensionality of m.u and (6.5) show that
dim E(m.p, o) = o = 7%(a) almost surely conditional on {u # 0}.

(2) The study of the differentiability of 7 achieved in Section 6 shows that if ¢ € (0,1)
then either 7(q) = T'(¢q) and 7(¢) = T'(q) or 7(q) = 7,(q) and 7'(q) = 7,,(q).

(3) Simple considerations about the concave function min(7,,7T) show that at ¢ €
(1,qc), if 7(q) = T(q) < 7(q) then 7'(q) = T'(q), if ¢ € (1,¢.) and 7(q) =
7v(q) < T(q) then 7'(q) = 7,(q), and if ¢ € (1,¢c) and 7(¢q) = T(q) = 7,(q), then

{7'(a™), 7 (¢7)} ={T"(9), 7, (a)}-

8.1. Case (I). To begin with we recall some known facts about the multifractal analysis
of u.
For ¢ > 0, let 1y be the Mandelbrot measure built with the random vectors
Wo(u,v) = (m"OW; j(u,0))o<ijem—-1,  (4,0) € U Y X Y.
n>0
According to the study in [5], with probability 1, conditional on {x # 0}, all the Mandel-
brot measures ji4, ¢ € [0, ¢.), are defined simultaneously, moreover, dim(p,) = 7%(7"(¢q)) >

0 and E(p,T'(q)) is of full pg-measure.
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Proposition 8.3. Fiz g € (0,q.) \ {1} such that 7(q) = T(q). With probability 1, condi-
tional on {p # 0}, dim(mepq) = T*(T"(q)).

The following corollary is our main goal.

Corollary 8.4. Fiz q € (0,q.)\{1} such that 7(q) = T'(q). With probability 1, conditional
on {p # 0}, dim E(mp, T'(q)) = T*(T'(q)) = 7*(T"(q))-

We start with the proof of the corollary, assuming Proposition 8.3.

Proof of Corollary 8.4. Suppose p # 0. We first show that 7, ,(0+) > 7/(0+) > T'(q).
To see this, observe at first that 7, ,(0) = 7(0) since —7;_,(0) is the upper box dimension
of m(K) and by (1.2), —7(0) = dimp7(K). Since, moreover, 7r,, > 7 over (0,1] by
Proposition 7.1(2), we get the first inequality that 7, ,(0+) > 7/(0+). Now if 7/(0+) <

T'(q), the equality 7(¢) = T'(q) yields
T*(T'(q)) = qT"(q) = T(q) > q7'(0+) — 7(q) = 7*(7'(0+4)) = —7(0) = dimp(7(K)).

However, by Proposition 8.3, dim(m,uq) = T*(T"(q)), so dim(mpq) > dimp w(K'), which
is impossible since 7,14 is supported on 7 (K). Thus 7/(0) > T'(q).

There is a subset Fy, of supp() of full p,-measure such that for all ¢ € F;, dimjoe(pq,t) =
dimjoe(mepig, m(t)) = T*(T"(q)) (by Proposition 8.3 and the fact that dim(uq) = T*(7"(q)))
and dimyec(p,t) = T'(q) (by the multifractal analysis of p [5]). This implies that for all
t € Fy, dimy (mep, 7(t)) < dimjee(mep, m(t)) < dimyoe(p,t) = 77(g). On the other hand,
since T"(q) < 7. ,,(0+), it follows that for all o' < T"(q), by (2.1),

dim{z € supp(mep) : dimy, . (meps, 2) < o'} < T:*M(O/) < o'q—7r,u(q)
T'(g)q — Tr.u(q)
T'(9)g — 7(q) = T*(T'(q))-

Consequently, since the family (E(7m.p,’))ar<17(q) is non-decreasing and dim(m.pg) =
T*(T'(q)), we get g ( Ua/<T/(q) E(mp, o)) = 0. Now, set Iy = 7T<Fq>\Uo/<T/(q) E(mep, o).

By construction, F, C E(mwp,T'(q)) and m,pq(F,) = 1. Finally
)

IN A

dim E(mep, T'(q)) > dimﬁq > dim py = T(T(q)).

Moreover, by Remark 8.2, if ¢ < 1 then 7/(q) = T'(q), and if ¢ > 1, then T'(q) €
{7(q"), 7 (q7)}, so T*(T"(q)) = 7*(T"(q)). This completes the proof of the corollary. [J

Proposition 8.3 is a consequence of Theorem 3.3 and the following lemma.

Lemma 8.5. Ifq € (0,q.)\{1} and 7(q) = T'(q), then, conditional on {uq # 0}, dim(pq) =
T*(T"(q)) < dim(E(mspq))-
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Proof. We first show that for any ¢ € (0, ¢.), almost surely, conditional on {u, # 0},

(8.1) dim(p1g) — dim(E(meptq)) qu HaO=T@TH(T] (q)).

To see this, notice that E(m.p,) is a Bernoulli product measure on ¥ generated by the

probability vector (pj,...,p,,_ 1) with

Z mT _ I T@-Tila),

A simple computation yields that

(8.2)
m—1
. 1
dim(E(mypq)) = “logm Z p; log p;
=0
m—1
4, T(q)—Ti(q) 7, T(q)—Ti(q)
+ (Z pim TZ(Q)> logm (;pz (log pi)m ) :

In the meantime, since Y, pim T(9)-Ti(9) = 1, differentiating with respect to ¢ yields

m—1
(83) (ZP T, z(q)> lo;m <Zpl (log pi)m ()‘Ti@).

=0
Since dim(pg) = T*(T'(q)) = T'(¢)q — T'(¢) almost surely, by (8.2) and (8.3) we ob-
tain (8.1).

Next we show that if 7(¢) = T'(q) for some g € (0,¢.) \ {1}, then

m—1

Y pimMO"OTH(T (g)) < 0.

=0

We consider the cases ¢ € (1,¢.) and 0 < ¢ < 1 separately. First suppose ¢ € (1, ¢q.).
Recall that mpu([u]) = v([u]) X (u) for u € %,,, where

s Z[LQL]U)]) - Z Y( H Uk, Vk u\k 1 Vlk— 1)-

UEEn

VEX,

For 1 < s < g and n > 1, using Jensen’s inequality and calculations similar to those
displayed in the proof of Proposition 7.1(2) (with reversed inequalities), as well as the fact
that E(Y*)Y/* > E(Y) = 1, we can get that

(32 ma) > (Xm0

UEln

Consequently, due to Corollary 9.9,

m—1
—7(q) = max(—7,(q),~T(q)) > sup log,, E pim —qTi(s)/s
1<s<q i—0
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Since 7(q) = T(q), this implies that the supremum is reached at s = ¢. Differen-
tiating with respect to s at s = ¢ then yields S.7," ptm~T@T*(T!(g)) < 0, hence
St ptmT OO T (T! () < 0.

Finally, suppose that 0 < ¢ < 1. By the definition of 7, the condition 7(¢q) = T'(q) also

implies that the following infimum

m—1
inf log,, Zp?m_qT"(s)/s

q<s<l1

is attained at ¢. Hence differentiating with respect to s at s = ¢ yields

Zpl T (T](q)) < 0.

This completes the proof of the lemma. O

8.2. Case (II).

In this section, we suppose that we do not have 7 = 7, = T over [0, ¢.), i.e. we are not

in the case where for each 0 < i < m — 1 such that p; > 0 the function T; is equal to 0.

We will use the notation of Section 6. Recall that for ¢ € (0,1], s(q) is the unique

€ [¢,1] at which Zmll I~ (Ti(5)/%) gets minimized on [¢,1]. For ¢ > 1, we define
s(q) = 1if 7(q) = 7,(q) holds. Also we recall Remark 8.2.

For ¢ € (0, q.) such that s(q) is defined, for 0 <i <m — 1 set

p,/L e p;,’L — mT(q)pgquTi(s(Q))/s(q).

Also let v = v, be the Bernoulli measure associated with p’ = (pg, ..., py,_1)-

For s >0and 0 <i,5 <m—1, set
(84) ‘/;/,ij 1{\/1 7>0}VY mT (S)

so that for ¢ > 0

TVS’Z( :_1OngE szy (qs)_qT()
Set W= (Wi, ;= piViijo<ij<m—1- We have
m—1 q/)
Twi(d) =D ()} .
1=0

For all (u,v) € U,,>1 Zn XXy, let W Z]( v) = (pgl{vi,j(u,vbo}vi,j(ua v)SmTi(S))(K‘ L
> <i,j<m—
This family of random weights generates a Mandelbrot mesure pyy; simultaneously with pyy .

We start with a first lemma.

Lemma 8.6. (1) If ¢ € (0,1) and s(q) € (0,1), then S0 piT(T}(s)) > 0 for all
€ (0,5(q))-
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(2) Ifq € (0,3.)\{1} and s(q) = 1, then either 75" piTF(T!(s)) = 0 for all s € [0, 1],
or S P TH(TY (s)) > 0 for all s € (0,1) according to whether Ty is affine (and
equal to g — (q—1)log,,(E(N;)) for each i such that p; > 0 and 375" piT/(1) =0,
or not.

Moreover, either the set S of those q € (0,§.) for which SIS P (T (s)) = 0
for all s € [0,1] is discrete or it is equal to (0,q.)). The later case holds if and
only if property (P) of Remark 3.10(2) holds. In particular, T is finite over Ry,
Gge =00, 7=1,>T over (0,1) and T =1, < T over (1,00).

Proof. (1) Suppose ¢ € (0,1) and s(q) € (g,1). The study of the differentiability of
7 achieved in Section 6.1 yields Eznolp;TZ*(T’( (q))) = m™@g(q,s(¢)) = 0 and since
%(q,s(q)) < 0, we have g(q, s) = 7(a) Z;nolp;T*(T/( )) > 0 for all s € (0,s(q)).

(2) First suppose that ¢ € (0,1) and s(¢) = 1. That means that 7(¢) = 7,(¢). Here
again, we can use the study of 7 to get that Y7 'p/TH(TI(1)) = S0, piTi(1) =
m™@g(q,1) > 0. Now, notice that the derivative of s — 7o' piTF(T!(s)) is s
Zlnol p;sT!"(s). If one of the T; is not affine, then by an argument given in the study of
the differentiability of 7 we can prove that T/ is strictly negative so 7! pi T (T} (s)) > 0
for all s € (0,1). Otherwise, the function Zznol piT o T is identically equal to 0 over its

domain by analyticity.

Suppose now that ¢ € (1,¢.) and s(¢) = 1. The condition 7(q) = 7,(q) < T'(g) implies
that » /" olplm 1) = i 1pqm7”(q) Ti(2) < 1. Since, moreover, Zmolp; L) =1,
m—1 m—1

by convexity of ¢ — > /" pim ~Ti(@) | we must have Yoty PiT/(1) > 0. Then, the same

arguments as in previous paragraph yield the same conclusion.

For each ¢ such that s(¢) = 1 and Zlnolp;TZ* (T!(s)) =0 for all s € [0, 1], the functions
T; are linear and p; = pIm™@D, so ST pIT!(1) = m~ @ S Ll TH(TI(1)) = 0 and
S T log(E(NG)) = m~ (@ S Ll TH(T(0)) = 0. If the set of such points ¢ has
an accumulation point, then by analyticity, we must have 7' plog(E(N;)) = 0 for
all g. It is then not hard to conclude that property (P) of Remark 3.10(2) holds. Then,
T is finite over Ry, and the study of inf,<.<1log,, Zznolpqm*‘m(s)/s for ¢ € (0,1) and
SUP; <5<, 108y, i ! pqm_qTi(S)/s for g € (1,00) shows that both are uniquely reached at

s=1,sor=m7,>T over (0,1) and 7 =7, < T over (1,00). O

Lemma 8.7. Let q € (0,q.) be such that s(q) is defined. Suppose that s > 0 is such
that 7" piTH(TY(s)) > 0. With probability 1, the Mandelbrot measure pw: has the
same topological support as . If, moreover, Zmolp;TZ*(T'( )) > 0 then, conditional on
{puw: # 0}, the measure m.pyy: is absolutely continuous with respect to V. In particular,
V(m(K)) > 0.
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Proof. To begin with we notice that ZﬁglpgT‘Q, (1-) = S i TF(TY(s)). Thus, due
to (3.4) our assumption implies 7, (1—) > dini(u’) > 0, hence pw is non-degenerate.
Moreover, since the weights W{ ; ; .
that py: and p have almost surely the same topological support.

and W; ; vanish simultaneously, Proposition A.1 shows

If, moreover, Y7 piT(T!(s)) > 0, then T}y, (1—) > dim(2’) and by Theorem 3.1(1)(a),
this implies that 7.y is almost surely absolutely continuous with respect to E(m. ) =
V', so vV (m(K)) > 0.

O

Now, for ¢ € (0,4.) \ {1}, if s(g) < 1 or if s(q) = 1 and 37" /Ty (T} (s)) > 0 for all
s € (0,1), let v, = ;. Otherwise, i.e. if ¢ € S (S is defined in Lemma 8.6) set Vg = Ty}
(recall that this Mandelbrot measure is defined before Lemma 8.6 and it has the same
topological support as p almost surely by Lemma 8.7). The main result of this section is

the following.

Proposition 8.8. Let ¢ € (0,q.) \ {1} at which 7(q) # T(q) or ¢ € (1,q.) at which
7(q) = 1(q) =T(q). Set o =7'(q) if s(¢) <1 and a = 7,,(q) otherwise. Then with prob-
ability 1, conditional on {p # 0}, Vg(E(mp, ) > 0, and dim(v,) = 7*(a); consequently,
dimpg E(mep, o) > 7%().

From now on we fix ¢ € (0,¢.) \ {1} at which 7(q) # T'(¢) or 7(q) = 1.(q¢) = T(q).

Lemma 8.9. Suppose that U, = v'. Let . stand for a mazimal open interval of points
s > 0 such that Y7  piTF(T/(s)) > 0 and E(Y®) < oo. With probability 1, conditional
on {u # 0}, for v'-almost every x in w(K), for all s € .7,

m—1

Jlrgo%llogm Z (M)S = ZP;E(S)
VEYX,

V(x|n) i—0

Proof. By convexity, we only need to check this for each s in a dense countable subset S

of .. Indeed, if this is done, there exists a subset of { # 0} of probability P(u # 0) such

S
that the sequence of concave functions _71 log,, > pes, <HE/[:€2‘?T1)}D> converge pointwise on

S, and this is enough to get the convergence over ..
Fix s € S. For n > 1 and z in the topological support of v/, set

e s ([zn, v])\ s
(Tm0) 32 (Hesh)

Uezn

Zsn(x)

n

= Z Y(x|n’ U)S ’ H mek(S)ka,Uk ($|I€—1’ v‘k_l)s'

vEX), k=1
Define V;,, 0 <4 < m — 1, as in (8.4). Since .# is open, we have E(Y?*%) < oo and
S5 Ty (@) > —oo for some ¢ > 1, and since 75 BTy, (1) = Y0 I (T(s)) >
0, we also have Z?:ol piTy: (q') > 0if ¢’ is close enough to 1. By Proposition B.2 applied
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withnp =7 and U; = V!

8,00 the sequence Zs ,(z) converges P® 1/ almost surely to the same

non-degenerate limit Z,(z) as the Mandelbrot martingale in random environment

ZS,n(x) = Z Hmek(S)mG,vk(xM—l?U\k—l)s'

vEYX, k=1
This random variable satisfies the equation

m—1

(8.5) Zy(x) =Y VayjZs(ox,j),

Jj=

where the 25(033, j) are independent copies of ZS(O'LL'), which are also independent of V.

Equation (8.5) shows that P({Z(z) = 0}) is {fito<i<m—1;p;>0-stationary (cf. Defini-
tion A.2), where f; stands for the generating function of the random integer N;. More-
over, we assumed from the beginning that there exists 0 < i < m — 1 such that p; > 0
for which P(N; = 1) < 1. Consequently, Proposition A.3 shows that for v/-almost every
2, P({Zs(x) = 0}) is less than 1 (because an(a:) is non-degenerate) and independent of
seS.

Also, for each s € S, the event {Z,(z) = 0} contains the event Un>1{ZS7n($) = 0},
which due to the definition of Z s,n 18 independent of s and is equal to the extinction of the
branching process defining the Galton-Watson tree in random environment 7),(z) = {v €
Ynt Q(zn,v) > 0}. In addition, the function P(UJ,,»{Tn(x) = 0}) is {fi}o<i<m—1;p:>0-
stationnary as well, and it cannot be equal to 1 since it is smaller than or equal to
P({Z,(z) = 0}). Consequently, we conclude that for /-almost every , the event {Zy(z) >
0 for all s € S} equals Ay = (5 (Az,n == {{v € X : Q(7},v) > 0} # 0}) up to a set of
probability 0.

We have

/V/({{L‘ : Zs(w,z) >0 forall s € S and w € A, }) P(dw)

= EP®V’(1{Zs(w,x)>O for all s€S and WGAI})

= /}P’(Zs(w,:c) >0 for all s € S and w € A,}) v/ (dx)

_ / P(A,) V/ (dz).
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Notice that the events A, , are non-increasing so P(A4, = ﬂn21 Ay ) = limy oo P(Ay ).

Consequently,

/V’({x 1 Zs(w,z) >0forall se€ S and we A, }) P(dw)

_ / lim P(A,,) 1V (dz)

n—o0

= lim [ P(A4;,)V (dz)

n—oo

= nli_)IgoIE(u/({fL’ H{veZn: Qap,v) >0} #0}))

— 3 /

= lim E(v(7(Kn)))

—B(J( T

— E(0/(lim 7(K.,)))

=E(/ (n(K)).
Since the inclusion {z : Zs(w,z) > 0} C m(K(w)) holds by construction, we obtained that
V{z € n(K(w)) : Zs(w,z) >0V s € S} =V (m(K(w))) almost surely. In other words,
with probability 1, conditional on {u # 0}, for v/-almost every x in 7(K), for all s € S we
have Z(z) > 0. Finally, Z,(x) is the positive limit of Z, n(z). Since by definition we have

5 () ([ ) o

we conclude that

m—1
i o, 3 (M’ sz;onZT = 2 in)

vVEX,

due to the ergodic theorem applied to /. O

/L([.Z‘W,U])
V(m\n)

Recall that X, (z) = Z for zx € ¥ and n > 1.

UGZn

Lemma 8.10. Suppose that v, = v'. Let

m—1
Sp = sup {s >0: Z pi (T (s)) > 0 and E(Y?) < oo} .

=0
With probability 1, for v'-almost every x € m(K), either lim, o —log,, Xn(z) = 0 or

m—1

limy, oo —% log,, Xn(z) =310 PiT/(s0) according to whether so > 1 or sq < 1.

Proof. We notice that sp = s(¢q) when s(q) < 1. Due to the previous lemma, with proba-
bility 1, for v/-almost every = € supp(n(K)), defining

Tz (s )—hmmf—logm Z (,u([a:m,v]))s’

R RN ( W)
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we have

(8.6) () = lim —log,, S ( ({? Jy ’”Z AT
=0

vEXn

over [0, 50). On the other hand, we naturally have

m—1
(8.7) 7a(s) > T(s) = Y _ piTi(s)
=0

for all s. This is due to Lemma C.1 and the fact that
u([a:‘n,v]) $ - T
(X () - flon
UGZE:H v([z)n]) kHl
Now let us make a few remarks.

There exist ag < fp in R such that, with probability 1, conditional on {u # 0}, m™"%0 <
“IEEETT)D <m™" forallx € m(K), n > 1 and v € %, such that u([z,,v]) > 0. Indeed, for
all z € m(K), n > 1 we already have (min{p; : p; > 0})" < v(z),) < (max{p; : p; > 0})".
Also, we can fix 7 > 0 such that ¢} = max(E(1y~0Y "), E(Y")) < oo. Then, for any

A>0andn > 1,
P (3 (u,v) € Ty x By, 1 0 < p([u,v]) < m™" or pu([u,v]) > m"A)

< m—nnAE( Z ]—{Q(u,v)>0}1{Y(u,v)>0}Q(ua U)_UY(U, U)_n>
(u,0)EL R XZn

_i_mfm?AE( Z Q(u,v)"Y (u, v)”)

(u,0)EX R XXp
< Cym~"m4 (m—nﬂ—n) i mwT(n)) ‘

Hence, if A is large enough so that An + min(7'(—n),7(n)) > 0, by the Borel-Cantelli
lemma we get m~—"4 < [z, v]) < m™ for all z € 7(K), n > 1 large enough and v € %,
such that p([z,,v]) > 0.

Recall that T'(s) := Z:’lol PiT(s). If so < 1, then T"(so) exists and by definition of sq
we have T*(T"(so)) = 0. Moreover, T* o T” is strictly decreasing in a neighborhood of sg
since we have already shown that when they are defined at some s, the functions 7}’ cannot
vanish simultaneously there. This, together with (8.7) implies that 7*(a) < T*(a) < 0 for
all @ < T"(sg). Then a(;[)ply%?g Chernoff bound (see e.g. [21]) to the counting measure and

(@

the random variable ) on X, shows that

Over its domain, which contains a neighborhood of [0, 1], the mapping s — T*(T"(s)) —

(8.8) {v EYX,: ——= > m_m} = () for all & < T"(s) and large enough n.

T’ (s) is increasing on the left of 1 and decreasing on the right, and it takes the maximum

value 0 at 1. In other words, over its domain, the mapping o f*(a) — « is strictly
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increasing on the left of 77(1) and strictly decreasing on the right of 77(1), since q — T"(q)

is decreasing.

Now, for € R, n > 1 and € > 0 define

fn,a,e) = l log,,, # {q) ey, : m—a+e) < M < mn(ae)} '
" v([)n))

Fix n > 0 and € > 0. Again, using Chernoff inequality shows that for any a € [ag, fo],
there exist €, € (0,€) and n, > 1 such that for all n > ng,

fn,a,eq) < m3(a) +n < T*(a) + .

Set o, = T"(s0) if 5o < 1 and a,, = T"(1) otherwise. Fix a finite covering U,L (i — €05+
€;) of [, Bo] \ (e — €c, ac + €c), where €. stands for €,,, and ¢; stands for €,,, and set
ng = sup{nq : a € {a.} U{a; : 1 <i < N}}. Without loss of generality we assume that
the a; belong to [ap, Bo] \ (e — €c, e +€.). Moreover, due to (8.8), if sy < 1 we can restrict
the a; to be larger than or equal to a¢, and set g = .. Then, there exists v > 0 such
that Tv*(ai) —o; < T*(ac) — a — 7 for all «;.

For n > ng we have

Xn(.%') _ Z ,u([a:|n,v])

Uezn V($|n)

N
mf(n7a67€c)m_n(ac_€c) + Z mf(n7ai75i)m_n(ai_5i)
=1

< mn(ﬁ-ﬁ-e)( n(T*(aec)—ac) +Zm *(ai)— 1)

< mn(TlJre)m (T*(ac)f c)(l _{_Nmfnfy).

IN

We conclude that lim inf, o, —+ =~ log,,(Xn(x)) > ac —

any positive n and €, we get the desired lower bound: T'

T*(ce) — n — €. Since this holds for
T"(s0) 1f sp <1, and 0 otherwise.
On the other hand, due to (8.6), Gartner-Ellis theorem (see e.g. [21]) ensures that for all
s € (0, min(so, 1)), lim_oliminf, o f(n,T"(s),€) = T*(T"(s)). This immediately yields
that imsup,,_,,, — = log,, (X, (z)) < T'(s)) — T*(T"(s)) for all 0 < s < min(sg, 1), since
X, (x) > mr(mad=nlate) for all o € R and € > 0. Hence limsup,, —1log,, (Xn(z)) <
— T*(a). O

Proof of Proposition 8.8. Recall that « stands for 7/(q) if s(q) < 1 and 7, (q) if s(q) = 1.
We write m.u([z),]) = v([z)n]) Xn(2).

At first we suppose that v, = /.

If ¢ € (0,1) and s(q) < 1, applying the ergodic theorem to v/ to control the local

dimension of v, and applying Lemma 8.10 to control X, (z) (in which sy = s(q)), we
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obtain that conditional on {m.u # 0}, for v/-almost every = € 7(K),

m—1 m— m—1
dimige(meps, @) = (= D phlogy () +T'(s0) = Z (og,, () + > piT!(5(a))
i=0 = 1=0

=()

by using (6.1) and (6.3). On the other hand,

m—1

dim(v Z pilog,(p}) = = pi(qlog,.(p) +7(q) — qTi(s(q))/s(q))
=0

= q7'(q) —7(q9) = 7(a)

by using (6.1) and (6.2).

If s(¢) = 1, then v/ = v, and this time we apply Lemma 8.10 with sop = s(¢) = 1 to
control X, (z) . This yields that conditional on {m.u # 0}, for v/-almost every z € m(K),

dimie(mept, 2) = (= 3 i 1og.(p0)) +0=7/(a)

Moreover, dim(vy) = 7;(7,(q)) = 7,(¢)g — 7v(q) = ag — 7(q) = 7*(a) since 7,(q) = 7(q)
and « € {7'(¢"), 7 (q7)}.

Thus, at this stage, due to Corollary 8.4 and the conclusions obtained in the previous
lines, for all ¢ € (0,3.)\ S and o = 7/(q), or o € {7/(q+),7'(¢7)} if ¢ > 1 and the graphs
of 7, and T cross transversally at (¢,7(q)), we have established the desired inequality
dimg E(mep, @) > 7 (), almost surely, conditional on {u # 0}.

Now suppose that ¢ € S. Recall that Vg = T oy and by Lemma 8.7 the measure
P! has almost surely the same topological support as u. Moreover, it follows from the
theory of Mandelbrot measures ([4, 5]) that, with probability 1, conditionally on u # 0,
for puyy;-almost every (x,y),

lim —————% = — E(W!. 1 W
ngrolo —nlog(m) 0<Z'7;m_1 ( 1,i,5 Ogm( z,]))
m—1 m-1
- Z pilog,, (pi) Z P; Z E(Vi; j10g,, Vi)
i=0 =0

= - Z p; logm(pi)7
1=0
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since V{; ; = Vij and 0 =3 o P (1) = X P Z;n;ol E(V{; 108, V1) Also,

dim(pyy) = — Z E(W7; ;log,, (W1, ;))
0<i,j<m—1

m— m—1 m-1
= - Z p; log,, (p;) — Z p; Z E(Vll,i,j log,, Vll,i,j)
=0 =0 =0

m—1
i=0

m—1
= - Z Pi1ogy, (pf) = dim(v') = dim(E(m. ;).
i=0
Consequently, for mjiyy;-almost every z, dimyee (Tap, z) < — Elmolp; log,,(p:) = 7,(q) =
a. Moreover, dim(m.puy) = dim(v') = 77(7)(q)) = 7*(a) (the last inequality coming from
the equality 7,(q) = 7(q) and the fact that o = 7,(¢) € {7'(¢"),7'(¢7)}. Then, the same
arguments as in the proof of Corollary 8.4 where 7' is replaced by 7, and p4 by oy yield

dimpg E(mep, o) > 7 (). O

8.3. Case (III).
Recall that in the case considered in this section, 7,(q¢) = T'(q), 7,(q) # T'(q), and

(7'(q),7'(q7)) = (1), T'(q)) or (7'(¢"),7'(q7)) = (T"(a),7,(a))-

Fix A € [0,1]. Let (ng)g>1 be an increasing sequence of positive integers such that
ng = o(ny + -+ +ng_1) as k = oo, and nymin(A,1 — ) > 1if A > 0. For k > 0,
let N, = Zle n; and Ny = Nip_1 + [Ang]. We will later further specify the sequence
(nk)k>1-

For each n > 0 and (u,v) € ¥,, X X, set

Wy(u,v) = (png(fJ)V'i"]j(u,v)>0<ij<m71 if Ny—1 +1<n < N for some k

(pq ’L‘/; ('LL U))()Si,jgmfl otherwise

Wx(u, v) =

)

where py; is defined by

(8.9) Pgi = png”(‘I).

These random vectors can be used to build a non-homogeneous Mandelbrot measure in

the same way as p and p,: for each n > 0 and (u,v) € 3, x ¥, define

Yi(u,v) = lim YAp(u v),

p—>00
where
o~ p -
(810) Y)\,p(u, 'U) = Z H W)\,u%,v;c (u ’ uik—l’ v- ,U|,kfl)'

' |=[o’|=p k=1
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Notice that the limit in defining Y3 (u,v) exists almost surely since (?A,p(u,v))pzo) is a

non-negative martingale (of expectation 1). Write Yy = Yx (e, €) for convenience. Then,

n
fin([u] x [0]) = Ya(u, 0) T W (wj-1,05-1)
j=1
defines a measure almost surely. Moreover, the same argument as in Proposition A.1l
shows that if 1) is not equal to 0 almost surely, then its topological support equals that
of p almost surely. It is the situation which occurs as the following proposition shows.

Also, f11 = pigq, while fig is a non—degenerate Mandelbrot measure such that E(m. i) = v
and by (3.4) dim(fip) — dim(v,) = 7" peiTL(1).

Proposition 8.11. E(Yﬁ) = 1; consequently [iy is not almost surely degenerate, and with
probability 1, supp(py) = supp(u) conditional on {p # 0}. Moreover, there ezists h € (1, 2]
such that

M (X, h) = sup{E(Y>(u,v)") : n >0, u,v € T} < 0.

We postpone the proof of Proposition 8.11 for a while.

For all £ > 1 and (u,v) € ¥y, X ENk, define

,Ll,l u, 'U H H pw ug,’ug(u‘f 17U|£ 1)

i=14= Nl 1+1
Ni \

k
ZH H Pug Vagve (We—1,Vje-1),

1=14=N; _1+1

Paue Vg g ul( 1 Vle— 1)

Vg v U|€ 1> Vje— 1)

N;
kN
=11 1I
i=14=N; \+1
kN
HH
—1(=N;,

Y4 A+l
‘We have
(8.11) fia([u] x [v]) = A (u, )75 (u, v)Ya(u, )
and
(8.12) p([u] x [v]) = pT (u, 0)p™ (u, 0)Y (u, ).
Define
m—1
(8.13) a=X"(q)+(1-N7,(¢) and o => pIm™OT/(1),
=0

Since « € [1'(¢+),7'(¢—)] and 7,(q) = 7(q) = T(q), we have

(o) = aq = 1(q) = AT (T"(q)) + (1 = N7 (7,(q))-
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We will prove the following propositions and corollary, which give the desired conclusion.

Proposition 8.12. With probability 1, conditional on p # 0, for p-almost every (x,y),
the following hold:

lim log (1] (%, YN, )
k—oo  —Nylog(m)
i log(1g” (|, Y|, )
im
k—oo  —Njlog(m)
lim log(NT(x|Nkay\Nk))
k—oo  —Nilog(m)
IOg(/LTu (x|Nk7 y\Nk))

= \T*(T'(q)),

= (1 =N7(7,(q) + (1 = Ao,

= AT"(q),

li =1 =M1, 1—\d

A N Tog(m) (1 =N7,(a) + (1 = A,
10%(37A($|Nkayuvk)) _ log(Y (2N, yin,))

koo —Nplog(m) koo  —Nplog(m)

in particular, dimyec(p, (,y)) = a+ (1 = N)a/ and dimyee(fiy, (z,y)) = 75(a) + (1 = M)

We will see in the proof of Proposition 8.11 that o/ > 0.

Proposition 8.13. Suppose that X € (0,1).

(1) With probability 1, conditional on {p # 0}, dimy.(mefin,x) > 7%(a) for mifir-
almost every x.
(2) With probability 1, conditional on {p # 0}, dimje(mafin, z) < 7% () and

dimyoe(mept, ) < v for mepiy-almost every x.

Corollary 8.14. With probability 1, conditional on {u # 0}, dim E(m.u, o) = 7% ().

Proof of Proposition 8.11. Recall that ?Am(u,v) is defined in (8.10). By definition, for
p =2,
0<i,j<m—1
Let h € (1,2]. We can use Kahane’s original approach [36] to the moments of Mandelbrot
martingales to write
- — - 2
Yy p(u,v)" < ( Z Wi (u, U)h/ZY/\,p—l(Ui,Uj)h/2>
0<i,j<m—1
and then get
EVap(w0)") < Y7 E(Wau(u,0) ) EXap-1(ui,v)")
0<i,j<m—1
Y B (W, 0) W e (u,0)).

(i) (i 5")
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If A is close enough to 1, there exists C > 0 such that

S E(Whi(u,0)"* W g (u,0)"?) < ©
(6.9)#(,5")
independently on (u,v), by equidistribution of the W(u,v) and the fact that our as-
sumption on the domain of finiteness of T" we have E(qu;) < oo for all ¢ < ¢. and
0 <1i,j <m—1. Also, by construction E(?)\7p,1(u2‘, v5)") does not depend on (i, j). Thus,
if h < g,
E(Yap(u,v)") < C+EYap-1(u0,00)") >~ E(Wx,u,0)").

0<i,j<m—1

By definition of Wx(u, v),

Z (WAW u,v) { Z DPgim T 7th(q)_T(hQ)}.

0<i,j<m—1

Since T*(T"(q)) > 0 by our assumption ¢ € (1,q.), for h close enough to 1, we have
hT(q) — T'(hq) < 0 hence m"T(@-T(h9) < 1 On the other hand, since 7,(¢q) = T(q),

m—1
h) — Z qumei(h Z p m T(h)
=0

and (1) = w( ) 1. Since v is convex, it follows that ¢(h) < 1 on (1,q). Conse-
quently, > ™ pq —Ti(h) < max{pf;;l :0 <1< m-—1}¢(h) < 1, since all the positive
Pq,i belong to (0,1). Notice also that the derivative of ¢ at 1 is non-positive, hence
of = Y p,T'(1) > 0. Finally, if h is close enough to 1, there exists ¢ € (0,1)
independent of (u,v) such that E(?,\,p(u, v < C + cIE(?A,p_l(UO,UO)h). This yields
E(YA,p(u,v)h) < CE(YA’O(qu,vop)h)/(l —¢) = C/(1 = ¢), hence both E(Yy(u,v)") <
C/(1 —¢) and E(Y)(u,v)) = 1. O

Proof of Proposition 8.12. Define @,\(dw,dx,dy) = P(dw)pir(dz, dy), Qvl(dw,dac,dy) =
P(dw)pi1 w(dz, dy) and Qo(dw, dz, dy) = P(dw) 0w (de, dy) the Peyriere measures associ-
ated with fy, 11 and fip respectively. Also, set Nj, = Zle |An;| and N, = Ny, — Ny

It is straightforward to write that under @A, the random vectors WA(:U‘n_l,y‘n_l),
Ni—1+1<n < Ny, k> 1, are independent and equidistributed, with the same law as
the vectors Wy (z|,—1,Yjn—1), n > 1, with respect to él(dw,dx,dy). Moreover, since

n

ﬁl,n([x\n] X [y|n]) = H Wq,xk,yk(ﬂf\k_l,ym_ﬁ,
k=1

the strong law of large numbers yields

MGG T B

= ImT DV log, (pImTDVL) = T(T'(q)),
k00 — Ny, log(m) p; ij ‘08 (P; z,]) (T"(q))

0<i,j<m—1
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Q1-almost surely. Since limy_ o0 Nk/Nk = )\, by definition of ﬁlT(ka,y‘Nk)) we get the
first claim.

The same idea applied with ,u,T(ac|Nk, Y|n,,) With respect to Q, and Mﬁk([x\ﬁk] X [ywk])
with respect to @1 yields

1 T

k—oo  —Nilog(m) 0<i,j<m—1

@A—almost surely, i.e. the third claim of the proposition since limy_, Nk/Nk =\

For the second claim, we need to consider 5" (|, y|n;,) and fig w7 ([2n7] X [y)n7]) with
respect to @) and Qg respectively; then we apply the strong law of large numbers to
log (o, ([z(n37] % [y1n;])) /Ny, under Qo, and use the fact the limy_,o N} /N =1—\. The
fourth claim follows similarly by considering ™ (z|y, , yjn,) and p N};([x‘ N,;] x [y, N};]) with
respect to @ and Qg respectively.

For the last two claims, an application of the Markov inequality shows that for any fixed

(u(k),v(k)) in Xy, x Ep,, for Z € {Y, Yy} and v € {—1,1}, for any n > 0 and € > 0,

@A({(xay) : ]-{Z(:tc“\,k,ywk)>0}Z($|Nk,y‘Nk)7 > ’I?’LN]“E)

< m B (L 000) 0(k)>0) Y (u(k), 0(k) 27 (u(k), v(k)) ).

Since, conditional on {y # 0} on non-vanishing, Y has finite negative moments, by Propo-

sition 8.11 and the Holder inequality we can choose 7 so that
SUP{E (12 u(h),o(k)) >0y Ya(u(k), v(k) 27 (u(k),v(k))) : k > 1, Z € {Y,YA}} < 0.
Consequently

> Qs ({(x,y) P12, v > 01 2 (XN YN )T > mee}> < o0,
k>1
and the desired claims follow from the Borel-Cantelli lemma.
Finally, the claim about the local dimensions follows from (8.11) and (8.12), and the
fact that limy_, o Nkfl/Nk = 1. O

Proof of Proposition 8.13(1). We will use the following lemma.

Lemma 8.15. There exist two bounded functions C(h) and e(h) defined in a right neigh-
borhood V of 1, with limy,_,1+ €(h) = 0, such that for all k > 1,

VheV, E( Z W*ﬁ/\([u])h) < C(h) NypymVe T (@ (=) +e(R)(h=1)+C(h) (k/Nk))
ul=Np

We deduce from the previous lemma that for all € > 0, for h close enough to 1+,

E (21@1 2 jul=N, me(h_l)(T*(a)_e)ﬂ*ﬁx([u])h) < oo0.
51



This implies that with probability 1, conditional on {u # 0}, for all € > 0, there exists
h > 1 such that 371 37, 1n, m Nk (@)= 7 ([u])? < oo. Due to Lemma 5.3 and
the fact that limg_,oo Nip/Ni—1 = 1, we get dimy,.(mifix, ) > 7%(a) for mepy-a.e. x, which
proves part (1) of Proposition 8.13.

If we were able to prove that the same estimate as in the lemma holds for h near 1—,
we could derive the second part of the proposition quite easily (but maybe such a bound

does not hold). We have to use another approach, which will be presented after the proof
of Lemma 8.15. U

Proof of Lemma 8.15. For k > 1 and u € X, , by the definition of jiy,

Nix
() = Y B [T( TT phm™ Vg (w1 ve0)7)
|U|=Nk i=1 (=N;_1+1

N;
H Py, Vitgs vy (W1, v\f’—l)) ‘
e/:NL)\—‘rl

Setting, for £k > 1 and h > 1 such that hq < g. (recall that g is fixed)

k k
(8.14)  Adk,h) = (D120 ) (T(hg) = AT(@)) + (Ne = D [Ani] ) (7 (ha) = b (a)),

i=1 i=1
we can write
k Nix N;
A () = 2@ TT( TT phom™ @ 0m = @) (T puga )
i=1 =N;_1+1 =N; \+1
where
k Nia
Z(u) = Z Yﬁ(“ﬂ’)H( H mTué(q)VuZ,w(u\z—laU|e—1)q)
[v]=Np, i=1 0=N;_1+1

N;
H Vugl,vll(u|£’—17v\€’—1)>'

E'ZNL)\#»].
Fix h € (1,2] as in Proposition 8.11 such that M (A, h) < co and set

) hq/2 , hq/2
Cl (h) = 0<I,L-11%)}1{71 Z ]E(mTz(Q)h/QV;Jg/ mTz(Q)h/Q‘/;Jg/ )
ST 0<jAg <m—1

and

_ h)2+ rh/2
Colh) = max > E(VTVE),
0<jAj <m—1
Taking h closer to 1 if necessary we have C'(h) = max(Ci(h),C2(h)) < co. We notice that
Z(u) takes a form similar to X (u) in (9.4), and we can use the same approach as that in
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the proof of Lemma 9.5(ii) on the positive moments of X (u) (with ¢ = h < 2 hence Z; = ()
to get

E(Z(w)") < M()\, h)C Zm (O3 +-+013)
where 0“) = hT;(q) — Ti(hq) if Nj_1 +1 < £ < N, for some j and 01@ = T;(h) otherwise.
It follows that, if we se

t p A{ ) — p?qu(hq)m_hTi(q) wheneverN;_1 + 1 < £ < Nj , for some
j and f)ﬁ ) = Pha,i otherw1se, then

MRS i ()

|u|=Ny
N
MORCR) S S a0 Hpu]
£=0 |u|=Ny,
Ny ¢ m—1 @) o
:M()\,h)C(h)Z( P m~ 9])( H Z B )
/=0 j=1 =0 3'=£+1 =0

We have for each 1 < j < Ny, either Zznolﬁfj) S phgs = 1 or Zznolﬁf])
> ! phqu(hQ) —hTi(9) - On the other hand, the computations achieved in the proof of
Lemma 8.5 show that the derivative of h — Y /" ! hq mT (P m=hTi@) at b = 1 equals
log(m) (dim(j1g) — dim(E(m,p1))) < 0. So ST 50 < 14 ofh — 1),

On the other hand, we have ) "/ 14]) -0 — szolp?q T(hg)yy~Ti(ha) = 1 or

) . . — :
St Af]) -6/ Zznolph am ), and the derivative at 1 of h s 370! pygim =T

equals — log(m )Zz‘:o PqiT} (1) which is non-positive by a remark made in the proof of
Proposition 8.11. So Y™ 01 ]55]) -6” <1+o(h—-1).

Finally,

mAEIE (3 () | = O(Ngme 1),
|u|=Ng
where O and o depend only on h. Since it is easily seen from (8.14) that

Ak ) = Ny (AT*(T'(q)) + (1 = N7 (74(a)) ) (h = 1) + o(h = )N + O(F),

where O and o still depend only on h, and we know that 7*(a) = AXT*(T"(q)) + (1 —
A1 (7),(q)), we get the desired conclusion. O

v v

Proof of Proposition 8.13(2). Recall that o/ = Zrolpqm“(q)Ti’(l). If o/ = 0, the result
directly follows from Proposition 8.12 since projecting does not increase the upper local

dimensions.

Suppose now that o/ > 0. To begin, observe that any y € ¥ can be written y =
Y1Y1 - Y292 - YkYk - with yp € X\, | and yg € Xy, _|an, |, and denote by ¢ the mapping

T+ Y1y1- Yk -+ - - The mapping ¢ is S-Holder continuous for all € (0,1 — \).
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It will be convenient to use the version of iy associated with @0 obtained from @ 2

2

for k large enough, and any measurable subset A of €, CNQO(A X [Tazy Ak) = Qa(A x
Hliil(zfmkj X Ag). In other words, Qo is the push-forward of @, by the mapping & :
(W, z,9) = (w,p(z),p(y)). Then Qo(dw,da’,dy’) = P(dw)m.fiow(dz’)ig,(dy') and due
to Theorem 3.3(2), with probability 1, conditional on fig, # 0, for m.fip ,-almost every a’,

as follows: For any collection (Ag)r>1 such that A, C Zika)\nkJ and 4, = X

~mp! . . .
the measure fif  assigns 0 mass to sets of Hausdorff dimension less than /.

Now write any measurable subset E of  x %2 as Uverqe) Usepe £, where mq is
the canonical projection onto Q, E* = 7(r5'({w}) N E), and B = 751« ({(w,2)} N E),
where mq«y is the canonical projection onto €2 x X. Also, let ﬁgf\w denote the conditional
measure with respect to (WQXE)*@)\. It is defined on a measurable set B of full (Wsz)*@)\-
probability.

Fix a” € [0,(1-\)/). Let E = {(w,z,y) € ToL1x(B) : dimy,o (125, y) < @”}. In partic-
ular, dim E“* < o for allw € mo(F) and x € E“. Suppose that @,\(E) > 0. By definition
of Qo, since E C &~ H(®(E)) and Qx(E) > 0 we have Qo(®(E)) > 0. This implies that
for all w in a subset ) of mo(E) of positive P-probability, there is F* C ¢(E“) of positive
Ty flo w-measure such that for all 2/ € F¥, 2’ = ¢(z) with z € E¥ and ﬁgg)(go(E‘”’m)) > 0.
However, by the Holder properties of ¢, dim@(E“?®) < B~1dim E“* < 371/ for all
B € (0,1 —X) hence dim p(E“?®) < . This is a contradiction. Consequently, with proba-
bility 1, conditional on fi o, # 0, for i ,-almost every z, the inequality dimy (5 ) > o
holds. Since o is arbitrary in [0, (1 — A)a’), we even have dim (5 ) > (1 — A)a'.

Combining this information with Proposition 8.12, conditional on u # 0, we can find a

set E of full fiy-measure such that for all (z,y) € E,

log(fig” (2|, » Y|, )
‘1 1' k k — ¥ / /

log (1] (x| nvy» Yny,) log(%\(xw S YING))
1 li RIZIR — NTH(TY d 1 i YNk
(8.16) Fvos —Nj, log(m) (T'(q) an Fvoo Ny log(m)

=0,

and for any F' C E with fix(F) > 0 and for m,[ix-almost every = € m(F), £, (F) > 0 and
thus

o log#{UEZNk:([x|Nk]x[v])ﬁﬁ7é@} ,
(8.17) llkn_l)lolgf N7 Tog(m) > .

Set By = T*(T'(q)), Bq = 75(7,(¢)). For j > 1 and ¢ > 0, let Ej,g denote the set

consisting of the points (z,y) € ¥ x ¥ such that for any k > j, the following inequalities
54



hold:

~Ty 7Nl P !’
I’LS (x|Nk’y‘Nk) >m & (Bato Jré)7

/jr{(@“\walNﬁ > T,ka(ABque)7

—Nge

miN]lc (BLZ+O/7€)

v

mka (ABg—e€)

v

Y\(7|n YN,) = m

By (8.15) and (8.16), E C Uiz, E’j7€ = limj 0 Ejﬁ for all € > 0. According to (8.17), for
any j7 > 1 and € > 0, for 7, puy-almost every = € W(Ej7€), there exists k > j such that there
are at least m™Vk(@'=¢) words v € X, such that ([zn] % [v]) N E'j,e # 0, so due to (8.11),

fix([, ] % [v]) > mm ML T @Dy =N (7 (70 (@) o) gy = Nie,

Consequently

T[N, ]) = = NIAT* (T (@)= Ni 75 (74, (a)) = (2Nk+2Nf e

Since limy_,00 Nj,/N = 1 — X and limy_,oo Ni—1/Nj, = 1, we can conclude that
Tttoe(min, 2) < XT*(T'(q)) + (1 — N7 (7L () + de = 7°(a) + de.

Letting j — oo and then letting € — 0, we see that dimyec(msfin, z) < 7%() for mefir-
almost every x, and similar arguments using again Theorem 3.3(1) and the information
provided by Proposition 8.12 about p as well as (8.12) yield dimyge(mep, ) < o for m,jix-
almost every z. Notice that due to part (1) of the present proposition we can now claim
that the liminf in (8.17) is in fact a limit and that the the conditional measures of fiy

with respect to m.fi) are exact dimensional with dimension (1 — \)o/. O

Proof of Corollary 8.14. Due to Proposition 8.13, we only need to prove that for m,piy-
almost every x, dimy,.(m«p, z) > a. Recall that o € (7/(¢+),7'(¢—)). Hence by (2.1), for
any 8 < «,

dimg{z € supp(mp) : dimy, . (mept, ) < B} < Bg — 7(q) < 7" () = dim(mifay),

as a consequence, dim . (m.pu,x) > (B for m iy -almost every x and we are done. O

8.4. Case (IV). We distinguish the three cases of Proposition 6.2.

Notice that by the results obtained in the previous sections we know that 7.,, = 7 over
[0,4c) conditional on {y # 0}. In particular, 7;_,(04) = 7/(0+).

(i) 7 = T near 0+. In this case, we have 7/(0+) = 77(0), and by continuity the
property dim(u,) < dim(E(g,)) which holds near 0+ by Lemma 8.5 extends to the Man-
delbrot measure pg. Also, the approach developed in Section 8.1 still applies to give
dimpy E(map, T'(0)) > 7%(T7(0)).

(ii) 7 = 7, near 0+. We have 7/(0+) = 7,(0). Let p’ = (p})o<i<m—1 be defined as
in (6.4) and recall that v/ is the Bernoulli product associated with p’. Since we have

Eﬁalp;Ti*(ﬂ’(l)) > 0, the approach used in Section 8.2 when s(q) = 1 still works and
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shows that conditional on {g # 0}, dimye (e, ) = — S7" phlog,, (pi) = 7,(0), either at
V'-almost every x € m(K), or at m. uy-almost every x if S P T o T equals 0 over [0, 1]
(w; is the Mandelbrot measure associated with p’ and the vectors Vy; defined in (8.4)).
Moreover, by definition of the vector p’ we have dim(v') = dimy(w(K)) = —7(0) =
7*(7,,(0)) in the first case and dim(v') = dim(m,py;) = dimp (7(K)) = —7(0) = 77(7,(0))

in the second case. This yields dimy E(m.p,7,(0)) > 7(7,(0)). We notice that in the

second case pw! coincides with the measure i’ considered in the proof of Corollary 3.5.

(iii) 7 > max(7,,T") near 0+. Using the notation of Proposition 6.2, we see that if
so > 0 we are exactly in the same situation as in Section 8.2, with in addition the fact
that 7' piT7 (T/(1)) > 0 is excluded if sg = 1. This yields dimg E(m.p, 7/(04)) >
7*(7'(0+)) in this case. If so = 0, consider the Mandelbrot measure iy, associated with
p’ and the vectors V{; defined in (8.4). Using the theory of Mandelbrot measures ([4, 5])
here again yields, with probability 1, conditional on u # 0, for pwy-almost every (z,y),

. :u’([x|n7 y|n]) , ,
Jim ey =~ 2 E(Waislogn (W) = 7'(04).
0<i,j<m—1
Also,
dim(uwg) == Y E(Wg,;log,(Wy,,)) = dim(v') = dim(E(m.pp;))

0<i,j<m—1
(notice that pwy 1s here again the Mandelbrot measure y/ considered in the proof of
Corollary 3.5). Consequently, for m, pyys-almost every x, we have dimioe(mep, 2) < 7/(0+),
and dim(7,pyy) = dim(v') = 7(0) = 7%(7/(0+)). Then, an argument similar to that used

in the proof of Corollary 8.4 again yields the desired conclusion.

9. POSITIVE MOMENT ESTIMATES

We start by establishing two basic lemmas on concave functions in Section 9.1. Then
Section 9.2 provides positive moments estimates for X (z,) with respect to P @n, where n

is a Bernoulli product.

9.1. Lemmas. We begin with an elementary observation.

Lemma 9.1. Let g > 1 and f : [1,q] — R be a continuous concave function with f(1) = 0.
Let k € N. Suppose that q1,...,q > 1 with Zle q. < q. Then

(i) S, f(ai) > f(q) provided that Y% f(g;) < 0;
(i) K, f(g:) > min{0, f(q)}-

Proof. Clearly (ii) follows from (i). To prove (i), assume that Zle f(gi) < 0. We show

below that 25:1 f(a) > f(q).
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flai)) —f) _ fla) f(q)

Set t; = = 1for1§i§k¢,andt:71.

¢ —1 % — q—

By concavity we have

t <t for every 1 < i < k. Since Y&, f(q;) < 0, we have t; = f(g;)/(q; — 1) < 0 for

some 7, and thus ¢ < ¢; < 0. Therefore

k k
Zf(qz th qi Zzt(%—l)
i=1

O

Remark 9.2. Under the conditions of Lemma 9.1, it is possible that 0 < Zle flai) <

f(q); for instance if we letf(z) =z — 1, g1 = 2 and ¢ = 3, then 0 < f(q1) < f(q).

Lemma 9.3. Let ¢ > 1 and fi,..., fm be continuous concave functions defined on [1,q]

satisfying fj(1) =0 for 1 < j <m. Let (p},...,p),) be a probability vector. Suppose that

qiy--.,q, > 1 with Zle qr < q. Then

m m
(9.1) Zp;-m_ SF L fila) < max 17Zp9m_fj(q)

J=1

Moreover, if 330", p;-m_ff(q) <1, then 3770, pim™~ Sinafila) < 1.

Remark 9.4. Under the conditions of Lemma 9.3, it is possible that

m m
1> Zp;,m— S Filas) > Zp;m—fj(q)
J=1 J=1

For instance letting f(z) =2 —1, ¢t = 2 and ¢ = 3, then 1 > m~/(1) > yp~=F(@),

Proof of Lemma 9.3. We first show that

(9.2) me i q1)<1+2pm @),

7=1

Set A={1<j<m: Zi:l fj(@i) < 0}. By Lemma 9.1, Zle fi(ai) > f;(q) for each

j € A. Hence

me i= 1f] Qz)<1+zpm Zf:lfj((h')

JEA

<14 Zp;,m*fj(Q)

JEA
m

This proves (9.2).
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Next we show that

n n

m m
(9.3) Zp;m— i fila) <1+ Zp;m—fj(Q)

, o
for any n € N, from which (9.1) follows. Indeed setting p} . =pj ...p} and f; j, =
fir +...+ fj., then (9.3) can be re-written as

S m Sl @ <1 STy T (@),
1<g150 0 <m 1<g150,jn<m
but this is just the application of (9.2) to the probability weight (p"jl.__ ;) and the concave
functions f;, . j,. This finishes the proof of (9.1).
: _ 5k e
Finally, assume that » 0", pim fi@) < 1. By (9.1), > pim 2i—1£i(@) < 1. We need

to show that the inequality is strict. Suppose on the contrary that

m
3 phm T i) =
j=1

Define g(z) = 377", pim™" 31 13@) for x € R. Then g is convex. Notice that on a small
neighborhood U of 1, ijl pjm —2fj(@) < 1 for x € U. For any fixed z € U, applying (9.1)
to the functions x f;, we obtain that g(x) < 1. Hence g takes a local maximum at x = 1.

However g is convex and analytic on R, it follows that ¢ is constant on R and therefore

k
> fila) =0
=1

for any 1 < j < m. Then by Lemma 9.1(i), f;(¢) <0 for all 1 < j < m, which contradicts
the assumption that Z;”Zl p;-m*fj(q) < 1. This finishes the proof of the lemma. O

9.2. Positive moments estimates for X,. Let us first recall some notation. We are
given W = (W; ;)o<ij<m-1, a non-negative random vector with E(3_, ; W; ;) = 1. Let
q > 1 and assume that E(3-, . W/,) < co. Set p; = E(3_; Wi ;). Set

J 1/m, if p; = 0.

For ¢t € [0, ¢], set
T(t) = —log,, E Z T;(t) = —log,, E Z

Then T and T; (0 < i < m — 1) are well-defined continuous concave functions on [0, g],
with T(1) = T;(1) = 0. Set ¥ = {0,1,...,m — 1}. Let p be the (random) Mandelbrot
measure on X X X generated by W. Set Y = ||u|| to be the total mass of u and assume

that T'(¢) > 0. By Kahane-Peyriere [36] and Durrett-Liggett [22], this is equivalent to the
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property that 0 < E(YY) < co. For each (u,v) € (X x X),, let Y(u,v) be defined as in
(2.3). We defined in Section 5

|ul

(9.4) X(u)= Y Y(u,0) [[Vigw, @lj-1,0]-1), u€ ..

UGEM 7j=1
and X, (v) = X(z},) for all z € ¥ and n > 1.

Given any Bernoulli product n on ¥ generated by a probability vector (py,...,ph,_1),
we seek estimates of Epg, (X7), i.e. 2 jul=n ([ E(X (w)?).

For short we write Vi, v, = Vi, 0, (€, €) and

|ul

Xl(uaj) = Z Y(uav)HVuk,Uk(u|k’—lav|k’—1)a ]2077m_1
UEZW‘: v1=] k=2
Then
m—1
(9.5) X(u) = Vi X1(u, j)
=0

We emphasize that Xi(u,j) (j =0,...,m—1) are independent copies of X (ou). More-
over, they are independent of V,,, j (' =0,...,m —1).

By (9.4) and the assumption that E(Y?) < oo, we have E(X (u)?) < oo for each u € 3.
In particular, E(X (u)) = 1.

For n € N, set

An:{(xl,...,xn)e]R": ) ngn}
Lemma 9.5. Let t € (1,q] and u € ¥,. Then

() E(X ()f) > m~Ta OE(X (ou)!).
(ii) There exists a positive constant C (depending on q) such that

06 BXW)<m OEXE@)o+e Y [[EEw®),
(q1,0,qs) €L =1

where Iy is defined by

it kgt - o) S
It.:{<m,...,m>eAs. ki e NN [2, ),;iﬁgm}

kt
U{MER: keN,nggm—l},

here [t] is the smallest integer > t.

(9.7)
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Proof. Since t > 1, by (9.5) and the super-additivity of x — z! on R,
t

m—1 m—
Xw)'= Y VugXa(uwj) | 2> Vi
7=0 7=0

Taking expectations on both sides, we obtain (i).
To see (i), by (9.5) and the sub-additivity of  + z!/*l on R,
t/1e1\ I

m—1
X = [ D Vi Xa(u, 5)
j=0
1 [t]
< | X vl
3=0

kg—‘r.‘.—‘rkm,l:’—ﬂ

Taking expectations on both sides yields

kj
E(X(u)t) < Z T H 174 1;/“] H E kst/ t])

ko+...+km—1=Tt] 0
from which (9.6) follows, thanks to the fact that E( (ocu)P) <1 for p € [0, 1]; the involved

constant C' can be taken as m?sup; <, <, E(}_; Here we use the fact that

S Vi)

T kit UL
.H Vulmj < H Vulvj /’V—I

m—1 m—1 ki/[t]
Jj=0 =

5—0 1<q’<q
where the first ‘<’ comes from the Holder inequality. O
Next we would like to establish an analogue of Lemma 9.5 for H§:1 E(X (u)%), where
t1,...,tg € (1,q] with t1+. . .+t < ¢. First we introduce some notation. For (z1,...,z,) €

A, and (Y1,...,Ym) € A, let (21,. .., 2n+m) € Appm be the vector re-ordered from the

numbers i, ...,%Tn, Y1,-- -, Ym; and write

(X1, @) B Y1y oy Ym) = (215 oy Zntm)-

Clearly, the operation @ is commutative. By convention, we write (x1,...,z,) ® 0 =

(1, ...,xy), where () denotes the empty set.
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For ty,...,tx € (1,q] with t; <--- <t and t1 + ...+t < g, we write

(9.8) Itl,-u,tk = {w1 B Dwg: w; €L, U {tz} U {@}}\{(tl, - ,tk)},

where Z; is defined as in (9.7). The following simple property comes from the definition
of I(.):

Lemma 9.6. Assume thatZy, 4, # 0. Then for any (q1,...,q90) € Lty ot 1+ +qe <
t1 + -+ + tg; moreover, either { > k+1 orqi+...+q <t1+...+tx —1/2.

Proof. For any vector w € R™, let ||w| denote the sum of the absolute values of its
components. Clearly by (9.7), for any ¢t > 1 and w € Z;, we have ||w|| < t. Fix (q1,...,q) €
Ty, ...t~ Then there exist w; € Iy, U {t;} U {0} (¢ = 1,...,k) such that (q1,...,q) =
w1 B - - Dwg. Therefore g1 +---+qp = [Jwr| +- -+ ||wg|| < t1+-- -+t If w; =0 for some
i, then g1+ --+qv < (t1+---+tx)—t; < (t1+-- - tx)—1. If otherwise, we have w; € I, U{t; }
forall 1 <i <k, and w; € Zy; for at least one j; in such case, either lw;]| < tj—% < tj—%
or the dimension of w; is > 2, hence either g1 +...+q < t1+---+t,—1/20r f > k+1. O

As a direct application of Lemma 9.5, we have

Lemma 9.7. Let ty,...,tp € (1,q] so thatt; <--- <tx andt;+ ...+t < q. Letu € 3,.
Then

(i) TT5, E(X (w)f) > m Ttz T () [T5 B(X (ou)®).

(ii) There exists a positive constant C' (depending on q) such that

k k
[TEX () <m0 TTE(X (0u))
j=1 j=1

(9.9) .

+C'+C > [[E X (ow®).
(q1,-90)€Ttq,... 1), =1
Proposition 9.8. Let ¢ > 1 such that T(q) > 0. Let n be the Bernoulli product measure
on X generated by a probability vector (pf,...,pl,_1). Set A := max{l, Z;Z_ol pim~ T},
Then the following statements hold:

(i) There exists a polynomial f, depending on W and q such that

(9.10) A" < Z n([u))E(X (u)?) < f4(n)A", ¥neN.
uUEXy
Moreover, if ¢ € (1,2] and Zgi_olp;m_Ti(q) < 1, then the polynomial f, can be
replaced by a positive constant.
(ii) More generally, for any tq,...,tx € (1,q] witht; < --- <tp and t; + ...+t <gq,

there exists a polynomial fy, . ¢, such that

k
(9.11) 1< 3 () JTEX (@)") < fir...(n) A", VneN.
j=1

UED,
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Proof. Since ¢ > 1, E(X (u)?) > E(X (u))? = 1 for each u € X, and thus

(9.12) S () E(X ()7) > 1.
UESy,
Similarly
k
(9.13) > () [TEX (w)4) > 1.
uEY, 7j=1

On the other hand, by Lemma 9.5(i),

m—1
> (u)EX (w)?) = (Z pém‘Ti(q)> > n([uDE(X (w))
=0

(9'14> UED 1 :EEnA X .
=0 =0
Combining (9.14) with (9.12) yields
(9.15) S () E(X (w)7) > A™.
UEL

This completes the proof of the first inequality in (9.10).

To show the second inequality in (9.10), let ¢1,...,tx € (1,¢q] with ¢t; < --- < ¢} and
t1 + ...+t <q. By Lemma 9.3,

m—1

(916) Z p;m_ f:l Tj(ti) < A.
j=0

This together with Lemma 9.7(ii) yields

k k
o) [TEX (w)9) <4 > () [[EX (w)4) + ¢
UED Iy, j=1 UED 1 7j=1

(9.17)

1
oYY ) [[EX @),
j=1

(q1,--,90)€Ttq,...,t), WESN—1

Write Sp(t1, ... tk) =D s, n([ul) H?Zl E(X (u)%). Then (9.17) can be re-written as

(918) Sn(t17~~-7tk) SASn—l(tly--~7tk)+C,+Cl Z Sn—1<q17~~-,q€)

(q15-90) €Tty ... 1y,

for n € N.

We claim that there exists an increasing polynomial function f;, . ; such that

(9.19) Snlte, .y tk) < foyn.(n) A", Vn e N.

Clearly the claim is true in the case when Z;, _; = 0. Indeed in such case, by (9.18),

Sty o tr) <AS, 1(t1,...,tx) +C', VneN,
62



and thus

Sn(tl, - ,tk) = A" So(t1, . ,tk) + ZAnij (Sj(tl,. .. ,tk) - A Sj_l(tl, ... ,tk))
j=1

<A Sy(ty,. . te) + Y CTATT < nA™MC 4 So(ta, .- . t)-

=1

Next we consider the case when Z;, _, # 0. Suppose that for each (q1,...,q,) € Zt,, ..,

there exists an increasing polynomial function fg,, . 4, such that
Sn(le cee 7QK) < fq1,...,qg (n)An7 Vn € N.

Set g=C"+ ' Z( fq1,...qo- Then g is an increasing polynomial. By (9.18),

Q15e00) €Lt .. 14,

Sty .. th) — A Sp_1(ty, ..., tp) < g(n—1)A""1  V¥neN.

Therefore

Sty str) = A" So(tr, oo ty) = AV (S(tr, - tk) — A Sja(tr, .o ty))
j=1

< A3 g~ 1) < A" 'ng(n),
j=1

Hence Sy (t1,...,t;) is bounded by f;, . 1 (n)A™ with fy, 4, (z) == zg(x)+ So(t1,. .., tk).

According to the arguments in the above two paragraphs, if the claim (9.19) is false at
Ty := (t1,...,tx), then Zp, # () and moreover there exists To € Zp, such that (9.19) is false
at T». Repeatedly applying the arguments, we see that there exist

T,.€Ip, , #0, n=2,3,...

such that (9.19) is false at T;,. However, by Lemma 9.6, the sequence (||T5,])5; is non-
increasing and is bounded above by ¢; and moreover, there are infinitely many n such that
Tl < ||Th-1]| — 1/2 (because the dimension of T}, can not keep strictly increasing for ¢

consecutive integers of n), which leads to a contradiction. This proves the claim (9.19).

Applying (9.19) to the particular case when k = 1, we have
> n()EX (w)?) < fo(n)A",  YneN
’U,Ezn
for some polynomial f;. This, together with (9.15), yields (9.10). In the meantime, (9.11)
follows from (9.19) and (9.13).
Finally, assume that ¢ € (1,2] and 327! pim =79 < 1. By the definition (9.7), Z, = 0.
Hence applying (9.9) yields
(9:20) Son()EX @)) <B > n([u)E(X (u)?) + ',

UEy, UED 1
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with B := Y. plm =79 < 1. Tterating (9.20) yields that
C/
1-B’

> n(u)E(X(w)?) <C'(1+B+B*+--+) =
UES

This finishes the proof of the proposition. U

Corollary 9.9. Let ¢ > 1 such that T'(q) > 0. Then there exists a polynomial f, depending
on W and q such that

(9.21) - min{7 (@).T(@)} < IE( 3 W*M([u])q> < fo(n)ymnmin{m (@.T(@}
UED,
for all n € N. Furthermore, if ¢ € (1,2] and 7,(q) < T(q), the polynomial f, can be

replaced by a positive constant.

Proof. Let v, denote the Bernoulli product measure on Y generated by the probability
weight (pf, ..., ph,_1), where p := pl/zj o p}l Then
(9.22) D menlfu))? =7 () X () = m DNy ([u]) X ()

uEXy UEX, uEX,
Set A = max{1, Zm,ol pym~ 7@}, Then A = max{1,m™@~T(@} due to the fact that
Z;ﬂ 01 p;m Ti(q) — mTu(q) Zm 1p‘1m Tj(q) — yp7v(0)=T(q) (Cf. (3.3)).

By Proposition 9.8, there is a polynomial function f,; such that

(9.23) A" <Y v ([u)E(X (w)7) < fy(n)A", VYn €N.
UEX,
Now (9.21) follows directly from (9.22) and (9.23). O

Corollary 9.10. Let g > 1 such that T(q) > 0. Then 7r,,(q) > min{7,(q),T(q)}.

Proof. This is a direct consequence of Corollary 9.9 and Lemma C.1. O

10. RESULTS FOR PROJECTIONS OF PLANAR MANDELBROT MEASURES

We begin with a general fact on the relation between the increasing part of the Hausdorff
spectrum of a measure obeying the multifractal formalism on ¥ and that of its image on
[0,1]. Indeed, the natural projection form ¥ to [0, 1] does not map cylinders to centered

balls, so some care is needed to claim that these spectra do coincide at a given exponent.

Let II denote the natural from ¥ onto [0, 1], namely II(z) = Y20, z;m ™"

Proposition 10.1. Let p be a positive and finite Borel measure on %. Let a € [0, 7,(0+)]
and suppose that there exists a positive and finite Borel measure p, on X such that
pa(E(p, ) > 0 and dimpy(pa) > 75 () > 0. Then dimpy E(p, o) = 75 (), where p =Tlsp
stands for the natural projection of p to [0, 1].
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Proof. It is a simple fact that for all ¢ > 0, 7,(¢) = 75(q); hence 7, and Tpf coincide on
[0, 7,(0+)].

Setting po = ILipa, it is also clear that dimp (pa) = dimpy (pa), hence dimpy (pa) > 75 ().
According to (2.1), for all 0 < o/ < a, dimyg ES(p,o/) < 73(a’). Moreover, it follows
from the fact that 7, takes at least one positive value that 7, = Tg« is strictly increasing
over (—o0,7,(04)] N dom(7}) if this interval is not reduced to a singleton. This implies
that po(Ugcarca E=(9, @) = 0. Now, let Go C II(E(p, ) of full po-positive measure.
Without loss of generality we assume that G, contains no m-adic number and no element
of Upcorca E=(p, ), . dimy.(p,t) > a for all t € Gy. Fix t € G,. For n > 1, denote
by In(_t) the m-adic interval of generation n which contains ¢. For all € > 0, for n large
enough, we have p(I,(t)) > p([(IT"}(2))},]) = m™@+9), hence p(B(t,m™™)) > m"+o.
Consequently, dimyo.(p,t) < o+ € for all € > 0. Since we also have dim, .(p,t) > «a, we
get Go C E(p, o) hence the desired lower bound dimy E(p, a) > 75 (). O

Now we can state our results for planar Mandelbrot measures. Let 7 stand for the
orthogonal projections from the Euclidean plane R? onto its z-axis. Let P be the natural
projection from %2 onto [0,1]2, namely P(x,y) = (II(x),II(y)). Let u be a Mandelbrot
measure on the symbolic space X X ¥ as in Sections 2 to 9. The measure 1 and its support
K , obtained as the respective images of ;1 and K by P, are realizations of the measure and
the set considered in the introduction. This is due to the fact that, with probability 1, u
assigns zero mass to sets of the form {x} x ¥ or ¥ x {y} when II(x) or II(y) is a m-adic
point (the verification of this fact is left to the reader). Also, the orthogonal projection of
@ to the z-axis, namely 7., is equal to I, (m.pu), and the expectation of 7. is equal to

v =1ILv.

The following properties are easily checked: for any w € 3, the equalities 7, pu(II([w])) =
mept([w]) and 7(II([w])) = v([w]) hold. Also, the m-adic intervals can be used to discuss
differentiability properties of measures and computations of Hausdorff dimensions, and

the mapping II preserves Hausdorff dimension. This implies the following result.

Theorem 10.2. Theorem 3.1, Theorem 3.3 and Corollary 3.5 hold if we replace (p, mep, v, K)
therein by (1, Tufi, U, K) and replace (1, med) by (1, Fupt!).

Using Proposition 10.1, we can also transfer to 7, the multifractal properties of 7, u.

Theorem 10.3. Theorem 8.7 hold if we replace (p, wsp) therein by (b, Taft).

Finally, we add a general proposition about LY-spectra. It is certainly not new but
difficult to find explicitly written in the literature, except in the context of multiplica-
tive chaos and statistical mechanics (see [14] for instance), where it signs a glassy phase

transition. This result is used at the beginning of Section 8.
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Proposition 10.4. Let p be a positive and finite Borel measure on X. Then 7,(q) >

%Tp(q’) forall ¢ > ¢' > 0. As a consequence, if 7,(qc) = 7,(qe—)qc at some g > 0, then

7p(q) = T,(qec—)q for all ¢ > ge.

Proof. The first claim follows from writing ., p([u])? = Z|u|:n(p([u])q/)‘1/ ¢ and using
the subbadditivity of > 0 ~— 29/9. The second claim follows from the concavity of
7p, which implies that 7,(q) < 7,(gc—)q for ¢ > gc, while the first claim implies 7,(q) >
w7o(ae) = T(e—)g- O

11. FINAL REMARKS

As a consequence of our study of the multifractal formalism, we can achieve a part of
the multifractal analysis of the number N, (z) of cylinders of generation n of the form
[T}, v], v € Xy, which intersect the support K, of u,. Specifically, if n > 1 and u € %,

we set
N(u) =#{v € ¥y, : Q(u,v) > 0}.
Then Ny (z) = N(x),). This number measures the overlapping amount over [z,] when one

projects K, onto 7(K), and equivalently its asymptotic behavior yields the box-counting

dimension of 7= ({z}).

Corollary 11.1. (1) Suppose that E(N;) <1 for all0 <i < m—1 such that E(V;) >
0. With probability one, conditional on {K # 0}, for all x € w(K) we have
dimp 771 ({z}) = limy, 00 W = 0.

(2) Suppose that E(N;) > 1 for at least one 0 < i < m—1. Let ¢ be defined as in (3.6).

Let qy be the unique point at which ¢ attains its minimum over [0, 1]. Define

log(m) - ¢(qo) if0<q<qo
(11.1) P:qgw— {log(m) - -inf{p(q/s):q<s<1} ifgp<qg<1.
max(ogE(N),log(m) o)) ifq > 1

If qo < 1 or qo =1 and ¢'(1) = 0, then P is differentiable over Ry, analytic
over [0, qo) U (qo,0) and it has a second order phase transition at qo. Specifically,
P =log(m) - ¢(qo) over [0,q0) and P =log(m) - ¢ over (qo,0).

If g9 = 1 and ¢'(1) < 0, then there exists a unique ¢, > 1 such that P(q}) =
logE(N), and P is analytic over [0, qp) U (gj,00), with P = log E(N) over [0, ¢;)
and P = log(m) - ¢ over (g, o). Moreover, P has a first order phase transition
at qf.

With probability 1, conditional on {m(K) # 0}, for all ¢ > 0 we have

. 1
(11.2) nILIElO -~ log ; Linw>13N (w)? = P(q).
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(3) If a € {P'(q),P'(¢g")} for some ¢ > 0 or a = P'(0+), then, with probability 1,
conditional on {K # 0},

log N, .
dimpy {33 € n(K) :dimprt({z}) = nh_)rlgo Ogn(x) = a} = og(m) inf{P(q)—aq : ¢ > 0}.
Parts (2)-(3) of this corollary follow from the application of Theorem 3.7 to the branch-

ing measure, i.e. the Mandelbrot measure p’ associated with

W' = (E(N) " 'Lw, ,>0p)o<ij<m—1-
Indeed, Ny, (z) = E(N)"u,,([z,]) and we can simply use Remark 3.9.

For Part (1), under our assumptions property (11.2) still holds, with P given by (11.1),
for the same reason as in item (2). It is then direct to check that P(q) = log E(N) for all
q > 0. Consequently, conditional on {7(K) # 0}, for any € > 0, for any ¢ > 0, if n is large

enough,

#{ue X, : Nu) >m"} < m ™ Z LN @>0p IV (u)?
|ul=n

< m—nqemn(log(E(N))—I—e)

_ (- 1)e-log E(N))

Choosing ¢ > 1 such that (¢ — 1)e —log E(/N) > 0 yields that for n large enough, #{u €
Y N(u) >m™} <1lso{ue€X,: N(u)>m"} is empty. Thus limsup,,_, M <e
for all x € w(K). Since € is arbitrary and Ny (x) > 1, this yields lim,, W =0 for
all z € m(K).

APPENDIX A. BASIC FACTS ABOUT EXTINCTION PROBABILITIES

Proposition A.1. The events {j # 0} and {K := (), supp(un) # 0} coincide up to a
set of probability 0, over which K = supp(u).

Proof. Recall that we defined N =), <ij<m—1 1{w; ;>0} and that our assumptions on W
imply that E(/V) > 1. Consequently, the generating function of N, i.e. f(z) =), P(N =
n)x™, has a unique fixed point smaller than 1, which equals the probability of extinction
of the associated Galton-Watson process generated by IV, i.e. the probability of the event
{K =0} =U,,>1{Kn = 0}. Also, since

Y=lul= >, WiY(ii),
1<i,j<m—1
where the Y (i, j) are independent copies of Y, and are also independent of W, the probabil-
ity of {u = 0} is also a fixed point of f. Moreover, by construction, {K = 0} C {u = 0}.
Since P(u # 0) < 1, {K = 0} and {px = 0} = {Y = 0} must be equal up to a set of

probability 0.
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On the other hand, we have supp(p) C K almost surely. Moreover, by the previous
paragraph and statistical self-similarity, for each n > 1 and each cylinder [u, v] of the n-th
generation, { K N[u,v] # (0} coincides with the event {Q(u,v) > 0}N{Y (u,v) > 0} up to a
set of probability 0. Consequently, with probability 1, for all cylinder [u, v], K N [u,v] # 0
implies pu([u,v]) > 0, that is K C supp(p). O

For i =0,1,...,m — 1, define polynomial functions f; by
file) =Y P(N; = £) 2",
£=0
where N; = #{0 <j <m: V;; #0}.

Definition A.2. A Borel measurable function p : ¥ — [0,1] is called {f; ﬁal—stationwy,
if p satisfies the following condition:

p(i) = fi,(p(oi)), Vi=(in)s2, € Z.

Let v/ be a Bernoulli product measure on Y. Two functions p and p’ on X are called

equivalent if p(i) = p/(i) for v/-a.e. i; for brevity we write p = p’ a.e. if they are equivalent.

Notice that the constant function 1 on ¥ is always { fi}?;_ol—stationary.

Proposition A.3. Assume that there exists at least one i so that P(N; = 1) < 1; equiv-
alently, there exists i so that fi(x) # x. Then there exist at most one {fi}i"ial—stationary

function on X which is not equivalent to the constant function 1.

Proof. Let G denote the collection of functions f : [0,1] — [0, 1] so that f is increasing,
continuous, convex and f(1) = 1. Notice that by convexity, for any 0 < a < 1 and f € G,

W)= 1@)| S~ f@) _ 1

Y —x l—-a ~1—a

sup
0<z,y<a

Therefore, G is equicontinuous on [0, a] for any a € (0,1).

Let Z={i: fi(x) # z}. By our assumption, Z # (). Notice that by convexity, for each
i € Z, either fi(x) > x for any = € [0,1), or f has exactly one attractive fixed point in
[0,1). In the first case, f/*(z) — 1 uniformly on [0, a] for each 0 < a < 1, whilst in the
second case, f!'(z) converges uniformly to the attractive fixed point of f;, on [0, a] for each
0<a<l.

Now we consider the following two cases separately: (A) fi(z) > x on [0,1) for each
i € Z; (B) there exists at least one i € Z such that f has one fixed point in [0, 1).

First suppose that (A) occurs. Then f;(x) > x for any 0 < i <m — 1. Pick iy € Z and

let 0 < a < 1. Then there exists n € N such that f}!(z) > a for any = € [0,1]. Let p be
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{fi},t-stationary. Then for v/-a.e. i € ¥, there exists & € N such that o*i € [if], and
thus

p(i) = fiy 0.0 fi o fin(p(a®F7D)) = f7H(p(0" 1)) > a.
Since a € [0,1) is arbitrarily, we see that p(i) = 1 for v/-a.e. i.

Next suppose that (B) occurs. Assume that p and p’ are both {f; ;igl—stationary, and

not equivalent to the constant function 1. We show below that p = p’ a.e.

First we claim that p(i) < 1 and p/(i) < 1 for /-a.e. i. Without loss of generality
we only prove the first inequality. Suppose on the contrary that p = 1 on a Borel set
A C ¥ with v/(A) > 0. By the Poincare recurrence theorem, for v/-a.e. i, there exists
k = k(i) € N such that o*i € A; and thus

p(i) = fi,o...o fi (p(c"1)) = fi,o...0 f;, (1) = 1.

This contradicts the assumption that p is not equivalent to the constant function 1. Hence

p(i) < 1 for v/-a.e. i.

By the above claim, we can pick § > 0 such that there exists a Borel set A = A5 C X
with /(A) > 0 such that

p(i)<1-dand p'(i) <1-6, Vie A
Pick jo € Z so that f;, has an attracting point in [0, 1), say, b. Then
T (10,1 0)) = b,

here and afterwards, fI denotes the n-th iteration of fj,. Since for each n € N, v/([j5] N
o "™A) > 0, by the Poincaré recurrence theorem, for v/-a.e. i, there exist k1 < ko < ...,
such that

ofric [ji]no A
Clearly lim,, oo p(c¥7i) = lim,, o p'(0F"i) = b.

Notice that the family of functions

{fiy0...0fi, tnen

is a subset of G. Hence it is equi-continuous on [0, a] for any a < 1. By the Arzela-Ascoli
theorem, there exists a subsequence (/) of (nx) and a continuous function g on [0, 1) such
that

fiy ... 0 fi, converges to g uniformly
on any interval [0, a] with a < 1. Since b < 1,
p(i) = lim fi, o...0 fi, (p(c"1)) = g(b),
f—ro0

and similarly p/(i) = g(b). Hence p(i) = p/(i). Therefore p =p’ a.e. O
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APPENDIX B. BASIC PROPERTIES OF MANDELBROT MARTINGALES IN A BERNOULLI
ENVIRONMENT

Let U = (Ui ;)i j)es, xx, be a non-negative random vector such that Z;”:_Ol E(U;;) =1
for each 0 < i <m—1. Let (U(u, v))(%v)GUn>o 5, %%, be a sequence of independent copies
of U. B

For each n > 1 and (u,v) € ¥,, X ¥, let

QU(U') 'U) - H Uuk,vk (uk717 Uk*l)

k=1
and
Xu(u):= > Qu(u,v).
lv[=n
Now for each fixed x € ¥ and n > 1 let ﬁ{,n be the measure on ¥ whose density with
respect to the measure of maximal entropy is given by m"Qu (), v) over any cylinder [v]
of generation n. The sequence (ﬁ%}n)nzl almost surely converges to an inhomogeneous

Mandelbrot measure /.

Let  be a Bernoulli product on 3 associated with a probability vector (pj,...,p.,_1)-
Then, for n-almost every x the sequence (ﬁf]n)nzl converges weakly almost surely to a
measure v* as well, and (||ig;, || = )?U(x‘n) = )Z'U,n(x))nzl is a Mandelbrot martingale
in the random environment given by 7, which almost surely converges to |||, which we
denote by Xy (z).

By construction, for each n > 0 and J € ¥,

it (7)) = X7 (0"2) [ Vs (@1, T)s

k=1
where
P
v naJ :
X;‘ (o"x) = lim Z H Uspyo 50 (Tpnye—1, J(Kje—1))-
p—00
Kex, (=1
For0<i<m-—1,let
m—1
Ty, (q) = —log,, E Z Uzq,] (g >0).
j=0

Suppose that there exists 0 < ¢ < m — 1 such that P({U; ; € {0,1} VO <j<m—1}) < 1.
We have the following consequence of a general result by Biggins and Kyprianou [10,

Theorem 7.1].

Theorem B.1. Suppose that P(ZT:_DI 1y, >0 = 1) <1 for some 0 < i <m—1. The

following properties are equivalent:

(i) P@n(Xy > 0) > 0;
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(ii) (Xp)n>1 is uniformly integrable with respect to P @ 1;
(i) 70" P, (1-) = ~Bpey (S0 Uny 108Uy ) ) > 0.

We also have the following useful fact. Let Z be an integrable random variable, and let
(Z(u;v))(u,v)ex,,n>1 be a collection of copies of Z such that for each n > 1 the random
variables Z(u,v), (u,v) € ¥, are independent, and independent of o(U(v/,v) : |[u/| =
V| <n—1).

Let
u(),) = Z Qu (), v)Z (), v).

Proposition B.2. Let q € (1,2]. Suppose that E(|Z]|?) < oo, Ty,(q) is finite for all
0 <i<m~—1 such that p;, > 0 and 73  piTv,(q) > 0. Then, P @ n(Xy > 0) > 0, and
with probability 1, for n-almost every x, limy, oo Xvu(z),) = E(Z))Z'U.

Proof. To begin with we notice by concavity of the mappingb Ty,, the fact that all the
functions Ty, vanish at 1 together with the assumption > ", plTyl( ) > 0 implies that
STy (1) > 0. Consequently, due to Theorem B.1, P® n(Xy > 0) > 0.

Next, recall the following standard lemma.

Lemma B.3. [2] Let (L;)j>1 be a sequence of centered independent real valued random
variables. For every finite I C N4 and q € (1,2],

B(| L) <2 S moni

i€l

For all n > 1, we have

XU(x\n-‘rl) _]E(Z)XU $|n—i—1 Z Qu( :E|m x\na v),

[v]=n

where
m—1

l"n, Z Ux‘n+1,vn+1 $|nav)(z($|n+l72}j) _E(Z))
7=0

By construction, conditional on = (recall that we work under P ® i) the random variables
ﬁ(wm, v) are i.i.d and centered, and they are also independent of the Qu (z),,, v) invoked in
Xu(®ppy1) —E(Z)Xu(2)n41) (with respect to P). Consequently, conditioning with respect
to the Qu (x|, v) makes it possible to apply Lemma B.3 to {L, = U(x),,v) }vesx, weighted
by the constants Qu (), v) and finally to get, for ¢ € (1,2]:

(B.1) E(|XU(x|n+1)_E(Z))?U(x\n+1 <2171 Z (Qu(zn,v) )E(\ﬁ(%mvo)\q),

where vg is any element of 3,,.
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The branching property yields E(Qu (z,,v)?) = [[;—; m~ TUay (@)

, and applying trian-
gular inequality and a convexity inequality yields IE(][? (T}, v0)[?) < 29E(|Z \q)m_TInH(q),
which is bounded by a constant independent of z since Ty, (q) is finite for all0 <i < m—1
such that p, > 0. Also, the strong law of large numbers yields
n m—1
lim n~'log H m e (@) = Z piTy,(q) <0
i=0

n—00
k=1

for n-almost every x. Consequently, the estimate (B.1) shows that for n-almost every z,
D on>1 (E(|XU(x|n+1)—E(Z))N(U(x‘nﬂ)|q))1/q < oo which implies that X/ (z|,,4.1) converges
P-almost surely to the same limit as E(Z)XU(QJMH), that is B(Z) Xy (). O

APPENDIX C. A USEFUL LEMMA

Lemma C.1. Let (Z,)n>1 be a sequence of non-negative random variables on a probability

space (2, P). Then almost surely

logE(Z
lim sup “ < limsup L(n).
n—o00 n n—00
log E(Zy)

Proof. Let b > a > limsup,,_, . . Then by Markov’s inequality,

n

P({(l/n) log z,, > b}) < E(Zn)e_b” < en(a—b)

when n is large enough. Hence > > P{(1/n)log z, > b} < co. The Borel-Cantelli lemma
log E(Zy)

yields the desired result. O

implies that lim sup,,_, ., bg% < b almost surely. Letting b tend to limsup,, ..,
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