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ABSTRACT. We compute the Hausdorff dimension of any random statistically self-affine
Sierpinski sponge K C R* (k > 2) obtained by using some percolation process in [0, 1]*.
To do so, we first exhibit a Ledrappier-Young type formula for the Hausdorff dimensions
of statistically self-affine measures supported on K. This formula presents a new fea-
ture compared to its deterministic or random dynamical version. Then, we establish a
variational principle expressing dimy K as the supremum of the Hausdorff dimensions
of statistically self-affine measures supported on K, and show that the supremum is
uniquely attained. The value of dimy K is also expressed in terms of the weighted pres-
sure function of some deterministic potential. As a by-product, when k = 2, we give
an alternative approach to the Hausdorff dimension of K, which was first obtained by
Gatzouras and Lalley [27]. The value of the box counting dimension of K and its equality
with dimy K are also studied. We also obtain a variational formula for the Hausdorff
dimensions of some orthogonal projections of K, and for statistically self-affine mea-
sures supported on K, we establish a dimension conservation property through these
projections.

RESUME. Nous calculons les dimensions de Hausdorfl des tapis de Sierpinski aléatoires
auto-affines en loi dans R* (k > 2) obtenus grace a certains processus de percolation
dans [0,1]®. Etant donné un tel ensemble K, en premier lieu nous exhibons une formule
de type Ledrappier-Young pour les dimensions de Hausdorff des mesures statistiquement
auto-affines portées par K; cette formule présente une nouvelle caractéristique comparée
aux cas ou K est déterministe ou associé a une dynamique aléatoire. Puis nous établissons
un principe variationnel qui donne dimg K comme le supremum des dimensions de ces
mesures, et montrons que ce supremum est atteint de facon unique. La valeur de dimpg K
est aussi donnée comme la pression pondérée d’un potentiel déterministe. Cette approche
fournit une alternative & celle développée par Gatzouras et Lalley [27] dans le cas o
k = 2. Nous étudions également la valeur de la dimension de boite de K et son égalité avec
dimpy K. Nous obtenons aussi un principe variationnel pour les dimensions de Hausdorff
de certaines projections orthogonales de K, et pour les mesures auto-similaires en loi
portées par K, nous établissons une propriété de conservation de dimension au travers
de ces projections.

1. INTRODUCTION

This paper deals with dimensional properties of a natural class of random statisti-
cally self-affine sets and measures in R* (k > 2), namely random Sierpinski sponges and
related Mandelbrot measures, as well as certain of their projections and related fibres
and conditional measures. These random sponges can be also viewed as limit sets of
some percolation process on the unit cube endowed with an (my, ..., my)-adic grid, where
my > -+ > my > 2 are integers.

Key words and phrases. Mandelbrot measures, Hausdorff dimension, statistically self-affine Sierpinski
sponges, branching random walk in a random environment.
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Until now the Hausdorff dimension of such a set K is known in the deterministic case
and only when k£ = 2 in the random case, while the projections of K and the random
Mandelbrot measures to be considered have been studied in the conformal case only. Un-
derstanding the missing cases is our goal, with Mandelbrot measures and their projections
as a main tool for a variational approach to the Hausdorff dimension of K and its orthog-
onal projections, together with a “weighted” version of the thermodynamic formalism on
symbolic spaces.

Before coming in more details to these objects and our motivations, it seems worth giving
an overview of the nature of the main results known in dimension theory of self-affine sets.
Recall that given an integer N > 2 and an iterated function system (IFS) {fi}1<i<n of
contractive maps of a complete metric space X, there exists a unique non-empty compact
set K C X such that

N
K = fu(K),
=1

(see [32]). When X is a Euclidean space and f; are affine maps, due to the above equality
K is called self-affine. In particular, K is called self-similar if f; are all similitudes; we will
not focus on the self-similar case and refer the reader to [30] for a recent survey of this
topic.

The first class of strictly self-affine sets that have been studied in detail are certainly
Bedford-McMullen carpets in R?, also known as self-affine Sierpinski carpets. They are
among the most natural classes of fractal sets having different Hausdorff and box counting
dimensions. To be specific, one fixes two integers m; > mo > 2 and a subset A C
{0,...,m1—1}x{0,...,mga—1} of cardinality at least 2; the Bedford-McMullen carpet K
associated with A is the attractor of the system

Sy = {fa(xl,xg) = ($1+a1 x2+a2) :a=(ay,az) GA}

mq ’ meo
of contractive affine maps of the Euclidean plane; note that by construction K C [0, 1]%.
Set N; = #{(a1,a2) € A: ag =i} forall0 <i<mg—1land:0 € Ry — logzyfo_l NY.
Bedford and McMullen proved independently [8, [44] that

: ) _ log(mz)
dimg K = 710g(m2)’ where oo = 710g(m1)7
and
) 1 1
dimy K = 0+ (ogtoms) ~ o)V

where dimy and dimp respectively stand for the Hausdorff and the box counting dimen-
sion, and (1) and (0) are the topological entropy of K and that of its projection to
the xo-axis respectively. Moreover, dimy K = dimp K if and only if the positive IN; are
all equal. Note that the possible dimension gap dimy K < dimp K cannot hold for self-
similar sets (see [I8]). For a general self-affine Sierpinski sponge K C [0,1]¥ invariant
under the action of an expanding diagonal endomorphism f of T* with eigenvalues the
integers my > --- > my > 2 (we identify [0,1]* with T*), similar formulas as in the 2-
dimensional case hold. In particular, the approach to dimensional properties of compact
f-invariant sets developed by Kenyon and Peres [38] extends the results of [44] and estab-
lishes the following variational principle: the Hausdorff dimension of K is the supremum
of the Hausdorff dimensions of ergodic measures supported on K, i.e. the Hausdorff and
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dynamical dimensions of K coincide. Moreover, the dimension of any ergodic measure is
given by the Ledrappier-Young formula

k
1 1 1
1.1 di =——h — h -1 (11 ,
Ly i) = e )+ 3 (g ~ gy ) e @)
where TI; : RF — RF=i*1 is the projection defined by (z1,...,zx) — (2i,...,23). Also,

in the variational principle, the supremum is uniquely attained at some Bernoulli product
measure.

Dimension theory of self-affine sets has been developed to understand the case of more
“generic” self-affine IFSs as well. First, given a family {M;}1<;<xy of linear automorphisms
of R¥ to itself whose norm subordinated to the Euclidean norm on R¥ is smaller than 1/2,
it was shown [I7,134] that for £V*-almost every choice of N translation vectors vy, ..., vx
in R*, the Hausdorff dimension of the attractor K of the affine IFS {M;x 4+ vi}1<i<n 18
the maximum of the Hausdorff dimensions of the natural projections of ergodic measures
on ({1,..., N} /0) to K (here o stands for the left shift operation); in addition for such
a measure p, dim(u) = min(k, dimp, (1)), where dimp,(u) is the so-called Lyapunov dimen-
sion of u [17, 48,34, 33]. A similar result holds for £ K _almost every choice of contractive
{M;}1<i<n in some non-empty open set, with a fixed (vy,...,vy) [2]. In these contexts
one has dimy K = dimp K = min(k,dimg K), where dimy K stands for the so-called
affinity dimension of K (note that for a Bedford-McMullen carpet, the affinity dimen-

sion equals lolgb(('rln)g) if (1) < log(mz) and loqu((igl) + (log(lm,g) - log(lml)) log(msa) otherwise,
so that in this case the previous equality between dimensions only occurs exceptionally).
If both {M;}i1<i<ny and (vi,...,vn) are fixed, the following stronger result appeared re-
cently in the 2-dimensional case: if {M;}1<;<n satisfies the strong irreducibility property
and {M;/+/|det(M;)|}1<i<n generate a non-compact group in GL2(R), and if the IFS
{fiti<i<n is exponentially separated, then dimpg K is the supremum of the Lyapounov
dimensions of the self-affine measures supported on K (it is not known whether this supre-
mum is reached in general); here again for such a measure, the Lyapunov and Hausdorff
dimensions coincide, and dimy K = dimp K = dim4 K [3, BI]. The last two contexts
make a central use of the notion of Furstenberg measure associated to a self-affine mea-
sure, whose crucial role in the subject was first pointed out in [2I]. There are also similar
results in the case that the strong irreducibility fails but the M; cannot be simultaneously
reduced to diagonal automorphisms [22 [4, [3] [3T].

Let us come back to self-affine carpets. Their study was further developed with the
introduction of Gatzouras-Lalley carpets [4I] (with an application to the study of some
non-conformal nonlinear repellers [28]) and Baranski carpets [I]. There, the linear parts
are no more subject to be equal, but they are still diagonal, and it is not true in general
that there is a unique ergodic measure with maximal Hausdorff dimension [35] [5] (see also
[40] for a study of Gatzouras-Lalley type carpets when the linear parts are trigonal). It
turns out that extending the dimension theory of these carpets to the higher dimensional
case raises serious difficulties in general, as it was shown in [I3] that the attractor may
have a Hausdorff dimension strictly larger than its dynamical dimension.

On the side of random fractal sets, one naturally meets random statistically self-affine
sets. Such a set K obeys almost surely an equation of the form K(w) = U;N:O fe(Ki(w)),
where the f” are random contractive affine maps and the sets K; are copies of K. Results
similar to those obtained for almost all self-affine sets described above exist in the following
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situation: the sets K; are mutually independent and independent of the f;, the linear maps
of the f; are deterministic, but the translation parts are i.i.d and follow a law compactly
supported and absolutely continuous with respect to £¢ [33]. Results are also known for
random Sierpinski carpets. There are two natural ways to get such random sets. The first
one falls in the setting of random dynamical systems. It consists in considering an ergodic
dynamical system (2, F,P,T), on which is defined a random non-empty subset A(w) of
{0,...,m; — 1} x{0,...,mg — 1} such that E(#A4) > 1. Then one starts with the set of
maps S4(.), and recursively, at each step n > 2 of the iterative construction of the ran-
dom attractor K(w), replace the set of contractions S (pn-2(,)) by Sa(rn-1(4)), S0 that the
contractive maps used after n iterations take the form f,,0---0f,, ,, witha; € S A(Ti(w)).
By construction, K(w) = Uyea() fa(K(o(w))). The Hausdorfl and box-counting dimen-
sions of such sets and their hlgher dimensional versions have been determined in [39] (in
a slightly more general setting); the situation is close to that in the deterministic one.

The other natural way to produce random statistically self-affine carpets is related to
branching processes and consists in using a general percolation scheme detailed below; at
the moment let us just say that one starts with a possibly empty random subset A(w) of
{0,...,m1—1}x{0,...,ma—1}, and again assumes that E(#A) > 1. Then, one constructs
on the same probability space the set A(w) and a random compact set K(w) C T?, and
mi1 X mg random compact sets K(a,w), a € {0,...,m; — 1} x {0,...,ma — 1}, so that
K(w) = Usea(w) fa(K(a,w)), where the K(a) are independent copies of K, and they
are also independent of A. The set K is non-empty with positive probability. These
random sets have been studied in [27], and their self-similar versions have been investigated
extensively (see e.g. [29, 50, A7]). Setting now ¥ () = log 372 E(N;)? and letting ¢ be
the unique point at which the convex function ¢ attains its minimum over [0, 1] if ¢ is not
constant, and ¢t = 1 otherwise, one has, with probability 1, conditional on K # 0,

i _ ) where o = max log(m,)
(1.2) dimy K = Tog(ma) h (t, log(m1)>
and
. _ oy 11
dimp K = log(my) + (log(mg) log(ml))w(t)'

Moreover, dimy K = dimp K iff t = 1 or all the positive E(N;) are equal (we note that
the value of dimy K was previously obtained in [46, O, [10] in the very special case that
there is an integer b > 2 such that the law of A assigns equal probabilities to subsets of
cardinality b and probability 0 to the other ones). It is worth pointing out that the origin
of this different formula with respect to the deterministic case comes from the possibility
that E(NV;) < 1 for some 4, which makes the situation quite versatile with respect to the
deterministic Bedford-McMullen carpets.

The approach developed in [27] to get is not based on a variational principle related
to a natural class of measures supported on the attractor. To determine the sharp lower
and upper bounds for dimgy K, the authors of [27] adapted the approach used by Bedford
in the deterministic case: the lower bound for dimy K is obtained by taking the maximum
of two values, namely dimy IIo(K) (where II; still denotes the orthogonal projection on
the z2-axis) and the maximum of the lower bounds for the Hausdorff dimensions of certain
random subsets of K. Each such subset E is obtained by considering the union of almost
all the fibres T, ({(0,2z2)} with respect to the restriction to Ia(K) of some Bernoulli
product measure. The Hausdorff dimensions of II5(E) and that of the associated fibres
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are controlled from bellow. This yields a lower bound for dimyg F thanks to a theorem of
Marstrand. The upper bound for dimy K is obtained by using some effective coverings
of K. It turns out to be delicate to transfer these methods to the higher dimensional
cases. Indeed, for the lower bound, the Hausdorff dimension of the 1-dimfibreensional
fibres mentioned above is obtained thanks to statistically self-similar branching measures
in random environment, the dimension of which is relatively direct to get, and it yields
the dimension of the fibre. Using this approach in the higher dimensional case k > 3, we
would have to consider the restriction of Bernoulli measures to I1;(K) for 2 < i < k. Then
for i > 3 we would meet the much harder problem to estimate the Hausdorff dimension
of fibres which are statistically self-affine Sierpinski sponges in a random environment in
R~1, a problem not less difficult than the one we consider in this paper; one would have
to compute dimy I1;(K) as well, a question that we will naturally consider. Also, for the
upper bound, extending to higher dimensions the combinatorial argument used in [27]
to get effective coverings seems impossible. However, we will see that it is rather direct
to get the box-counting dimension of K in the higher dimensional cases by adapting the
arguments of [27] used for the two dimensional case.

We will develop the dimension theory for statistically self-affine Sierpinski sponges in
R*, for any k > 2, by studying the statistiscally self-affine measures on K (which are also
called Mandelbrot measures on K). We will prove the following Ledrappier-Young type
formula: given a Mandelbrot measure p on K (see Sections and for the definition),

k

i - im L 1 img (oI !
Am0) = oy 0+ 3 (oo~ fogmyy) o 1)
1 . 1 1 . .
(1-3) ~ log(m) dime(ys) + <log(mz’) - log(mi—1)) -min (dime(x), h, (i  f)),

where dim,(u) is the entropy dimension of u, and v; is the Bernoulli product measure
E(p o II; ') (see Theorem . The fact that dim,(u o II; 1) = min(dime(p), hy, (I; o £))
follows from our previous study of projections of Mandelbrot measures in [7]. To get ,
we show that 7, the L9-spectrum of p, is differentiable at 1 with Tlg(l) equal to the right
hand side of ; this implies the exact dimensionality of p, with dimension equal to

T;L(l).

Optimising yields the sharp lower bound for the Hausdorff dimension of K (see
Theorem ; the supremum is uniquely attained, and the optimisation problem is non-
standard; the presence of the k—1 minima in the sum gives rise to k£ possible simplifications
of the formula separated by what can be thought of as &k — 1 phase transitions according
to the position of dim.(u) with respect to the entropies h,,(II; o f), hence k distinct
optimisation problems must be considered, of which the optima must be compared. This
study will use the thermodynamic formalism as well as a version of von Neumann’s min-
max theorem, and the optimal Hausdorff dimension will be expressed as the “weighted”
pressure of some deterministic potential (see Theorem . Our sharp upper bound for
dim g K proves that this maximal Hausdorff dimension of a Mandelbrot measure supported
on K yields dimy K. This bound is derived from a variational principle as well, namely
we optimise over uncountably many types of coverings of K, each of which provides an
upper bound for dimy K (see Theorem; when k = 2, this does not reduce back to the
argument developed in [27]. As a by-product, we get an alternative approach to the proof
by Kenyon and Peres [38] of the sharp upper bound in the deterministic higher dimensional
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case. One may wonder if the approach by Kenyon and Peres, which in the deterministic
case uses a uniform control of the lower local dimension of the unique Bernoulli measure
of maximal Hausdorff dimension on K, can be extended to the random case by using the
unique Mandelbrot measure of maximal Hausdorff dimension on K. We met an essential
difficulty in trying to follow this direction, except in special cases (see the discussion at

the beginning of Section .

Our result regarding the box-counting dimension of K is stated in Theorem[2.4] Another
difference between the deterministic or random dynamical Sierpinski sponges, and the
random Sierpinski sponges studied in this paper is that for the first two classes of objects,
their images by the natural projections II;, 2 < ¢ < k, are lower dimensional objects of the
same type (e.g. Sierpinski sponges project to 2-dimensional Sierpinski carpets via IIx_1),
while this is not the case for the third one. Our approach will also provide dimg IT;(K)
(via a variational principle) and dimp II;(K) for the third class of random attractors (see
Section we note that the case of IIx(K) reduces to that of IIo(K) when k = 2 and
K is a statistically self-similar set, a situation which is covered by [15, [19]). Finally, we
determine the dimension of the conditional measures associated with the successive images
of any Mandelbrot measure by the projections II; (Section , which for each ¢ equals
dim(p) — dim(IT; i), hence the conservation dimension formula holds.

Since using symbolic spaces to encode the Euclidean situation is necessary, we will
work on such spaces and endow them with adapted ultrametrics, so that the case of
random statistically self-affine Euclidean sponges and their projections will be reducible
to a particular situation of a more general framework on symbolic spaces and their factors.

Our framework and main results are presented in the next section.

2. MAIN RESULTS ON SELF-AFFINE SYMBOLIC SPACES, AND APPLICATION TO THE
EUCLIDEAN CASE

We start with defining the symbolic random statistically self-affine sponges, which will
be studied in this paper.

2.1. Symbolic random statistically self-affine sponges. Let us first recall the notion
of self-affine symbolic space.

Let N, N*, Ry and R stand for the sets of non-negative integers, positive integers,
non-negatice real numbers, and positive real numbers respectively.

Let £ > 2 be an integer. Assume that (X;,T;) (i = 1,...,k) are one-sided full-shift
spaces over finite alphabets A; of cardinality > 2 and such that X; 1 is a factor of X; with
a one-block factor map m; : X; — X;41 fori =1,... k — 1. That is, m; is extended from
a map (which is also denoted by 7; for convenience) from A; to A;+1 by

i ((xn)52) = (mi(xn))02, for all (x,)00, € X;.

n=1 n=1
For convenience, we use 7y to denote the identity map on X;. Define II; : X; — X; by
Il; =mi—10m_20---0mg

for i =1,...,k. Define A7 =J,,~( A}, where AY consists of the empty word e. The maps
m; and II; naturally extend to A7 and Aj] respectively, that is,

mi(xy - xy) = mi(xr) o mi(ey), Wi(zy - o) = W(xy) - - Ti(ay,).
6



If u € A}, we denote by [u] the cylinder made of those elements in X; which have u as
prefix. If z € X; and n > 0, we denote by x|, the prefix of x of length n. For x,y € Xj,
let « Ay denote the longest common prefix of  and y.

Let ¥ = (71,...,7%) € R x (Ry)*~1. Define an ultrametric distance dy on X; by

_ (@) ATL ()]
(2.1) dy(z,y) =max (e nFFw : 1<i<k],
where
— Oa if (%5} 751}1,
]u/\v[-{ max{n: u; =vjfor 1 <j<n} ifu=u

for u = (uj')ﬁl,v = (Uj)f.ozl € Xi.

The metric space (X1,d5) is called a self-affine symbolic space. It is a natural model

used to characterize the geometry of compact invariant sets on the k-torus under a diagonal
endomorphism [8), [44] 38, [6].

If f is a measurable mapping between a measured space (X,7,r) and a measurable
space (Y,S), the image v o f~! of v will be simply denote by fv.

Now, we can define symbolic random statistically self-affine sponges. Let A = (cq)ac A,
be a random variable taking values in {0, 1}*1. It encodes a random subset of A, namely
{a € A1 1 ¢4 = 1}, which we identify with A. Suppose that E(}_,c 4, ca) > 1. Let
(A(u))uea; be a sequence of independent copies of A. For all n € N, let

Knp={r € X1: cz;(w)j—) =1forall<i<n}
(2.2) = U [u].

u€AP: T cu, (ui—1)=1

Due to our assumption on A, with positive probability, the set
K = () K,
n>1

is the boundary of a non-degenerate Galton Watson tree with offspring distribution given
by that of the random integer ) .4 co. The set K satisfies the following symbolic
statistically self-affine invariance property:

K=|]Ja K",
acA
where
(2.3) K= (Kg - U [u]).
n>1 u€AD: TTiZ; cu; (aup—1)=1

We call K a symbolic statistically self-affine Sierpinski sponge. The link with the Euclidean
case will be made in Section 2.6

Next we recall the definition and basic properties of Mandelbrot measures on K, and
state our result on their exact dimensionality.
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2.2. Mandelbrot measures on K. These measures will play an essential role in finding
a sharp lower bound for dimy K. Let W = (W,)aea, be a non-negative random vector
defined simultaneously with A and such that {W, > 0} C {¢, = 1} for all a € A;. Let

T(q) = Tw(q) = —logE Y W, ¢>0,
ac€A;

and suppose that T'(1) =0, i.e. E(D_ Wa) = 1. Let ((A(u), W(u))uea; be a sequence

of independent copies of (A, W).

acAy

For each u,v € A let
[v]

Q"“(v) = [ W (- vj—1),

k=1
and simply denote Q°(v) by Q(v). Due to our assumptions on W, for each u € Aj, setting
Yo(u) =3 =, @"(v) the sequence
(Yo (u),c(Wy(uv) : a € Aj,v € AT))p>1
is a non-negative martingale. Denote its limit almost sure limit by Y (u). The mapping
p: [u] = Q(u)Y (u)

defined on the set of cylinders {[u] : u € A} } extends to a unique measure p on (X1, B(X1)).
This measure was first introduced in [43], and is called a Mandelbrot measure. The support

of 1 is the set
K,={) U [wck
n>0ueA?: Q(u)>0

where the inclusion K, C K follows from the assumption
{Wa(u) >0} C {ca(u) =1}

for all uw € A} and all a € A;. Moreover, if T77(1—) > 0, then (Y,,(u)),>1 is uniformly
integrable (see [37, (11}, [16]), and in this case K, is a symbolic statistically self-affine set as
well. Also, K, = K almost surely if and only if {c,(u) = 1} \ {W, > 0} has probability 0
(see [7, Proposition A.1]). If 77(1—) < 0, either ;1 = 0 almost surely (in such case one says
that u is degenerate), or

P(3a € A such that W, =1 and W, =0 for @’ #a) =1
(see [37, [11), [16] as well), and in this later case 7"(1—) = 0, K, is a singleton and yx is a
Dirac measure [16].

The measure p is also the weak-star limit of the sequence (py,)n>1 defined by distributing
uniformly (with respect to the uniform measure on X;) the mass Q(u) on each u € AY.
It is statistically self-affine in the sense that

w(B) =Y Wau(o(Bnla]))
ac€A;

for every Borel set B C X1, where u® is the copy of p constructed on K¢ with the weights

(W(aw))uea;-
8



We will make a systematic use of the notion of entropy dimension of measures on Xj;.
Given a finite Borel measure v on X;, the entropy dimension of v is defined as

. . 1
(2.4) dime(v) = Tim 5™ u((u]) logv([u]),
ucA?
whenever the limit exists. If v is T;-invariant, one has dim.(v) = h,(T;), the entropy of v

with respect to T; (see e.g. [12]).

Due to the results by Kahane and Peyriere [37, B6], when a Mandelbrot measure p is
non-degenerate (that is, when P(u # 0) > 0), with probability 1, conditional on p # 0,
one has

log(p([za]))

Jim ——> =T'(1-)=~- > E(W,logW,), for pra.e. x.
acAy
It then follows that dim,(u) exists [23] and dim.(u) = T7'(1—). In particular,
(2.5) dim, (p1) <logE(#A),

with equality if and only if 1 is the so called branching measure, i.e. it is obtained from the
random vector (14(a)/E(#A))qca, (see Remark |4.1{for a justification of this uniqueness).

Before stating our first result, we present a result deduced from [7] about the entropy
dimension of IT; i (in [7] we proved the exact dimensionality of the projection of a Mandel-
brot measure on X7 x X7 to the first factor X7, in the case that X; is endowed with dy,
where 4 = ((log#.A41)7!); but projecting from X; to X; and considering the entropy
dimension do not affect the arguments):

Theorem 2.1. [7, Theorem 3.2] Let 1 be a non-degenerate Mandelbrot measure on K.
Suppose that T'(q) > —oo for some q > 1. With probability 1, conditional on p # 0, for all
2 <i <k, one has dim,(II;;1) = min(dime(p), hy, (T3)), where v; is the Bernoulli product
measure on X; obtained as v; = E(IL;u).

Hence, dim.(p) and h,,(7;) compete in the determination of the entropy dimension of
the i*" projection of .

Recall that a locally finite Borel measure v on a metric space (X, d) is said to be exact
dimensional with dimension D if
L los(B, )
r—0+ log(r)
for v-almost every . We denote the number D by dim(v) and call it the dimension of v.
Our result on the exact dimensionality of the Mandelbrot measure p on (X1,d5) is the
following.

Theorem 2.2 (Exact dimensionality of ). Let u be a non-degenerate Mandelbrot measure
on K. Suppose that T'(q) > —oo for some ¢ > 1. With Z)robabilz'ty 1, conditional on u # 0,
the measure 1 is exact dimensional and dim(p) = dim? (u), where
k k
(2.6) dim7 () := Z vi dime (TL;p) = 1 dime(p) + Z% min(dime (@), hy, (T3))-
i=1 =2

This result will follow from the stronger fact that the L?-spectrum of  is differentiable
at 1 with derivative dim? (u) (see Theorem .
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2.3. The Hausdorff and box counting dimensions of K. To state our result on
dimy K, we need to recall some elements of the weighted thermodynamic formalism.

For 1 <i<kandbe A =1I;(A), let

(2.7) N9 = #{a € A : [a) CT; (b)) and [a] N K # 0}
Then set
Ai={be A: E(N) > o0},
Without loss of generality we assume that #Xk > 2. Indeed, if Zk is a singleton, then

X plays no role in the geometry of K since IIx(K) is a singleton when K # (). As a
consequence, #.A4; > 2 for all 2 <7 < k.

For 1 < i <k, let X denote the one-sided symbohc space over the alphabet A If
o : X, — R is a continuous function on XZ, ,@ (Bis Bix1s -+ Be) € RY x ]Rk  and
veM(X;,T;), let

k

(2.8) W (To) =Y Bihu, ;o (Ty)
=i

where

(29) Hiyj:Trj,lo-nom 1f]>Z

and II; ; is the identity map of X;, and define the weighted pressure function
(2.10) PR, 1) = sup {w(6) + HE(Ty) : v e M(X,, T},

where v(¢) = [ 5 ¢dv. It is known ([6]) that if ¢ is Holder-continuous, then the supremum

in defining Pé(qﬁ, T;) is reached at a unique fully supported measure vy, called the equi-

librium state of ¢ for P (¢, T;). Moreover, the mapping 6 — P8 (00, T;) is differentiable,
and

s :
(.11) LD — [ o) dvna(2) = vao(o).

For 2 < i < k let ’71 = (%’)z‘gjgk = (v + -+ %, Yit1,- -, 7k) and let ¢; be the
Holder-continuous potential defined on X; by
(2.12) ¢i(z) = (n + - +7) log E(N).
For this potential and B =7, we set
(2.13) Pi(0) = PV (0¢;,T;), 6 €R.
We also define Py = P.
The equilibrium state of 8¢; for P will be also called the equilibrium state of P; at 6.

By ([2.11f), we have

(2.14) PlO)=(m+-+7) Y vos, (1) log E(N,) (0 €R).

bE.ZZ‘
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We now define some parameters involved in the next statement. In order to slightly
simplify the exposition, we assume that all the ~; are positive. The general situation will
be considered in Section [8l

Set I ={2,...,k} (introducing this convention will simplify the discussion in Section,

Gt i

(2.15) 0; if2<i<k,
TRRREEY

and define

I={iel: P(1)>0}.

Moreover, define

. min(l) if I #0
2.16 _ I
(210) 0 {k+1 i T =0
and
(2.17) g, —J Win {9 € 0. 1] : PL(0) = 0} if 49 < k

' 1 ifig=k+1

Theorem 2.3 (Hausdorff dimension of K). With probability 1, conditional on K # 0,

dimy K = sup{dim) (u) : p is a positive Mandelbrot measure supported on K}

_— TN
Pk(l) ifip=k+1
:nﬁﬁﬂ@:ieLégeg1}

Moreover, there is a unique Mandelbrot measure jointly defined with K at which the supre-
mum is attained, conditional on K # ().

The Mandelbrot measure at which the supremum is attained will be specified in Sec-
tion It is constructed from the equilibrium state of P;, at 6;,.

Theorem 2.4 (Box counting dimension of K). With probability 1, conditional on K # (),

k
dimp K = 7, log E(#A) + Z Vi mln log Z 9.
beA;

Next we give a necessary and sufficient condition for dimy K = dimp K. Define
(2.19) vi0ef0,1] —log Y E(ND) (2<i<k).
bE.Zi
For each 2 < i < k, denote by ; the point in [0, 1] at which 1; reaches its minimum if ;
is not constant (i.e. there is b € A; such that E(Nb(l)) #£1), and 6; = 0 otherwise.

We will need the following lemma to state and prove Corollary about the necessary
and sufficient condition for the equality dimy K = dimp K to hold.

Lemma 2.5. For each 2 < 1 < k, 1/% takes the value logE(#A) at 0 = 1. Moreover if

2<i<k—1, then ¥; > 1, and 0 < 1 implies 01+1 < 1.
11



Proof. The first property is due to the relation E(IV. ZH ) e E(N( )) for

any be Al+1, and the second one is due both to this property and the subadd1t1v1ty of
y > 0+ 3%, The third property is a direct consequence of the first two properties. Indeed
if 91+1 = 1, then by the definition of 02+1 and the convexity of ¥;11, we have for every
6 €0,1), ¢z+1( ) > ir1(1) = logE(#A) and so

Yi(0) > iv1(0) > log E(#A) = ¢:(1),
which implies that é\z = 1. O

Corollary 2.6. It holds that dimy K = dimpg K with probability 1, conditional on K # 0,
if and only if E(N, )) does not depend on b € A; for alli € I such that 0; < 1.

2.4. Dimensions of projections of 1 and K. We still assume that all the v; are positive
and will discuss the general case in Section [§] In the next statement p is assumed to be a
non-degenerate Mandelbrot measure such that K, C K almost surely.

Theorem 2.7 (Dimension of Il;u). Let 2 < i < k. Suppose that T(q) > —oo for some
q > 1. With probability 1, conditional on p # 0, the measure Il;u is exact dimensional

and dim(IL;p) = dim? (IL;), where

dim7" () : Z’y] dime (1T 1) Z‘yj min(dime (p), ho; (T5)).
j=i

] =1

Next we consider dimy II;(K). For this purpose, let i € {2,...,k}. Define éé = 0 and
0, =0; for j =i+1,...,k (cf. (2.15) for the definition of 6;). Set I; = {i,...,k} and
define

Li={jelL: Pj1) >0}

Then define B
Jo = joli) = { E+1 otherwise
Also, set
(2.20) 6 = min {9 € [0},.1]: P} (0) > 0} if jo <k
1 if jo=k+ 1

Theorem 2.8 (Hausdorff dimension of II;(K)). Let 2 < i < k. Let jo = jo(i) and 9;0 be
defined as above. Then, with probability 1, conditional on K # (),

dimpy II;(K) = sup{dimf(l‘[iu) : puis a positive Mandelbrot measure supported on K}

(2.21) _ ) Do(03) o<k

P (1) ifjo=Fk+1
and the supremum is uniquely attained at a Mandelbrot measure jointly defined with K if
and only if one of the following conditions is fulfilled:

(a) jo > i; '
(b) jo=1 cmd 6%, > 0;
(c) jo=1, 05, =0 and P} (0) = 0.
12



Remark 2.9. We deduce from Theorems[2.3 and [2.8 that:

(ii) dimpg K = dimg IL;, (K) if and only if io < k and P (0;,) = 0, or if ip = k + 1.
Indeed, it is clear that the condition is sufficient. Now suppose that dimpy K =
dimy HZ-(L(K). Ifig < k and H/O'(Hio)f 0 then 0;, = 0;, > 0. Morepver, Jo(ip) = ig
andNPi’o (0:y) > 0 implies that 0,0 < 0;y, so dimpy I1;,(K) = P;,(0;0) < dimpy K =
Pi (92‘0). Thus, Zf i() S k then Pi,o (92‘0) =0.

(i) If2<i<j <k, then
(a) if2 <1<y < jo(i), then dimgy H]’(K) = dimpg Hi(K);

(b) dimp Il ;) (K) = dimp IL(K) if and only if jo(i) < k and P;
jo(i) = k+ 1. This can be proven like (ii).

(i)(ejo) =0, or

Theorem 2.10 (Box counting dimension of II;(K)). Let 2 < i < k. With probability 1,
conditional on K # (),

k
. ' _ i (5)\6
dimpIL;(K) = Z’yj 021[(1)1711] log Z E(N,")".
J=t beA;
Corollary 2.11. Let 2 < i < k. It holds that dimy II;(K) = dimp II;(K) with prob-

ability 1, conditional on K # (), if and only if either of the following three conditions
hold:

(1) 6, =1 and E(Nb(j)) does not depend on b € .ZJ for all j € I; \ {i} such that c/9\j < 1.
(2) 0<0; <1, or6; =0 and ¢}(0) = 0. Moreover setting

jo=max{j € I, : for all j' <j in I;, either 0 < §j/ <1, or §j/ =0 and vj(0) = 0},

then the following properties hold: _
(i) For all j GAIZ' suAch that j < jg, for allb € A;, Hi_’jl(b) NA; is a singleton (in
particular 0; = 6;);
(i) For all j € I; such that j > ji one has 0; = 0 and ¥3(0) > 0, and

S BN
beA;: ]I ([b)
does not depend on b € .Z]
(3) Forallj €I, 0; =0, ¢5(0) > 0, and #H;jl(b) N A; does not depend on b € Aj.

In the random case, Theorem Theorem and Corollary are new except in
the case i = k, which is reducible to the two dimensional case considered in [15, 19} [7].

2.5. Dimensions of conditional measures. Given a non-degenerate Mandelbrot mea-
sure pu, conditional on p # 0, for each 2 < ¢ < k, the measure 1 disintegrates as the skewed
product of TT;1u(d2) p* (dz), where pi# is the conditional measure supported on IT; * ({z})NK
for II;u-almost every z. We will prove the exact dimensionality of the measures p* and
the value for their dimensions.

Let us start with a consequence of [7, Theorems 3.1 and 3.2]:
13



Theorem 2.12. Let p be a non-degenerate Mandelbrot measure supported on K and
2 <i < k. Let v; be the Bernoulli product measure equal to E(Il;u). With probability 1,
conditional on p # 0, IL;u is absolutely continuous with respect to v; if dime(p) > hy, (T3),
otherwise ;. and v; are mutually singular. Moreover, if T'(q) > —oo for some q > 1,
then for ILp-a.e. z € I;(K) and p*-a.e. x € K,

L Jog( (i)

n—00 —-n

= dim¢(p) — dime (IL;p),

which is equal to dime(p) — hy, (T;) if dime(p) > hy, (T3) and 0 otherwise; in particular the
entropy dimension of u* exists and equals dime(p) — dime (IL;p).

It is worth mentioning that the existence of the local entropy dimension for p* and the
entropy dimension conservation formula comes from the study achieved in [20] for the self-
similar case, while the alternative between singularity and absolute continuity regarding
IL; i, as well as the value of dim.(IL;u) and so that of dim.(p*) are obtained in [7].

For the Hausdorff dimension of the conditional measures, we prove the following result:

Theorem 2.13. Let u be a non-degenerate Mandelbrot measure supported on K and
2 < i < k. Let v; be the Bernoulli product measure equal to E(II;u). Suppose that
T(q) > —oo for some q > 1. With probability 1, conditional on p # 0:

(1) If dime(p) < hy,(T;), then for pu-a.e. z € II;(K), the measure p* is exact dimen-
sional with Hausdorff dimension equal to 0.
(2) If dime(p) > hy, (T;), then for pu-a.e. z € II;(K), the measure p* is exact dimen-
sional with
i—1
(222)  dim(u®) = a(dime () — hu, (T2)) + % (min(dime (1), by () — oy (T1):
=2

(3) In both the previous situations, the Hausdorff dimension conservation
dim(p) = dim(p®) + dim(IT;p)
holds.

Naturally, there is a similar result for the conditional measures of II;;1 projected on Xj,
2<i<j<k.

Theorem 2.14. Suppose k > 3. Let i be a non-degenerate Mandelbrot measure supported
on K and 2 <i < j < k. Suppose that T(q) > —oo for some q > 1. With probability 1,
conditional on p # 0, denote by (IL;)7* the conditional measure of Iy associated with
the projection 11; j, and defined for IL;pu-almost every z.

(1) If dime(p) < hy(Ty), then for Ijp-a.e. z € I;(K), the measure (ILp)"* is exact
dimensional with Hausdorff dimension equal to 0. '
(2) If dime(p) > hy; (1), then for Uju-a.e. z € I;(K), the measure (I;u)”* is exact
dimensional with
j-1
(2.23) dim((T0))) = 3 7% (min(dim (1), b, (T3)) — b, (T5))).
j'=i
14



(3) In both the previous situations, the Hausdorff dimension conservation
dim(TT;) = dim((M;)7%)) + dim(TLjp)
holds for 11; j-a.e. z € I; ;(K).

2.6. Applications to the Euclidean realisations of symbolic random statistically
self-affine Sierpinski sponges. The link with Euclidean random sponges is the follow-
ing: Given a sequence of integers 2 < my < -+ < myq, if A; = H?:i{(], co.,my — 1} for
1 < i < k, m; is the canonical projection from A; to A; 41 for 1 <i < k—1,~v = 1/log(my),
and v; = 1/log(m;) — 1/log(m;—1), 2 < i < k, then the cylinders of generation n of X
project naturally onto parallelepipeds of the family

k

G, = {H[ﬁzm;n, (Zl + 1)ml_"} :0<Y; < mf — 1} ,
i=1

and K projects on a statistically self-affine Sierpinski sponge K , also called Mandelbrot

percolation set associated with (A(u))ueca; in the cube [0, 1]* endowed with the nested

grids (Gn)n>o0-

It is direct to prove that all the results of the previous sections are valid if one replaces
K by K, the Mandelbrot measures by their natural projections on K (which are also called
Mandelbrot measures), and II; by the orthogonal projection from R* to {0}~ x RF—#+1,

If K is deterministic, then ig = 2, 62 = v1/(71+72), the Mandelbrot measure of maximal
Hausdorff dimension is a Bernoulli product measures, and we recover the result established
by Kenyon and Peres in [38] (they work on (R/Z)* but it is equivalent); also, in this case
the results on the dimension of conditional measures is a special case of the general result
obtained by the second author on the dimension theory of self-affine measures [25]. If
k = 2, the Euclidean version of Theorem yields the value of dimg K computed by
Gatzouras and Lalley in [27].

Regarding the box counting dimension of K , if K is deterministic, we just recover the
result of [38]; in this case, §; = 0 for all 2 < i < k. If K = 2, we recover the result of
Gatzouras and Lalley in [27].

The paper is organized as follows. Section 3 is dedicated to the proof of Theorem
Section 4 to the proof of Theorem Section 5 to that of Theorem [2.4] and its corollary,
Section 6 to those of the corresponding results for projections of Mandelbrot measures
and K, Section [7] to those on conditional measures, and the brief Section [§] to the case
when some ~; vanish.

3. THE HAUSDORFF DIMENSION OF p. PROOF OF THEOREM

Let us start with a few definitions.

With the notation given in the introduction part, for any word I € A} and any integer
n > 0, we denote by u! the measure defined on X; by

W) = QMUY (1) for J € A

and by u! the measure on X obtained by distributing uniformly Q!(.J) on any cylinder
J of the n'® generation. Also, we write i, = pS.
15



Forl1<i<kandn €N, let

: n
ti(n) me{pGN: p> (71+--~+7i)%},
and by convention set £o(n) = 0. It is easy to check that in the ultrametric space (X1, d5),
the closed ball centred at x of radius e 71 is given by
B(z,e m)={ye X;: 0 (Y10,(n)) = Wi@)g,(ny) for all 1 <i < k}.

Let F, be the partition of X; into closed balls of radius e . For any finite Borel
measure v on X1, the Li-spectrum of v can be defined as the concave mapping

. minf 7L ’
Ty qER»—HlnIgggf - logB;: v(B)4,

with the convention 09 = 0.

It is known that since (X1, dy) satisfies the Besicovich covering property, for v-almost
every x € X1, one has

7,(17) < dimy, (v, 2) < dimyge(v, 2) < 7,(17),

so that the existence of 7/,(1) implies the exact dimensionality of v, with dimension equal
to 7,,(1) (see, e.g., [45]). Consequently, Theorem follows from the following stronger
result.

Theorem 3.1. Suppose that T(q) > —oo for some ¢ > 1. Conditional on p # 0, T[L(l)
exists and equals dim) (1), where dim7 () is defined as in (2.6).

Recall that for 2 < i < k, we defined v; as ILE(u) = E(IL;u). If v is a Bernoulli product
measure on X;, we set

(3.1) To(g) = —log > w([b)? (q>0).

beA;

Then Theorem follows from the following proposition.
Proposition 3.2. Suppose that T'(q) > —oo for some ¢ > 1. Let
io=max{2<i<k: T'(1) <7, (1)}

with the convention max(() = 1. Then there exists qo > 1 and co > 0 such that for all
q € (0, qo], we have

(3:2) E( Y u(B)?) = O exp (b (n)(cola—1)*~T(e))~ S (i)~ i1 () s, (a) ) )

BeF, i=10+1

as n — oo, here we use the Landau big O notation. Moreover, cy can be taken equal to 0
if one restricts q to belong to (0,1] or if T'(1) # T, (1) for all 2 <i < k.
16



Assume that Proposition holds. Then, a standard argument (see, e.g. [7, Lemma
C]) yields that for any fixed g € (0, qo|, the following holds almost surely:

log > pu(B)"

BeFn

lio(n)(colg = 1)* = T(q)) = Silipr (li(n) = lima (n)) To (@)

lim sup < lim sup
n—o0 n n—00 n
k
=BT T (gh(g - 1)2 ~ T(q)) — > 2T ().
m imig+1 11

Then, by the convexity of the two sides as functions of ¢, the inequality holds almost
surely for all g € (0, go]. Multiplying both sides by —v; yields, conditional on u # 0,

k
(@) > =+ Hvig)eolg = 1P+ (4 + %) T+ Y 7 To(a).
i=ig+1
Since both sides of the above inequality are concave functions which coincide at ¢ = 1 and
the right hand side is differentiable at 1, we necessarily have that TL(l) does exist and is
equal to the derivative at 1 of the right hand side, namely

k
() T+ D % T (1) = dim ().
i=1ip+1

Hence Proposition implies Theorem

In the remaining part of this section, we prove Proposition [3.2] We still need two
additional lemmas.

Lemma 3.3. Suppose that T(q) > —oo for some q > 1. Then, for all q € (1,2) such that
T(q) > 0, there ezists a constant Cq > 0 such that for all 2 < i <k, for alln > 1 one has

UeAn UeA?

Proof. This is a direct consequence of [7, Corollary 5.2], in which the case k = 2 is
considered. O

Lemma 3.4. [49] Let (Lj)j>1 be a sequence of centred independent real valued random
variables. For every finite I C N and q € (1,2],

E(’ 3L q) <23 E(|Li|9).
i€l el

Proof of Proposition[3.3. At first, note that the set of balls F,, is in bijection with the set
H?Zl Afi(n)_gi’l("), since for any x = (2;)2; € Xy, if we set U; = IL;(zq,_, (n)41 " Tey(n))5
1<i<k,and U = (Uy,...,Ug), then

Blz,e ) = {y € Xy (T ™y) e (U] forall 1 < i < k}
= U [‘]1 Jk]a
(J15JK)ETU

17



where

k
3.3) Ju= {(Jl, ) € [TAF T () = U for all 1 < i < k;} .
=1

For 1 <i <k, set Z/ly(f) = Hfm Aﬁj (n)=€j-1(n), For g € R4 we need to estimate from above
the partition function

> (X wuhean)t

UGZ/{T(LI) (J17J27"'7Jk)€‘-7U

For1<i<kand U® = (Ui, - ,U) Eur(zi)aset

k
T = (Jiy o Jy) € TTAY™ =5 (7)) = U, foralli < j < k
U 1 J\“] J
Jj=t

Also, set UF™) = {e} and J. = {€}.

Then, for 1 <i < k and (Jy,...,J;) € H;-Zl Aﬁi(n)_gi“(n), define the random variable

q
> > ph (i D) |
UG+D) eyt \ i1, k) €T (i41)

Notice that Z,,(€) = Zgn and Zyp(J1- -+ Ji) =Y (J1 -+ - Jg)9.

Due to the branching property associated with the measures p’, J € A7, for all 0 <
1 < k —1 we have

2 2. e

Hgys =iy (i) Sy (J1 -+ Jidiga)
UG+ gt Ji+1€Afi+1(n)—ei(n)

i1 (Jig1)=Uiq1

)

where U+ = (Uyio,...,Uy) € U™, and

Sy (1 Jidiy1) = Z

/j,JlmJiJi+1([Ji+2 . Jk])
(Jit2ye s k) €T (142)

Notice that the random variables Sy (it2)(J1 -+ JiJiy1), where Jiy1 € Afi“(n)_zi(n)
I;(Jiy1) =

and
i+1, are independent and identically distributed, and independent of the
o-algebra generated by the uii'l“(];)i 0 )(Jz‘+1)- Setting

L(Jit1) = Syt (J1 -+ Jiv1) — E(Sy+2),
18



where E(Sp;i12)) stands for the common value of the Sy;v2)(J1 - - - Jiy1) expectations, we
have, for ¢ > 1:

q
Jr-J;
E Z “&L(n)—zi(n)([*]iﬂ]) Syt (J1+ - Jidig1)
Ji+1€Afi'§1(n>_zi(n)
i1 (Jip1)=Uit1
q
- T J;
<2'E > Finim—tsy(Jin1]) | E(Spaen)?
Ji+1EAfj:g1(n)7ei<")
i1 (Jit1)=Uit1
q
-1 Ji--J;
R > oty ony—s oy ([ia]) L(Ji1)
JZ_+1€A?E'~_-E1(")—Q(")

41 (Jig1)=Uit1

Assuming that ¢ € (1, 2], we can apply Lemma to the second term conditional on the
o-algebra generated by the ué:l"(];)i P (n)(JZ-H) and get

7

q
Jroe-di
E > Kt -5y ([Ti1]) L(Jig1)
JiHeAerll(n)*Q(n)
Oit1(Jit1)=Uit1
JieJ;
com| S k(e | BQLY)
Ji+1€Afi4i1(n)—5i(n)
i1 (Jit1)=Uit1
q
Ji-J; . e .
< 29E Z Mfil_._l(n)—li(n)([‘]i'i‘l]) E(|L|?) (using superadditivity)
JiHeAfﬁl(n)*@i(n)

i1 (Jit1)=Uita

= 2B (TWasa14y! oy (Uina])?) E(LIY),

where E(|L|?) = E(|Syi+2) — E(Sy+2)]7) < 29E(S] i1s)), and E(S].,5)) is the common
value of the E(Sy;iv2) (J1 -+ Jit1)?). Incorporating the last inequality in the previous one,
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we get

q
E Z MgH_l( )— gi(n)(Ji-H) SU(i+2) (Jl T Jz‘-i-l)
Jit1 eAzerrll(n)*Q(n)
Oit1(Jit1)=Uit1
< 2P (g gy (Vi) E (S ) -
Then, taking an arbitrary element J;1; in A§i+1(n)4i(n), we obtain
E(Zq,n(Jl T JZ))
< 23q Z E(HiJrlNz;.l.t(]TiL)_gi(n)([UiJrl])q) Z E(SU(H-z) (J1 s Ji:];url)q)
Z+1€Al:‘11(n)—€z‘(n) U(i+2)€u7gi+2)
=2 > By Gy UenD) EZga - Jidir)).
U1 €A, zjl(n)*éﬂn)
Since (pp)p>1 and (ugl”"]i)pzl are identically distributed this yields
E(Zq,n(']l e Jl))
< 2% > E (i 120, 1 ()~ () ([Ui1)))) B(Zgn (S -+ Jidig))-
HlEAerJEl(n)*Zi(n)
It follows that
k
E(Zyn) < 22" E(Y) [[E > Wi fig, (n)—e;_1 () ([Ui])
1=1 Li(n)—L;_1(n)

Uie A"

Let ¢1 € (1,2] such that T(q) > 0 for all ¢ € (1,q1] (remember that 7(1) = 0 and
T'(1) > 0). Then, for all ¢ € (1,q1], the previous estimate combined with Lemma
yields

E(Zgn) < 2 OBV E( Y m((01])7)
UreAY

X exp( i n) — i1 ( ))min(T(q),E(q)))

=2

k
= 2 CER(YY) exp (= nT(g) — D (tiln) — i1 (n) min(T(q), Tou())).

=2

Finally, recall that ip = max{2 < i < k : T'(1) < T/.(1)} (note that for each i the
number 7 (1) is the measure-theoretic entropy of v; so that the sequence (7, (1))1<i<k is
non-increasing). Since T and the functions 7,, are analytic near 1 and coincide at 1, for
all 2 <14 <y there exist qo; € (1,¢1] and ¢; > 0 such that for all ¢ € (1, go ;] one has

min(7'(q), Ty, (q)) > T(q) — ci(q — 1),
20



with ¢; = 0 if T(1) < 7 (1). Taking co = max{c; : 2 <i <ip} and go = min{gp; : 2 <
i <o} yields (B:2).

Suppose now that g € (0,1]. We start with giving general estimate of E(Z,,,(J1 - J;)).
Using the subadditivity of x € Ry + 29 we have

Zgn(Ji---J) < ) > 1y (Fie1 ) Sy (1 -+ Tidi)%,

i1
UG+ gty Jit1 eAf“’“(")*ei(n)
i1 (Jigx1)=Uis1

so
E(Zgu(J1-- J3)) < > > By gy (Fi41))
Ui+1€A?i-¢11(n)—4¢(n) Ji+1€-’4ii+1(n)_ei(n)
i1 (Jit1)=Uit1
: E( Z Sprtivay (J1 - - JijiJrl)q)
Ui+2) eu’r(1i+2>
—E( S L e E g Jidie)
Ji+1€Afi+1(n>*f¢(n)
“E( Y et Ui E g Bidi)
Ji+1€Afi+1(n>*£¢(n)
= exp(=(li41(n) — Li(m)T(@)EZgn (s -+ JiTis1)):
Starting from E(Z,,) = E(Zyn(e)) and iterating ig times the previous estimate we get
0 " N
E(Zgn) < (H exp(—(4i(n) — Eifl(n))T(Q))> E(Zgn(J1- i)
i=1
= exp(—Lis (M) T(@)) E(Zgn (J1 - - ).
On the other hand, setting J = .J; - - - J, and A(n) = £x_1(n) — €;, +1(n), we can write
Zgn(J)
q
= ) > (24 D D el (P8
plio+1) ggqlio+h) J'=Jigy1 k-1 Jiot T (Ji)=Ug
H]'(Jj):Uj, Vio+1<j<k—1
q
= > > 1y (D) v (U X (T |
U tio+1) ggqlioth) J'=dig+1Jk—1
11 (J;)=Uj, Vio+1<j<k—1
where
JJ’
i N B W)
X(JJ’) _ Z w’’ (J), with w’ (Jy) = e (UR]) if v ([Ug]) > 0, )
I g (Ji)=Uk 0 otherwise
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We can now use the independence of the random variables X (j J') with respect to the

o-algebra generated by the i/ J']), conditioned with respect to this o-algebra and use
g g Y An)
Jensen’s inequality to get
q

E(Zw(I)< Y B 3 1y (7)) v ([UR) E(X ()
plio+1) ggqlio D) J'=Jig+15 k1
I1;(J;)=U;, Vio+1<j<k—1

But by construction we have v ([U]) = IE( D T (Je)=Us ,uj‘]/ ([Jk])) ,hence E(X (JJ)) =
1. Setting
q

R= 3 E S (7D |

Ci(m)—t;_1(n) § 2 S
Uig+15--U € A i ig+1Jk—1
Uig+15Uk—1) €l Z 11 I, (J;)=U,, Wio41<j <k—1

this yields
E(Zn() <R 3 wllU)?) = Reexp(=(6(n) = 1 (n) Ty (@)).

U E.Aek(n) L _q(n)

We can apply to R the same type of estimate as that for E(Z, (j )), the only change
being that M‘TJI([JI.:]) = p’Jio+1Jk=1([J;]) must be replaced by ujkj”iz)':?;j(n)((]k_l), and
JJ10+1 Jr—2

one now must use the fact that v,_; = E <Hk 1, ()t o (n )>. Tterating we get

k
E(Zyn(D) exp (= D2 (Gln) = lia(n) Tos(a) ).
i=19+1
and finally
k
E(Zgn) < exp (= £, = > G~ ()T (@),
i=ig+1
This completes the proof of the Proposition. O

4. THE HAUSDORFF DIMENSION OF K. PROOF OF THEOREM

We have to optimise the weighted entropy dimZ(,u) over the set of non-degenerate
Mandelbrot measures p supported on K; this will provide us with a sharp lower bound
for dimy K. To do so, it is convenient to first relate dim.(u) to hy, (7;) for all 1 <14 < k,
where v; = E(IIu). This is the purpose of Section Then we identify at which point
the maximum of weighted entropy dimension of Mandelbrot measures supported on K is
reached. This constitutes Section Section quickly derives the sharp lower bound
for dimy K. Finally, in Section [£.4] we develop a kind of variational principle to get the
sharp upper bound for dimgy K.
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4.1. Mandelbrot measure as a kind of skewed product and decomposition of
entropy dimension. Let p be a non-degenerate Mandelbrot measure jointly constructed
with K and such that K, C K almost surely. As in Section we denote by W the
random vector used to generate p. By construction, for any 1 < ¢ < k, the measure
v; = E(IL;u) is the Bernoulli product measure on X; associated with the probability

vector pli) = (p((;i))bG.Aia where
=Y EW),
a€A;: [a}CH;l([b])
and one has v; = m;_1v;_1 for i > 2. We also define, for b € A;,

v Waaenr: ey 1 2([0) > 0

@) _ () _
Vo' = Voa)aes: faer ' () = {0 otherwise
so that for all a € Ay, for all 1 <4 < k, we have the multiplicative decomposition

Wa = Vz(Hz[a]) . VI%)(a),a'

For 1 <i<kandbe A, set

(4.1) Ty (q) = ~logE > W] @z
acAy: [a]CHi_l([b})

with the conventions 0° = 0 and log(0) = —oc. In particular

(4.2) T,(0) = ~log E(N," (W),

where

Ny (W) = #{a€ A : [a] €T (B]), Wa > 0},
One can check that

=T (9
(43) W@ = S e w0
beA;
vi([b])>0

from what it follows, after differentiating at 1, that
(4.4) dime (1) = hy, (1) + dime (uls),

where
hu,(Ty) = = > vi([b]) log wi([b])
beA;
is the entropy of the T;-invariant measure v; and

dime(ulvi) := Y wi([b]) "/bm(l) = Y w@) |- 3 E(V};(,Z) log VE;(,Z))
oy bed, a€A;: [a]cIr; !
()50 vi(b) 50 €A [a] L ([b])
must be thought of as the relative entropy dimension of p given v; whenever this number
is non-negative.

Among the Mandelbrot measures supported on K, special ones will play a prominent
role. We introduce them now.
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Recall that for 1 <i < k and b € A; = II;( A1), we defined
N =#{a € Ar: [a] 7). o]0 K #0)
and we also defined the set A; = {b € A, : E(Nb(i)) > 0}.
For a € A; such that [a] C II; ' ([]) let

S0 _ BN ifbe A and [ N K A0
ba 0 otherwise '

Z) for

all a € A; such that [a] C TI;*([8]), and if T’ t//T/(l) > 0, we get a new Mandelbrot measure
that we denote by p,,. By construction, v; = E(IL;y,, ), and

(4.5) dim (puy, i) = 3 vi([b]) log E(N,).
beA;

If v; is a Bernoulli product measure on X;, and W, is taken equal to W, = Vi([b])vb(

The following remarks point out some properties which will play key roles in our proof
of Theorem 2.3

Remark 4.1. Given a non-degenerate Mandelbrot measure v supported on K and 1 <
i <k, for each b € A; such that v;([b]) > 0, the function T, is concave, takes value
b

0 at 1 and due to [.2) one has T\, (0) = flog]E(Nb(i)(W)) > *10g]E(Nb(i)), so T\, is
b . b
bounded from below by the linear function Tsm 1 q = (g—1) logE(Nb(Z)). Consequently,
. b
T‘,/b(i)(l) < T‘L/b(i)(l) = logE(NlSZ)). It then follows from (4.4) that

TE() = h(T)+ Y w(b) v (1)
beA;: v ([b])>0
> h(T)+ Y. vi([B)T7, (1)
beA;: vi([b])>0 b
= Ty (1),
with equality only if T\ i) equals T‘~/b(i) whenever vi([b]) > 0. In particular, TVb@) must be
affine. Remembering , and differentiating twice shows, after an application of Cauchy-
Schwarz inequality, that this implies that V;)(Z) equals 1gx (Wo)/ E(Nb(i)(W)) almost surely.
Consequently, Tvb(l-) equals T‘~/b<i) if and only if V})(i) = f/:b(i) almost surely, for all b such
that v;([b]) > 0, i.e. W = W almost surely. In particular, either T"}T/(l) = T}, (1) and
Wy, 15 non-degenerate since p,, = pu almost surely, or T{;/(l) > T}, (1) > 0 so that p,, is

non-degenerate (recall that since p is non-degenerate, Ty, (1) = 0 only in the case that p
is a Dirac measure).

Recall that fori =1,...,k, X; = Ag\l and X; = (E)N, where
Ai={be A: E(NY) > o},
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Remark 4.2. The reader will also check that when p,, is non-degenerate, for all 1 < i’ <
i — 1, denoting E(IL; ;) by vy, one also has W, = W(b’)bea) for allt € Ay and a € Ay
such that [a] C IL;'([b]). Consequently, ju,, = 1, and
dime(py,) = by, (T3) + Z vi([b]) log IElei) = hy, (Ty) + Z v ([b') logIE(Nb(,i ))
beA; =
(with the convention 0 x (—o0) = 0). Also, if v; is fully supported on X;, then Ky, =K
almost surely since by construction a component Wa of the random vector W associated

with p,, as in Section vanishes exactly when a ¢ A(w).

Definition 4.3. We denote by B; the set of Bernoulli product measures on X; which are
supported on X;. Also, if p; is a Bernoulli product measure defined on X;, we also denote

by p; the Bernoulli product measure on X; defined by assigning the mass p;(B N XZ) to
any Borel subset B of X;.

Remark 4.4. Another important fact, which follows from the previous remarks, is that
giwen 1 < i < k and p; € B; such that h,,(T;) + ZbeA pz([b])logENb(l) > 0, then p,, is
the unique Mandelbrot measure p jointly defined with K and such that if p = E(u), then

ho(T1) + Xy 7, () I ENSY = Ry (T)) + ¥y 4, pil[0]) Iog EN,”.
On the other hand, it also holds that if p; € B;, then

sup § iy (T1) + % p(B)og ENY < p € Bi, Tip = pi ¢ = hy(Ti) + D pil[B]) log EN,”,
bE.Z1 beA;

and the supremum is uniquely attained. See e.g. [42] for a proof (or use [12, Lemma 1.1]
for a direct proof).

4.2. An optimisation problem. The following result invokes notions introduced to state
Theorem and in the previous Section [4.1] Recall Definition

Theorem 4.5. Let

MY = max{dimj(,u) . pis a positive Mandelbrot measure supported on K}.

One has
A = {Pio(eio) ifio < k
Pi(1) ifip=k+1’
and the mazimum is uniquely attained at py, , where vy, is the equilibrium state of P,
at b and p,, is the Mandelbrot measure associated to Vio as in Section |4.]] -

Before proving Theorem [£.5] we first recall a version of von Neumann’s min-max theorem
and establish two useful corollaries of it.

4.2.1. A generalised version of von Neumann’s min-max theorem, and some
applications. In this part, we state a generalised version of von Neumann’s min-max
theorem, which was proved by Ky Fan [24].

We first introduce some definitions. Let f be a real function defined on the product set
X x Y of two arbitrary sets X, Y (not necessarily topologized). f is said to be convex
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on X, if for any two elements z1, x2 € X and t € [0, 1], there exists an element zy € X
such that f(zo,y) < tf(z1,y) + (1 —t)f(ze,y) for all y € Y. Similarly f is said to be
concave on Y, if for any two elements y1, y2 € X and ¢ € [0, 1], there exists an element
yo € Y such that f(z,y0) > tf(x,y1) + (1 —t)f(x,y2) for all z € X.

Theorem 4.6. [24, Theorem 2]. Let X be a compact Hausdorff space and 'Y an arbitrary
set (not topologized). Let f be a real-valued function on X XY such that for everyy € Y,
f(z,y) is lower semi-continuous on X. If f is convex on X and concave on Y, then

(4.6) min sup f(z,y) = supmin f(x,y).
rzeX yey yey @ zeX

Now we give a specific application of Theorem Let Y be a compact convex subset
of a topological vector space. Let £ € N* and ¢y, ..., gr be real concave functions defined
on Y. Set

4
AZ:{(Ql)aqf)ERE QZZOand Zqzzl}
i=1
Define P: Ay — R by

14
P(qi,...,q) = Sup{z%gi(y) Cy € Y}.

=1

Clearly P is a convex function on A,. As a consequence of Theorem we have the
following.

Corollary 4.7. Under the above setting, we have

(4.7) min  P(q1,...,q¢) = supmin{gi(y),...,ge(y)}
(q15-q0) €A yey

Proof. Define f: Ay xY — R by

y) =Y aigily) forq=(q,...,q) € Ay, y€Y.

Clearly, f is convex and continuous in q = (qi,...,q¢) and concave in y. Notice that for
every y €Y,
min{gi(y),...,9¢ min q = min qiy---5Q7),Y).
@ 9ev)} = (q1,---,q¢) EAeZ i9i(y th,m,lH)EAe I )9)
Applying Theorem 1.1 to f (in which we take X = Ay) yields (4.7]). O

Next we rewrite (4.7)) as

min sup q-g(y) = sup min q-g(y) = supmin{gi(y),...,9:(y)},
A€l yey yeY a€8y yey

where q = (q1,. .., q¢) and g(y) = (91(y), - - -, 9e(y))-

Corollary 4.8. Assume in addition that g1, ..., g are strictly concave and continuous (or
upper semi-continuous) on Y. Then the following properties hold:
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(i) For any q € Ay, there is a unique y = yq € Y which attains the supremum in the
variational principle

(4.8) P(q) =sup q-g(y).
yey

(ii) Write L = mingea, P(q). Then there is a unique y € Y such that

(4.9) min{g1(y),...,9e(y)} = L

Moreover if P takes this minimum at a point q* = (qi,...,q;) € D¢, then yg= =y
and furthermore, q; = 0 if g;(y) > L.

Proof. Part (i) follows from the assumptions that g; are upper seml-contlnuous and strictly
concave. Specifically, the first assumption ensures that the supremum in is attainable.
The second one ensures that it is uniquely attained.

To see (ii), first notice that the uniqueness of y follows from the fact that L equals
sup,ey min{g1(y), ..., ge(y)}, and from the strict concavity of min{gi,...,ge}, which fol-
lows from the strict concavity of g;. To prove the remaining statements of part (ii),
suppose that L = P(q*) for some q* = (¢f,...,q;) € Ay By (i), there is a unique
Yq+ € Y so that P(q*) = q*-g(yq+). Recall that y € Y is the unique element so that
holds. Clearly q* - g(y) > L. We prove that yq» = y by contradiction. If y # yq~, then

9i((y +yq)/2) > (9i(y) + 9i(yq))/2 for all i so
P(q") > q" - g((y +vq)/2) > (9" - g(y) +a" - 8(yq*)) /2 2 L,
leading to a contradiction. Hence y = yq+. Finally, since
q - g(y) = L =min{gi(y),- ., 9(y)},
it follows that ¢; = 0 if g;(y) > L. O

4.2.2. Proof of Theorem 4.5, For 1 < i < k, we identify B;, the set of Bernoulli
product measures on X; Wthh are supported on Xl, with P(A ), the compact convex set
of probability measures on A;. An element v; € B; is said to be fully supported on A; if

v;(b) # 0 for every b € A;. The projection 7; originally defined from A; to A; 11 maps A;
to Zi—i-l (i=1,...,k—1). For v; € B; let H(v;) denote the Shannon entropy of v;, which
coincides with h,,(7;) but the notation H(v;) will be lighter.

Let ¢ : A1 — R be defined by
d(a) =logE(NWM), qe A
We identify ¢ with the potential defined on X, by x — (}5(3:1)

Write B := {v € By : H(v) +v(¢) > 0}. The proof of Theorem {4.5) H is based on
Remarks [£.1] to Corollary [£.8] as well as the following two facts:

Lemma 4.9.

—

k
M7 = max {’yl(H(V) +u(9)) + Z% min{H(v) + v(¢), HILiv)} : v e BT}

k
(4.10) = max {’yl(H(V) +v(9)) + Z% min{H (v) + v(¢), H({[Liv)} : v e Bl} .
i=2
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Proof. At first, note that for any non-degenerate non-atomic Mandelbrot measure u,
dime(p) = H(v) + v(¢) > 0, where v = E(u). Then, notice that if v € Bi\Bj, we

have H(v) 4+ v(¢) < 0 and so
k
Y (H@) + () + ) vimin{H(v) +v($), H(ILiv)} < 0.
=2

However we know that M7 > 0 (which follows from our assumption E(#A) > 1 and by
considering the branching measure, i.e. the Mandelbrot measure on K associated with the
random vector W = (14(a)/E(#A))ac4, ), so the maximum must be taken over Bf. O

Now we are ready to prove Theorem

Proof of Theorem[{.5 Fori=1,... k, define g; : By — R by

k
(4.11) gi(v) = (n+ ...+ HE) +v() + Y wHLy).
j=i+1

Then g; are strictly concave functions on B; (identified with P(A;)). Clearly for each
vebB

k
N(H W) +0() + Y wmin{ H(v) +v(3), H([w)} = min g:(v).
=2 -

Hence by (4.10]), we obtain

(4.12) M7 = sup min{g;(v), ..., gx(¥)}.
veBy

Define P: Ap — R by

k
(4.13) P(qi,...,qc) = sup Y _ aigi(v).
veB; i=1

Applying Corollaries we see that

MY = min P(qi,...,qx
(q1,--qx ) EAR ( )

and that the supremum in is uniquely attained at some element of B, say v;
moreover, v is the unique equilibrium state for P(q*), provided that P takes its minimum
at q* = (¢f,...,q}).

Fix such a g*. Since v is the equilibrium state for P(q*), it must be fully supported on
A, (see [6]). By the strong concavity of the entropy function H, it follows that

(4.14) H(ILv) > HIljpv) fori=1,...,k—1;

and the equality holds only if 7; : XZ — Xiﬂ is injective. So either one of the following
3 cases occurs: (i) H(v) + v(¢) > H(Ilov); (ii) there exists a unique i € {2,...,k — 1} so
that H(ILv) < H(v) +v(¢) < H(ILv); (iii) H(v) + v(¢) < H(IIxv).
If Case (i) occurs, then g1(v) < ga(v) < g3(v) < - < gi(v), and by Corollary [4.8((ii),
we have ¢; = ... = g;, = 0 where j is the smallest index i such that g;(v) > ga(v), if any;
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if there is no such an index, set j = k 4+ 1. So if j = 3, then P(q*) = P(q{,¢;,0,...,0).

Below we assume that j > 3. Since go(v) = ... = gj—1(v), it follows that
(4.15) H(Ilpv) = H(Ilzv) = ... = HII;_v),

and

(4.16) P(d*) = P(4,4,---,4-1,0...,0).

By (4.15)) we see that the mappings 73 : Ay — .Zg, sy T2t Ajo — ,Zj,l are injective,
which implies that

(4.17) H(Ilop) = H(Ilgp) = --- = HII;—1p)  for all p € By.

Now P(q7, -+ ,qj_1,0,...,0) = sup,ep, (¢191 (1) ++ - +¢5_19;—1(n)). According to (4.17),
we have

k
g1(p) =1 (H(p) + p(9)) + (2 + -+ + 1) HMap) + > v H (M),
p=j

k
g2(p) = (y1 + 72) (H (1) + 1(8)) + (3 + - + 7j—1) H (Tapt) + Z ypH (Tpp),

k
gi—1(1) = (1 + -+ ) (H () + p(9)) + Z pH (Tpp).

It follows that for (q1,...,qj—1) € Aj_1,

72

7j—1 -1
sup > Gigilp) = sup D a4 ) H ) + () + ) as(vor1 + -+ +75-1) H(Tlap)
HEBL =1 HEDL 4=1

s=1
k
+ Z%H(Hpﬂ)
p=j
j—1 N j—2
= sup Y g+ ) (H0) +0(82) + Y as(vsr + -+ +75-1) H(n)
n€B 41— s=1
k
+ Z'YpH(HQ,pn) (where IIy ), := mp_1 0 -+ - 0 73)
p=J
j-1 - k
b S aly+ A wn(de) + () H®M) D H [ 2pm),
N2 =1

p=j
where in the second equality, we used the fact that

sup{H (1) + p(9) : p € By, Top =} = H(n) +n(02)
for each n € By (see Remark. Hence P(q1,...,¢j-1,0,...,0) depends only on Zg;ll a(n+
-+ + 7). Clearly, there exists 2 < j' < j such that
J—1
Yy <Y @) Sy
t=1

29



so there exists (pjr_2,pj—1) € Ag such that

7—1
ZQt('Yl +ot ) =pi—2(n+ o Hp—2) Fpi—i(n e+ -1)
t=1

and so
P(q1,--.,qi-1,0,...,0) = P(0,...,0, pir_9,pir_1,0,...,0).
(1 qj—1 ) ( Pj'—2, D5’ -1 )
(j'—3) times
Applying this fact to the case when (¢1,...,¢;-1) = (¢f, - .- ,qj_l), we see that there exist
2 < j < jand (pj_2,pjr—1) € Ay so that
P(q*) = P(qf,...,q;_l,o,...,O) =P(0,...,0, pj—2,pj7—1,0,...,0).
———
(j—3) times

If Case (ii) occurs, then either (a) H(Il;11v) < H(v)+v(¢) < H(ILv), or (b) H(Iljpt1v) <
H(Ilj1pv) = ... = HIlj}v) = H(v) + v(¢) < H(IL;v) for some p > 1. In the subcase
(a), g1(v) > ... > gi(v) < gi+1(v) < ... < gr(v), so by Corollary (ii), q; =0 for j # i,
ie. q* =(0,...,0,¢5,0,...,0) with ¢f = 1. In the subcase (b), we have

@(v) > ... >gi(v) = gin1(v) =+ = girp(v) < girp1(v) < ... < gi(v),
so by Corollary (ii), q¢;=01ifj<iorj>i+p,ie.

P(q")=P(0,...,0 ,¢/,---,¢;4,0,...,0).

(i—1) times

Following an argument similar as in the first case, we can show that there exist 1 <p’ <p
and (Gi+p'—1,%i+p) € Ao so that

P(q*) :P(O,...,0,q:,...,q;<+p,0,...,0) :P( 0,...,0 7Qi+p’—17Qi+p’7O7""O)'
(i+p’—2) times
Finally if Case (iii) occurs, then g1(v) > go(v) > -+ > gi(v). By Corollary [4.§(ii),
q; =0for j <k. So P(q*) = P(0,...,0,1).

The discussions in the above paragraph describe the possible forms of P(q*). As a
direct consequence, we have

(4.18) M7 = min{Ry,...,Rs_1,P(0,...,0,1)},
where
(4.19) R; :=min{P(q1,...,qx): (q1,---,qx) € Ak, gj =0for j € {1,...,k}\{i,i+1}}
fori=1,...,k— 1. In what follows, we further investigate the values of R;.
Fix i € {1,...,k — 1}. By definition,
(4.20) Ri:tei%’fuP(u,l—t,t,O,...,O).

(i—1) times

For each v;11 € By,

sup{H(v) +v(9) : v € B, Wip1v = vig1} = H(vig1) + vig1(dit1),
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where ¢;41 is the potential on X, defined by ¢ (z) = log E(Né’i“)) (see Remark.
This, combined with the definition of P, yields (noting that ¢;+1 = ¢iy1/(y1+ -+ Yit1),
where ¢;11 was defined in (2.12]))

P(0,...,0,1—¢10,...,0)
——
(i—1) times

k
= sup L=t |+ +WHE) +v(@) + Y yHL)

j=it1
N k
+t|(m+. v (H(v) +v()) + Z v H(ILv)
j=it2
= sup [(’Yl + oY Vi (Bis) + (7 + o+ Y H (Vig)
vit1€8it1
k
+ ) ’YjH(HiJrLjViJrl)}
j=it2
_p <71 +...+%+t%+1>
= 1541 ’
Y1t Vi

where Il; 1 j =7mj_10---omit1, and Py is defined as in (2.13]). So by (4.20]) we have
Ri=min{Pi1(t): (m+...+%)/ (1 +...+541) <t <1}, i=1,....k—1.
Notice that P(0,...,0,1) = Py(1). Recalling that 6; = (y1 +...+i-1)/(71 +...+) for

2 <1 < k, the previous discussion yields

(4.21) M7 = min (2%1316 inf{P;(6) : 0 € [0;, 1]}, Pk(1)>.

Finally we prove that
wuy :{ Big(0ig)  if do <k
Pi(1) ifip=kFk+1"
where we recall that i and 6;, where defined just before the statement of Theorem @
Below we divide our discussions into 3 steps :

Step 1. First assume that iy = 2, i.e., P5(1) > 0. By the convexity of P» we see that
P}(0) is non-decreasing, so there are only two possibilities: (1) Py(62) > 0 (in which case,
GZ-O = 92) , or (2) PQI(QZO) =0.

Recall Py(0) = (71 +72) - Vog, (¢2), where gy, € Ba denotes the equilibrium state of the
function Py at 6.

If (1) occurs, then by the above derivative formula, we have

Vi, (@2) = (1 +2)15,, (d2) 2 0.

To simplify the notation, we write vy := Vido' Let v be the unique element in B; such
that Ilor = 1 and H(v) + v(¢) = H(v2) + va(ds). Since va(ds) > 0, we have
(4.22) H(v) 4 v(¢) > H(wo) > H(Il3v) > ... > H(ILv).
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In the meantime,
k

Py(2) = niva(do) + (v +92) H(v2) + > v H (Tl )
=3

=m(H (v +Z% ) = g1(v).

By , we have ¢1(v) < g2(v) < -+ < gi(v). So by (4.12] -,
Py(02) = g1(v) = min{gl(V% o)} < M7
But P(f) > infqen, P(q) = M7. So we get Py(fy) = M7.
Next assume that Case (2) occurs. We still let v, denote the equilibrium state of P

at 0;,. The derivative formula gives that 15(¢s) = 0 and so
k

(4.23) Py(0iy) = (1 +92) H(va) + Y 7 H (T ).

j=3
Let v be the unique element in B; such that Iy = v5 and H(v)+v(¢) = H~(u2)+1/2($2) =
H(vg). Then ¢1(v) = g2(v) < -+ < gr(v). By (4.23] m and the fact that vo(¢2) =0,

Py(6iy) = 1va(da) + (71 +72)H (v +Z’Yy (Iz512) = g1(¥).

Similar to the discussion for Case (1), we also obtain Py(6;,) = M7.

It follows from Remark as well as Corollary (ii) that in any of the cases discussed
above, [1,, is the unique Mandelbrot measure p supported on K such that dimg (p) = M7,
conditional on K # ().

Step 2. Assume that 2 < ip < k. Then Pj (1) < 0 and P; (1) > 0. However, notice

that P;,_1(1) = P;,(6;,) (both of them are equal to
P(0,...,0 ,1,0,0,...,0).
——

(ip—2) times

Let v;,—1 and v;, denote the equilibrium states of P;,_; at 1 and F;, at 910, respectively.
Assume at the moment that m;,_1v4,-1 = Vijy; We will check it at the end of the proof. Now
from Pj (1) < 0 it follows that v;,1(di-1) < 0. Next we consider two possible cases:
(a) P} (0i,) > 0; (b) Pj (0:,) < 0. If Case (a) occurs, then vj,(¢i,) > 0 and 6;, = 0;,. Let
v be the unique element in By such that IL;v = v;, and H(v) + v(¢) = H(viy) + vig(¢i)-
We will check that H(v) + v(¢) = H(Vig—1) + Vig—1(di—1) as well. Hence H(v;,) <
H(v)+v(¢) < H(viy—1). It follows that
g1(V) = ... 2 gig—1(v) > gig(v) < ... < gi(v).

However Pj,(0;,) = gio(v) s0 Piy(0;,) = min{g;(v) : 1 <i < k} < M7. Hence we have
Py (0;) = Plo(e o) = M7

Suppose Case (b) holds. Then P (6;,) = 0. Following the similar argument as in Case

(2) of Step 1, we see that P;,(6;,) = M7 by considering v defined as in Case (a). Note
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that vy, ¢, (dig) = 0. We have Py, (6;,) = gip(v) and g1(v) > ga(v) > -+ = gig1(v) =
Gio (V) < Gig+1(V) < -+ < gr(v). So Py (0;,) = M7.
Like in the first step, in any case, . is the unique Mandelbrot measure p supported
on K such that dimg (1) = M7, conditional on K # (.
Step 3. Assume that io = k+1. Then P/(1) < 0 for every i € {2,...,k}. It follows that
foreach i € {1,...,k—1}, P(0,...,0,1—¢,¢0,...,0) is strictly decreasing in ¢. Hence
N——
(i—1) times
by ([@.18)-(@.20), MY = P(0,...,0,1) = P,(1). Let v be the equilibrium state of Py at 1.
and v be the unique element of B; such that yv = vy, and H(v) +v(¢) = H(vg) + vi(ox)-
Then Py (1) = gx(v). We conclude as in the two first steps.
The proof of Theorem [4.5 will be complete after we have checked that in Step 2 we have
Tig—1Vig—1 = Vi and H(v) + v(¢) = H(vio—1) + vig—1(dig—1)-
To see that these equalities do hold, we look at the optimisation problem consisting in
determining the equilibrium state v;,—; of P;,—1 at 1, by conditioning on the knowledge
of mj,—1V4,—1: using the relation ¢;,—1 = Vi,—1¢i,—1, we have

Pio—l(l)

k
= sup Fio-1(Pig—1(dig—1) + H(pig-1)) + Y %H (Miy—1,ipig—1)
Pig—1€D0H—1

=10
k
= sup Vi Hlpio) + > 7iH (Mg ipio)
Pig €Big i=ig+1
+osup > o) Tt Y. —p(blb) log p(b[b) + p(b[b) log E(N, V),
(p('lb))f;e}(io /b\EAiO bG./Z(iO_l

mig—1(b)=b

where (p(b|b)) _7 is the probability vector such that p(b|b) = piy—1(b)/pi, (b)

N bEA;§—1,miy—1(b)
when p;,(b) > 0, and any probability vector otherwise. Optimising over the families
(p(b’b))beAio,l,mo,l(b):@ yields

E(NY)

T
b
when p;, (b) > 0, and
k
PZ’O*l(l) = Sup 'Vioflpio (¢io) + ’VioH(pio) + Z ’yiH(Hio,ipio)
Pig EBiO i=ig+1

k
= Sup pj (6i0¢i0) + ’NViOH(pio) + Z %H(Hiodpio)(: P; (eio))7
Pio €Big i=ig+1

from which the desired equalities follow. O
4.3. Lower bound for the Hausdorff dimension of K. The sharp lower bound comes

from the optimisation problem solved in Section Consider the unique Mandelbrot
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measure [ = fi,, , obtained there. By construction the measure p is fully supported
ZO 10

on K conditional on K # (), because V6, i is fully supported on Xio if 39 < k and Xk
otherwise, and due to the last claim of Remark Also, the assumptions of Theorem
are fulfilled for u, and the Hausdorff dimension of u provides the desired lower bound for
dimg K.

4.4. Upper bound for the Hausdorff dimension of K. Let us start by discussing a

first possible attempt to show that dimgy K < M?Y. We could expect to use the measure

f = pyy , of maximal Hausdorff dimension M7 and show that dimy,.(u,z) < MY
070

everywhere on K; this is the approach used by McMullen [44] as well as Kenyon and Peres
[38] in the deterministic case; that would make it possible to conclude quite quickly. In
the random situation, we can show that this approach via the lower local dimension works

in the case when Nb(Q) > 2 almost surely for all b € .Zg; say in this case that K is of type 1.

This requires quite involved moments estimates for martingales in varying environments.
Notice that in this case we have ig = 2 and 03 = 71/(71 + 72). The type I makes it
possible to treat the case of a slightly more general type of examples, still quite close to
the deterministic case: ig = 2, f2 = 71 /(71 + 72), and it is possible to approximate K by
a sequence (K (P))peN of random Sierpinski sponges of type I in the sense that K ¢ K@)
for all p € N, mpEN K® = K, and lim,, o dimg K@) = M7, A sufficient condition to be

in this situation is that W3(0) < Wa(y1/(71 + 72)), where Wa(0) = >, 4, E(NéQ))G (this
condition obviously holds for examples of type I).

Thus, regarding the lower local dimension approach, it remains open whether or not
in general it holds that dim; .(u,x) < M7 everywhere on K; moreover, the sufficient
condition just stated to get the sharp upper bound for dimg K is not at all satisfactory.

The alternative is to examine the strategy that Gatzouras and Lalley adopted for the two
dimensional case. Their approach is inspired by Bedford’s treatment of the deterministic
two dimensional case, and it uses effective coverings of the set K to find the sharp upper
bound for dimg K. These coverings are closely related to a combinatoric argument due
to Bedford. But this argument turns out to be hard to extend to higher dimensional
cases. Below, we use a different, though related, combinatoric argument, which yields nice
effective coverings as well, but works in any dimension. Also, in the deterministic case
and in any dimension, it provides an alternative to the argument using a uniform bound
for the lower local dimension of u. However, and interestingly, our argument uses a slight
generalisation of a key combinatoric lemma established by Kenyon and Peres to get this
uniform bound.

We now provide a general upper bound for dimpy K, expressed through a variational
principle.

Theorem 4.10. With probability 1, conditional on K # (),
dimy K < inf{B(G) ciel, 0,<0< 1}.

The fact that this is a sharp upper bound for dimgy K follows from (4.21]) and the
inequality dimgy K > M7™ obtained in the previous section.

Before proving Theorem we need to introduce some new definitions, and to make
some preliminary observations.
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Let2§i§kand§¢§9§l. For p; € B; set

(424) 29 pl 720 Z pl 1Og]E N( )) +PYZ Pz Z PY]th jﬂz
beA; j=i+1

(again with the convention 0 x (—oo0) = 0.

For p= (ﬁi)p’ia .. '7pk)) € Bl X H‘I;:z 8]7 set

(4.25) (p) =70 > pi([b]) log E(N, (NS) + Fit Z ife; (
beA; j=i+1

For each 2 < i < k. We endow the set B; x Hf:z B; with the distance

i(p, 1) = o (s (2] ~ 0D, o monx s () = 451D ).

which makes it a compact set. Let

k
(4.26) Ri=1<p€Bix[][B;: Diolp) < Pi(0)
j=i
The set R; is compact. For any € € (0,1), R; can be covered by a finite collection of open
balls {B(p(m),e)}lngM(E). Moreover, if € < min{(#.4;)"!: 1 < j <k}, we can assume
that for all m the components of each probability vector p(m) are not smaller than €/2.
For z € X1, 2 < j <k, and n € N* we define p;(z,n) to be the Bernoulli product

measure on X associated with the probability vector whose components are the frequences
of occurrence of the different elements of A; in IL;(x),,), namely the vector

(n—l#{l <m < n:j(zy) = b)beAj .
Also, let
(427) P(%n) = (ﬁzvph apk)v
where

pi = pi (x, [0C:(n)]), pi = pi(x, £i(n)),
Pj = Pj (TJ 1(n) ,éj(n)—éj_l(n)), 7=1+1,... k.

Now, for any n € N* and U = (U,,...,U) € Afi( X ]_[J H—l‘A bima(n ), we can
define p(U) = (pi(U), pi(U),...,pr(U)) as equal to p(z,n), for any = € X; such that
Wi(z1 - @gyn)) = Ui and (g, ()41 Te;n)) = Uj for all i +1 < j < k. Note that
pi(U) depends on U; only, so we also denote it by p;(U;).

Then, for each 1 < m < M (e) and n € N* we set

k
Ri(e,m,n) = { U € ADM 11 Aﬁj(”)_gﬂ'*l(") . p(U) € B(p™, ¢)
Jj=it+l
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It is standard to observe that if U; € Afi(n) is such that [p;(U;)([b]) — pgm)([b])] < € for all

b e A; then
m) m m) m i(n)e
= T o™ (ol @O0 > TT ) sl O T ol )y
beA; beA; beA;

> exp (—Ei(n) (hp(_m> (T;) + 610g(2/e))) ,
Consequently, the cardinality of the set U; ¢ m of such U; is bounded from above by
exp (Li(n) (h o (T3 i) +elog(1/e))).
Similarly, for each ¢ +1 < j < k, the cardinality of the set U, of those U; €

Aﬁj(n)_ejfl(n) such that |p;(U;)([b]) — p(m)([ b])| < e for all b € A;j is bounded from above
by exp ((¢;(n) — Ej,l(n))(h (m)( j) + elog(2/e))). Since by definition of R;(e, m,n) we

have R;(e, m,n) C Hf:j Z/{j,€7m7n, the previous observations yield

#Ri(e,m,n)

]7E7m n

||’,:]w

k
(4.28) < exp (lk(n)elog(2/e)) exp (fz'(n)hpgm) (T)+ D ((n) = -1 (n)h o) (Tj))‘

j=i+1

We also notice that if we endow X; with the metric
I @A 5 W)l
dyi(z,y) =max e  MFFN =4 . k]|,

the balls of radius e 71 in X1 project to the balls of the same radius in X;, which are
£i(n) k £j(n)—tj—1(n)
x 11 A;

parametrized by the elements of A" =il , in the sense that such a

ball takes the form
By = {y €Xit yi Yoy = Uiy, Wij(Ye; 1 (n)y+1 " Ye,m)) = Uj for j=i+1,.. -Jﬂ}

for some U in Afi(n) X H;C:Z 1 Aﬁj (m)=t-1(n) . Moreover, given such aball By, II; 1 (By)NK
is covered by, say, a family B(U) of ny balls of radius e 1 which intersect K. Each

of the N[(Jl)‘[ o cylinders of generation ¢;_1(n) in X; which intersects K and project
_1(n

to [Uij,_,(n)] in X; via II; intersects only one such ball. Indeed, for such a cylinder
Vi--- Vi, (n)], the data TL;([Ve,_ ()11 Veym)l)s 1 < J < i —1, and By determine a

unique ball B of X7 such that II;(B) = BU This implies ny < N[(])\e . . Consequently,
i—1

for every integer ¢ between ¢;_1(n) and ¢;(n), we also have ny < N((]i)\g' In particular,
(@)

<
(4.29) ny < NUilfeei(nﬂ'

The following lemma, whose proof we postpone to the end of this section, will play an

essential role to find effective coverings of 1I; ()N( 1), and then of K. Let us mention at the
moment that in this lemma (1) = (2) = (3). ALso, recall the definition (4.26]) of R;.
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Lemma 4.11. For all x € )?1:

(1) liminf, o0 D;g(p(x,n)) — Dig(pi(z,n)) <0;

(2) liminf, ﬁi’g(p(x,n)) < Pi(0);
3) there exists p € R; and an increasing sequence of integers (n;)ien such that p(x,n;
3 )i J
converges to p as j — oQ.

Proof of Theorem[f-10. Tt follows from Lemma [4.11(3) that given e > 0, for all z € X,
there exists 1 < m < M (e) such that II;(z) belongs to Uy eg, (e,m,») Bu for infinitely many
integers n. As a result, for all N € N*) we get the following covering of K:

M (e)

reUU U U B

n>N m=1UeR;(e,m,n) BEB(U)

Thus, given s > 0, the pre-Hausdorff measure H*_ . of K is bounded as follows:
e 7

M(e)

Z Z Z N((J?\ [0¢;(n)] 6_%5'

e Wl
n>N m=1 UeR,;(e,m,n)

Consequently, denoting by (U;), the ¢-th letter of U,

E( e ) Ze—q Z Z E(N[(J?Ifefi(nﬂ)

n>N m=1UeR,;(e,m,n)
M(e) [0€;(n)]
=S ety E(N
n>N m=1UeR;(e,m,n) (=1

and using the definition of p;(U) to re-express the right hand side of the last inequality,
we obtain

E( o ) Z et Z Z exp (WZ Z pi(U logIE(Nb(i))).

n>N m=1U€eR;(e,m,n) beA;

Now we use the fact that U € R;(e, m,n) means that d(p(U), pi™) < ¢, to get a constant
C; independent of m, U and n such that

> aU)([B) 108 E(NY) < Cie + Y~ 5™ ([b]) log E(N;).
beA; beA;

‘We then obtain:

E(HS_A(K)) < 3 el 10k

e 71

n>N
M(e) |
: Z(#Ri(e,m,n))exp ([0€;(n)] Z ﬁﬁm)([b])IOgE(NlE’))).
m=1 beA;
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Using (4.28)), the fact that [¢;(n)— %n! < 1foralll <j <k, aswell as the definition
of ﬁw(p(m)), we deduce that there exists a constant a such that for all 1 <m < M(e):

(#Ri(e,m,n)) exp ([06:(n)] Y 2™ ([b]) log E(N,”))
beA;

< Ciexp (tu(n)elog(2/)) exp (- Dia(p™) )

i exp (€ (n)elog(2/€)) exp (%PAQ)) (recall that p(™) € R;).

)

)

IN

Upon taking C; = 5@ big enough, we conclude that

]E(Hs_ﬂ (K)) < CiM() Y exp ( ~ 25— Pyo) - C’Z-elog(2/e))>.

e
e M nSN 71

If s > P;(0)+Cielog(1/e), this yields E(ZN>1 EADN (K)) < 00,80 limy 0o H® y (K) =
- Y1 Y1

0 and dimyg K < s almost surely. Since this holds for any given small enough e >0, we

get dimy K < P;(f) almost surely.

~ The previous upper bound is easily seen to hold simultaneously for all 2 < ¢ < k and

0; < 0 < 1 since its holds simultaneously for all 2 < ¢ < k and rational 6; < ¢ < 1, and

the mappings 6 — P;(#) are continuous. This yields Theorem O

Proof of Lemma[{.11. That (1) = (2) follows from the fact that P;(0) = max{D;g(v;) :
v; € B;}, and (2) = (3) is immediate.

Let x € X;. To prove (1), we are going to show that there exists J € N*, as well as J
bounded sequences u; : N* — R such that lim, o uj(n + 1) — u;(n) = 0, and J couples
(a4, B5) € R such that for all n € N¥,

J

(4.30) Dig(p(w,n)) = Dig(pi(x,n)) < €n + Y _uj([Bin]) — uj([ayn]),
j=1

with lim,, o €, = 0. The desired conclusion is then a direct application of [20, Lemma
5.4], which is a slight extension of the combinatorial lemma used by Kenyon and Peres
[38, Lemma 4.1].

To prove (4.30), noting that II; jp;(x,n) = pj(xz,n) for all i < j < k, and using the
respective definitions of D; ¢ and D; g, we can write, after defining the sequences v;(n) =

50 Spe a, () ([0]) log E(NSY) and w;(n) = vih, (0, (T)):

k
Dig(p(a;n)) = Dig(pi(z,n)) = vi([0€i(n)]) — vi(n) + Z w;(tj(n)) — wj(n)

k
o T) = by (or oo (T5))-
+j;rl%( pj(Tf]_l( >x7fj(n)*fj—1(n))( 3) P i ))( i)
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Note that each u € {v;, w;, ..., wy} is bounded and does satisfy lim,,_, o u(n+1)—u(n) = 0.
Also, we have

h _1(n T —hy (wr. (o (T
pj(TfJ’1< )x,ej(n)fej_l(n))( i) pj(a.t;(m)) (T5)
tj-1(n)

(ol T:)—h, (0. T:)).
S ) = i) et T = hpts s (1))

(4.31)
To see this, note that denoting p;(z, £;(n)), pj(z,¢;—1(n)) and p; (Tfjfl(n)x, li(n)—Lj—1(n))
by v;, v} and v] respectively, (4.31)) is equivalent to

(4.32) ((n) = £i-1(n)) by (T3) + £j—1(n) by (T5) < £i(n) huy (T5).

However, by definition, for all b € A; we have

) = S o+ S B,

Thus, (4.32), and then (4.31)), follow from the concavity of x > 0 — —zlog(x) and the
fact that h,(Tj) = — ZbeAj v([b]) log([b]) for v € {v;, v}, v]}.

Setting a; = %, (4.31) implies that

3 11 )ty ) sty (23))

< B, (Tagn]) — wi(fag-1nT)) + o(L).

Vi
Moreover, v;([6¢;(n)]) — vi(n) = vi([6a;n]) — vi(n) + o(1). Finally (4.30) holds. O

5. THE BOX COUNTING DIMENSION OF K. PROOFS OF THEOREM [2.4] AND
COROLLARY

Recall that for all u € N* and u € A}, (K", K}') denotes the copie of (K, K,) generated
by the random sets (A(u - a))aca; (see (2.3)).

Proof of Theorem[2.]] Here again, without loss of generality we assume that all the ~; are
positive.

We will use in an essential way the result established in [27, Section 4], which deals
with the case where k = 2, m; = e " and my = e~ (172 are integers, and with the
Euclidean realisation of K. It is worth noting that this result is strongly based on a result
by Dekking on the asymptotic behaviour of the survival probability of a branching process
in a random environment [14].

We first need to describe the balls of radius e~ which intersect K. For n € N* we
saw that the set F,, of balls in X; of radius e " equals the set {By : U = (Uy,...,Uy) €
Hle Afi(n)feifl(n)}, where

li_ .
By ={y € X1 : (T "™ )ity 1oy = Uiy ¥1 < i <K},
Thus By N K # () if and only if the event

k
Ey = {EI (wi)1<i<k € H.Ali"(n)_ei_ﬂ") . both FY (uy,...,uy) and K142t oL hold}
i=1
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holds, where for all 1 <i <k

F-(U17U2""’Ui)(u1, o ,Uz‘) _ { Hj(uj) = Uj.a V1< <y, ' ' }

(2

(note that necessarily u; = Uy).

For 2 <i<kand (Uy,...,U, )6]_[J 1A Jl(n),weset

EZ'(Ul, ce UZ‘) =<3 (uj)lgjgz‘ € H Aﬁj(n)_ej_l(n) : F»(UI’UQ""’Ui)(ul, cee ,ui) holds
j=1

(note that E1(Up) is simply the event {[U;] N K, # (0}). We deduce from [27, Section 4]
that conditional on K # (), we have

log #{ (U1, Us) € A7 x AZ™™" . Ey(Uy,Uy) holds}

. B v,
nh_{glo -~ = log(E(#A4)) + o a2 (62).
This result mainly comes from the fact that lim,, e -2 #{UIEAY :nEl(Ul) holds} _ (E(# ) >

0, and given U; € A7 such that [U;] N K, # 0, the number of those Uy € A ™ such
that Ea(Uy, Us) holds is a random variable Z 4, (,)—,,(U1), so that the random variables

. L - . 108 E(Zs o (my—n) (U
_»(U1) are independent and identically distributed, lim, o og E( “275 )=n)U)

22,52(71)

224 (fy) > 0 and, conditional on KUt # 0, li 8 Dotpnl) _ 22 @,) al

z 2(f2) > 0 and, conditional on # 0, Mpsoo — 5 — ﬂd@( 2) almost
surely.

Now for 2 <7 < k set

= log(E(#A)) + >_ 24;(8)).
= 4!

Suppose that k& > 3, and for some 3 < 7 < k we have proven that conditional on K # (),
it holds that

i—1
log #{(Ul, ey Uz;l) S H Aﬁj(n)_éjfl(n) . Eifl(Ul, ey Uz‘—l) hOldS}
(5.1) lim =1 — 5 1.

n—00 n

Given (Uy,...,U;—1) € H;;ll Aﬁj(n)fejfl(n), and fixed associated (u1,...,u;—1) such that

f;(fll’UZ‘""’Ui*l) (u1, -+ ,ui—1) holds, following the arguments of [27], the cardinality of the
set of those words U; € .AZ i(n)=tia(n) such that there exists u; € .AZ i(n)=tia(n) such that
FZ.(ULUQ’ ’U)(ul, -+, u;) holds, is a random variable Z; s, (ny—¢,_,(n)(U1, ..., Ui—1) so that

the Z; ¢,(n)—¢,_1(n)(U1, ..., Ui—1) are independent, and identically distributed. Moreover,

= ogE(Z, ;.. ) (U1, Ui N
setting ¢;(n) = £;(n) — £;—1(n), one has both lim,,_, oz Mi(nﬁ( ! D %wi(ﬁi) >0

. o . log Z, 5. U1,..,Ui—1) . ~
and, conditional on K"1"%-1 £ (), lim, ’Z’(")n = %%(91‘) almost surely.

Then, again the same reasoning as in [27] for the case k = 2 with the roles of A} and
Aé M how respectively played by H e( M= and A im=ti1) - ghows that

. holds for i as well. Consequently, applylng this to ¢ = k, condltlonal on K # (),
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we get for all n > 1 an integer N,, such that lim, . logév" = s, as well as N, el-

ements U = (Uy,...,Uy) € Hle Afi(n)f&fl(n) and associated (uy = Uy, ug,...,ug) €
P ATV TR guch that 7Tk (ug, ..., ug) hold. e events urug Uk
TTE, A =610) queh that VU ( ) hold. Th (K £ 0}

being independent, with the same probability P(K # ()), and independent of the events

F,EUI’UQ""’Uk)(ul, ug, ..., ug), using [27, Section 4] again yields

_log #{U ¢ [TE, A7 5™ By holds}

k
Yi 5
lim - log(E(#A4)) + 2; i),
1=
which, after dividing by ~; ', is precisely lim,, o0 bg#{Bef’iBE)Kﬂ}, i.e. dimp K. O
—log(e” ™M

Next we state, using our notation, a fact established in the proof of [7, Corollary 3.5],
which is a variational approach to the dimension of projections of fractal percolation sets
in a symbolic space X1 x X1 to one of its two natural factors.

Proposition 5.1. Let 2 < i < k. With probability 1, conditional on K # (),
max { min(dime(p), hy, (T3)) = 1 is a Mandelbrot measure supported on K} = ;(6;),

where v; stands for the expectation of I1;(u). Moreover the maximum is uniquely reached
if and only if 0; > 0 or 0; = 0 and ¥(6;) = 0. In any case, when the mazimum is reached,

one has v; = V.o where
"

vio() =E(N,")/ > BN
beA;
Also, if 6; >0, or ; = 0 and 1/1;(51) =0, then dim.(u) = hy,(T;) for the unique p at which

the mazimum is reached, and if §; = 0 and Yi(0;) > 0, then dime(p) > hy,(T;) for p at
which the mazimum is reached.

Proof of Corollary(2.6. It follows from and Propositionthat for dimy K = dimp(K)
to hold almost surely, conditional on K # (), the Mandelbrot measure y of maximal dimen-
sion supported on K must satisfy dim.(u) = log E(#A) and min(dime(p), hy, (13)) = 1:(6;)
for all i € I.

The condition dim.(p) = log E(#A) implies that p is the so called branching measure,
i.e. it is obtained from the random vector (14(a)/E(#A))sca,. The other condition

implies that for all 2 < ¢ < k, we have v; = V.- Since p is the branching measure, this

implies that E(lei))ai/ew@) = JE(Nb(i))/E(#A) for all b € A;, hence IE(Nb(i))ai_1 does not
depend on b € A;. This is a non trivial condition only if 0; < 1. This proves the necessity
of the condition given in the statement.

Now assume that E(Nb(i)) does not depend on b € A; for all i € I such that 6; < 1.
Suppose first that there is no ¢ € I such that @ < 1, ie. @ = quor all ¢ € I. By
the remark made above, the branching measure p does satisfy dim?(u) = (1 + -+ +
k) dime(p) = dimp(K). Next, suppose that 6; < 1 for some i € I. Again, consider the
branching measure u. Since E(lei)) does not depend on b € A; we do have v; = V50 SO
that min(dime(p), hy,(T3)) = hy, (T;) = h,,i@ (T;) = (). This yields again dim? (1) =

dimp K. O
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6. PROJECTIONS OF K AND p TO FACTORS OF X;. PROOFS OF THEOREMS [2.7]
AND [2.10], AND COROLLARY [2.11

The proofs will be sketched.

Sketch of the proof of Theorem [2.7. For all n > 1, denote by F. the set of balls of X; of
radius ¢ 1. Let jo=max{i < j<k:T'(1) < ’7" (1)}, with the convention max(()) =
1 — 1. Computations similar to those used to prove Theorem 2.2 yield go > 1 and ¢p > 0
such that for all ¢ € (0, o] we have

E( " Wip(B)7) = Oexp(~t(jo,q,n))) as n— oo,

BeF}
where
: _ Je(m)(T(@) — colg — 1)%) + Z o1l (n) = 41 () Ty, (@) if jo > i
t(josq;n) = K - )
Ei(n)ﬁi(Q)—sz:iH(@( n) —{4;_1(n)) VJ( ) otherwise.
This is enough to get the differentiability of 7, at 1 with 77; (1) equal to dimji (IT; ),
and conclude. O

Sketch of the proof of Theorem[2.8 We start with the lower bound.

If we proceed as in Section we have to consider

M7 = max Z’yj min{H(v) + v(¢), HIv)} : v e By
j=i

Define §; : By — R (B being still identified with P(Xl)) by

Giv)=m+...+7H Z% (ILv) = b, (T5).
Jj=i+1

Note that g; is strictly concave only when considered as a function of II;v.

We have, remembering the definition (4.11)) of the mappings g;,

M'yl = sup mln(gz(y)vgl(y)aagk(y))
veEBy

To express this supremum in terms of the pressure functions P;(-), i < j < k, we have to
consider the mapping P : Ax_;12 — R defined by
P(qi @i - q1) = sup ¢igi(v) + ¢igi(v) + ... + qrgr(v).

veBy

Corollary [4.7] yields
M7 = — min P(@)lev‘]k)
(Qisissqk)EAR—i42
Let ¢* = (¢}, q}, ..., q;) at which the minimum is attained, and v € Bj such that ﬁ(q*) =
@ 9i(v)+ 4 9i(v) + ...+ qgr(v). Due to Remark one has
P(q") = sup G fiws) + @ fi(vi) + -+ qi (i),
Vilos
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where f;(v;) = hl,l( ;) and

fp(Vi):(’714""""7}7)(]{(1/1)"1'7/2 d)’L Z '7] ,sz p=1t1+1,... k.
=p+1

Moreover, the supremum is reached at a unique element v; of B;, which is fully sup-
ported. As in the minimization of P(qi,...,q;) in the proof of Theorem either one
of the following 3 cases occurs: (i) H(v;) + vi(¢) > H(v;); (ii) there exists a unique
j e {i, o k— 1} so that H(Hi,j+1Vi) < H(Vl) + Vz(¢z) < H(Hi’jl/i); (iii) H(Vl) + I/Z(gbz) <
H(II; yv;). In cases (ii) and (iii), we necessarily have ¢f = 0, and we conclude by us-
ing the same approach as in the study of P that either there exists j' € {j,...,k — 1}
and (gj/,qj4+1) € Ag such that P(q¢},q},...,q;) = P( 0,...,0 ,qj,qy+1,0,...,0), or

(j'—i+1) times
¢ =(0,...,0,1). Also, if j* > 4, then

P( O,...,O ,Qj/,qj'q_l,o,...,(]) = P( 0,...,0 ,qj/,qj/+1,0,...,0).
(47 —i+1) times (j’—i+1) times
Now, suppose that we are in case (). Let j be the smallest index j in {i,..., k} such that
fir(vi) > P(qi,ql- ,.-,q;), and let j = k + 1 otherwise. We have 4 =0 for all i<j <k.

Ifj<i+1, we get ﬁ((}%“,q;,...,qZ) :ﬁ(aj,q;‘,o,...,o). If j > i+ 1, then 7 is injective
forall: <j <j—2. Setdys=nvy+- —1—%. For each (qi, qi, ..., qj—1) € Aj_it1, we have

ﬁ(@»‘]ia---a‘]j—laoa-'-ao): Sug Z%')’t pi(@i) + i H (pi) +Z'78 IL; s pti)
Hi€ s=j
where we have used that H(u;) = H(II; jip;) for all @ < j° < j — 1 since 7y is injective
for all 4 < j' < j—2. Thus P(Gi ¢,---,qj-1,0,...,0) depends only on Z‘Z;il @Y. Set
B =171 4;A € [0,7-1]. Either 8 € [0,%] or B € [§jr,7;141] for some i < j' <j—2. If
the first case occurs, then there exists (Gi» @) € Agsuch that ¢;y; = 8,50 P(q, ¢}, ..., q}) =
P(Gi,q;,0,...,0). If the second case occurs, then there exists (qj/, qj/H) € Ay such that
B = a7y + qj+17j'+1, 8O
P(q,qf,...,q;)=P( 0,...,0 ,q,¢5741,0,...,0).

——
(§’—i+1) times

Then, noting that infycp y ﬁ(t, 1—-1,0,...,0) = inf,co 1) Pi(t), we get
M7 = min (inf{B(G) 200,11}, min_inf(P;(0) : 0 € [, 1]},pk(1)).
<<

Moreover, by adapting the discussion of the proof of Corollary [4.8 we can get that either
M7 equals P;(6) with § € [0,1] and in this case M7 is necessarily attained by v € B;
such that II;v is the equilibrium state of P; at 0, or there is a unique v € By at which
M7 is attained; in the later case, the unique maximizing measure v is the same as the
maximizing measure for M7 in Theorem in case 19 > 1 + 1.

If P/(1) > 0, then, using the notations of the statement of Theorem we have
Jjo = i, and we denote by v; the equilibrium state of P; at 6:. Suppose that P/(6!) = 0,

which holds automatically if 2 > 0. This means that vi(#;) = 0. Let v be the unique
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element of B; such that I,y = v; and H(v) + v(¢) = H(v;) + 1/1(%) = H(v;). We
have Py(0}) = i(v) = gi(v) < gis1(v) < --- < gr(v), which implies M7 = P;(6}), and
due to the observation made in the previous paragraph and Remark [£.I] the measure
P = is the unique Mandelbrot measure p such that the dimension of II;u equals
M7, conditional on K # (); moreover, one has dimg(p,) = dimg (I;p, ). If fo =0 and
P/(6)) > 0, we still have M7 = P;(6}) = §i(v) = gi(v) < gis1(v) < -+ < gr(v), but for
any Mandelbrot measure y supported on K, if p = E(u) satisfies H(p)+p(¢) > H(v;), then
dimp (IT;) = M7'. There are infinitely many such measures. Indeed, 1, itself satisfies
this property since P/(0) = vi(¢;) = 0 > 0. Then one gets other examples of measures by
considering, as defined in Section [£.I] random vectors W written as the “skewed ” product
of (vi([b]))pea, with random vectors (Vp)pe .4, obtained as slight perturbions of the vector

(V)bea,; used to construct the measure p,,. If P/(1) < 0, the discussion ends like in the
proof of Theorem [£.5]

For the upper bound for the Hausdorff dimension, we prove that
dimy I1;(K) < inf{P;(0) : 0 € [0,1] if j =i, and 0 € [0;,1] if i < j < k},

which in view of the lower bound is enough to conclude. To show the previous inequality,
we extend the definitions of D; g and 51‘79 (see (4.24) and (4.25) to 6 € [0,1] and for j =i
we redefine the vector p(z,n) of by taking p; = pi(z, £;(n)). It is readily seen from
the proof of Lemma that the conclusions of this lemma is still valid with these new
definitions of D; g and p(z,n).

Now, arguing similarly as in the proof of Theorem for each j € {i,...,k}, for each
-(n La(n)—L._1(n — .
U= (Uj, - ,U) in Aﬁj( ) x Hj-;,:jﬂ Aj ()=t ), Hi’jl(BU) NIL;(K) is covered by, say,
a family B(U) of ny balls of radius e " C X; which intersect II;(K).

Suppose j =i and fix 0 € [0,1]. In this case ny = 1 and we can bound this number by
(Nl(]?)e. Noting that E((N&))g) < E(Ngi))e, we can use similar estimates as in the proof
of Theorem [4.10| to now estimate H*® 5 (I;(K))), and this yields dimgy II;(K) < P;(0)

e 71
(here we followed the same idea as that used in [I9] to deal with projections of planar

statistically self-similar limit sets of fractal percolation).

Next, suppose j € {i+1,...,k} and fix 6 € [§j, 1]. Denote by C((]Z;j) the set of cylinders
of generation £;_1(n) in X; which intersects II;(K), and project to [Ujlfj_l(n)] in X; via

IL; ;. Also denote by N[(Jij 9 the cardinality of this set. Each cylinder in Cg]?j ) intersects at
most one of the elements of Byy. Thus ny < N[(]ij’j), so that:
< Y 1< > N =N
(1,7) (4,9)
beCUjJ beCUjJ
Then, the same lines as in the proof of Theorem yield dimg IT;(K) < P;(0) for all
0 e [Gj, 1] ]

Sketch of the proof of Theorem [2.10. This is similar to the proof of Theorem except
that one must evaluate the cardinality of those B € F! such that BNIL;(K) # (), and
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this time we exploit results known for the box dimension of projections of statistically
self-similar fractal Euclidean percolation sets from dimension 2 to dimension 1.

We have to estimate the cardinality of those U € Afi(n) X Hfm 41 Aﬁj (M=E=1") gych
that E*(U) holds, with

k
E\U) = {3 (upigysk € A7 s T Ap®om
j=i+1
both FVoP) (y, ) and K% £ § hold},

and where

A I (ujr) = Uy, Vi< j <,

F;(Ui"”’Uj)(ui, o ,uj) — [ul] N Kgu(n u#/ 0
[uj] N K, 1( )— g, ln)%ma Vi+1<j <y

One deduces easily from [I5] (see alternatively [19] or [7]), which deal with the case k = 2,
that
log #{U; € A% Ju; € A% FPVi (1) holds}

lim i = Lpu(@).
n—00 n 71

Then, a recursion similar to that used in the proof of Theorem yields the desired result

i n) —Li—1(n) | k
_ log#{U e AT X [T, = BU) holds) &, - o
lim I= +1 PY — i (0;)+ E X @Z’j(ej)a

n—o00 n
! o

ie. dimp I;(K) = Fihi(0;) + Z] —it1 ~i1j(6;) after normalizing by 77 . O

Proof of Corollary[2.11]. If 6; = 1, using Proposition we see that the equality between
dimg IT;(K) and dimp IT;(K') imposes that dimg IT;(K) is attained by the branching mea-
sure, and the situation boils down to that of Corollary This gives point (1) of the
statement.

Suppose now that dimp IL;(K) = dimpIL(K), 6; < 1 and 1&;(67,) = 0 (which is au-
tomatically true if 0 < 6; < 1). The equality between dimp IL;(K) and dimp II;(K)
imposes that if p stands for the unique Mandelbrot measure supported on K such that
dlmel( ) = dimy IL;(K), then dime(p) = hy, (T;) = 1i(0;), where v; = E(ILp) = VG,
Also, for j € I;i(= {i,...,k}) such that j < j{, we must have II; j»; = v. . Using that for

3,05
all b € Aj, we have 3 -1 v/ ([t']) = v;([b]) and the fact that ¥;(6;) = 1%(6;) we can
V)

i,0;
write

0= (0 — ¥j(8;) = > v, 5 (W) ogE(NY) = > v 5 (1)) log E(N)

VeA; beA;

)
= Z Z Vz',@([b/])bg E(Nb/A )

()
ek, VT L) ENT)

This implies that for all b € .Z]-, the set H;jl(b) NA; is a singleton {b'} such that E(le/i )) =
E(Nb(j)), hence v¢; = 1; and §J = 0;. Let us now examine those Jj > jo in I;. The

previous argument shows that §j = 0 and ¢7(0) > 0 (for otherwise j; would be at least
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equal to the smallest of those j), and II; ju; = v}, so that II; ju; is uniformly distributed,
ie. Zb’enf.l(b) E(le,z))ei does not depend on b € Zj We conclude that the conditions
7

of point (2) are necessary. Conversely, if these conditions hold, one easily checks using
Theorems [2.8 and that dimg IT;(K) = dimp IT;(K).

The last case easily follows from the previous discussion. O

7. DIMENSION OF CONDITIONAL MEASURES. PROOF OF THEOREM [2.13]

Since the proof of Theorem is very similar to that of Theorem [2.13] we leave it to
the reader.

Point (3) of the statement simply follows from points (1) and (2) as well as the dimen-
sions formula provided by Theorems [2.2] and [2.7] for dim(x) and dim(II;zu).

To get point (1) we notice that for any z € X; and n > 1 we have [z, )] C
B(z,e™M) C [z),], so since dime(u) < hy,(T;) we find that Theorem implies that
1 is exact dimensional with Hausdorff dimension equal to 0.

Now we prove point (2). The following lines do not depend on II;i being absolutely
continuous with respect to v; or not.

When g, = p # 0, for IL;u,-almost every z, the conditional measure p7, is supported
on K* =7~ ({z}) N K, obtained as the weak-star limit, as n — oo, of the measures 7,
po (TN ([21)))

I preo ([2]5])
generation n in X;. To be more specific, for any cylinder [J], almost surely, the measurable
set

obtained on K by assigning uniformly the mass to each cylinder [J] of

o (NI ()
Ay = {(W,Z) e xX;: nl;rréo TN (Em)] ex1sts}

is of full Q-probability, where we define @(dw, dz) = P(dw)II;p,(dz), and for all (w, z) in
)

—~ -1 g
a subset A, of A; of full Q-probability, we have 12 ([.J]) = limy_e W

Suppose now that conditional on p # 0, IT;u,, is absolutely continuous with respect to
v;. There exists a measurable set A" of full Q-probability such that for all (w, z) € A’, the
limit

n—00

Hi:uw([zn])>

lim <fw,n(z) RZES)

exists and is positive. We denote it by f,,(2).

Set A= A"N[;ex A For all (w,2) € A, the sequence of measures i, ,, = fun(2)
weakly converges to the measure fi7, defined as f,,(z)uZ.

Let

Qa={w: (w,z) € A for some z € X;},
F={ze€ X;: (w,x) e A}, VYVwe Qa.

If (w,x) € A, set ul, = ul, = 0.
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For z € F¥, n>1 and J € A}, we have

~ L ([T (2]
“([J) =1 “([J]) =1 L .
pE() = Jin (1)) = lim ()
U = (Uy,---,Up) € [IX, Af"(n)_ei_l(n), the ball By intersects IT; *({z}) if and only if
li_1(n . . li_1(n
I, (U;) = T, )(Z)wj(n)fe»,l(n) forall 1 < j < i—1and Uj = I1;;(T7 )(Z)wj(n)fej,l(n))
for i < j < k. Recalling (3.3)), we also have
FBy)= Y BN D
(Jl,...,Jk)EJU
=Y p(Jr - T VI ([2gp)))

- =00 Vi([Zn+p])

P
(J1,esJk)ETU
Fix ¢ > 0. For all n > 1, we are going to estimate the expectation of the partition function
> per, W*(By)? with respect to the measure P ® v;.

Let jo = min{2 < j <4 —1:dime(p) > hy, (Tj)}, with min(()) = i, and

i—1
D = Fjp—1(dime (1) = hu (1) + D 7w, (Tj) = hu (T1),
J=jo
which is precisely the value given by (2.22) due to our choice of jo. We will show that
there exists ¢ > 0 such that for all ¢ in a neighbourhood of 1, there exists C; > 0 such
that we have

Erew (Y. B*(Bu)") < Coexp (

n
BUE.Fn 1

~(a=1)D+0((g=1%)).

This is enough to conclude that with probability 1, conditional on p # 0, for II;p-almost
every z (remember that I is absolutely continuous with respect to v;), one has 75.(q)) >

(g—1)D —c(q—1)? in some neighbourhood of 1. But since x? is a multiple of /i*, the same
holds for . This implies that the concave functions 7= and ¢ — (¢ — 1)D — ¢(q — 1)?
share the same derivative at 1, namely D. Consequently, p©* is exact dimensional with
dimension D.

Now we prove ([7.1). Recall that outside the set A, the measure 117, has been defined
equal to 0. By Fatou’s lemma, we have

Bre S F (L)
By€eFn

< liminf Epg,, g
pA)OO
By€Fn (J1,..,Jk)ETU

e Y Y (Y AU ANy ),

i(|L
pP—>00 LE;{;%(TL)MJ Bu€Fn  (J1,oJi)ETy Vz([ ])

. p([J1 - TeJp]) \a
LT WP BUEFn " (1 J)ETY gy er- (™ )

3 p[ 1 Tl ﬂﬂfl([zwk(n)ﬂo])))q

Vil[2)6, (n)+p))
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Denote by S the expectation in the right hand side of the previous inequality. Due
to the remark made above about the condition for By to intersects II; '([u]), and the
multiplicativity property of the measure v;, we can rewrite S as follows:

S=E ) > Zm Ut,...,Ui_1, L, L")([Ly - - - Li_1 L)),
L=(L1,....Li—1) (U1,....,Ui—1)r. L
where L € [TZ0 A7, (Uy,... Uisy)r € TT2L A7 ™ 7571 s such that I1,(U) = L
foreach 1 <j<i—1,L €AY +£’“(n)_gi’1("), and taking the conventions that the words
involved below whose writing uses the symbol J belong to Aj,

N p([J1 - Jic1J'])
m(Uy, ..., Ui_1, L, L) = > Z b LD
(Jiyeedi1): T (J; IL(J)=L" " t

J=J;-Jp: 11 (J])ZLJ

Suppose that ¢ > 1. Using the same idea as in the proof of Theorem but rewriting
S as an expectation with respect to P ® v; instead of P, yields

E(S) < 234G-1) Hsjn - Ry p,
where
Mo (n _1(n ([J]) q
S =E( Y willLy) (> ==y ))
Lj Uj: T (U)=L;  Jj:TL(J;)= v
and

g =L

_ q
Note that R, ;, = Epg,, (Xp+€k(n)—éi_1(n) ,

Xn(w,z) — Z ,LLW([J])

JE.Z(?I Hz(J):Z\n

is a perturbation of the martingale in random environment

_ B Hon([T])
Xaw2)= > S

JG.Z;L: I (J)=2)n,

Now, recalling the definition of the vectors Vb(i) in Section and setting
(9)

-T
=log Y wi(lthe %7
beA
our assumption that dim.(u) > h,,(7;) is equivalent to saying that at point 1 the function
¢ has a negative derivative, since ¢'(1) = h,, (T;) —T'(1) = hy,(T;) — dim(u). We can then
apply [7, Proposition 5.1] to X, 44, (n)—¢,_, (n) and for g close enough to 1+, get a constant

Cq > 0 such that R, , < C, independently of n and p.
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Next we estimate the terms Sj,,, for 1 < j <4 — 1. For j = 1, we simply have

Sin = E(Z vi([L1)) Z (M”([Ul]))q) — (@) — gn(g—1)(hu, (Ti)—dime (1)) +0((g=1)*))

o B R

For 2 < j <i—1, we rewrite S, as (recall that v; stands for the expectation of IL;x)

j(n —1(n Jj q
Sj,an%:@-(Uj)( 3 Hay( )ij[ (};([ ]))7

J;: 105 (J5)=U;

where
¢;(Uz) = v ([U;]) 7w (T 5([U5])) 7.

Let v4; be the Bernoulli product measure on ij associated with the probability vector

Vi = _ @) and define
‘173([1)]) Zblejj ¢J([b/])’ d defi
_ A () _ pn([]) v.
= log Z oi([b]) and X (w,z) = Z o (enl)’ z € X;.
bed; JEAD T () =2, In

With these definitions, S; , rewrites
Sjn = el (M=t )5 DR (X))
) q,] ’

n

Again, we can use [7, Proposition 5.1], and get a constant C,; > 0 such that

=T iy (@)\ £ (n)—€;_1(n)
Sin < que(éj(n)*éj—l('n))@j(fI) max (17 Z ve([b])e v q ) 5 i1 '

beA;
: L : 1,60 (@

A computations shows that the derivative at 1 of the function g — 3~ i vei([b))e
is equal to h,,(T;) — T'(1) = hy,;(T;) — dime(u).

Recall that jo = min{2 < j < i —1:dime(p) > hy, (Tj)}, with min(0) = i. If jo <
j < i—1 and q is close enough to 1, we thus have Zbeﬂj qu([b])e_Tszj)(q) < 1, hence
Sin < Cy, e( (m)—t1(n)ei(@) - If 2 < j < jo, using a Taylor expansion of order 2 we
et Xy vs(B)e " < explla — 1)(h, (T3) — dime (1) + O((g — 1)2). Moreover,
for any j, e®i(@) = xp((q — 1)(hy, (T;) — by, (T5)) + O((q — 1)2)). So for 2 < j < jo,
Sjn < Cy j exp((£;(n ) —4j-1(n))((q — 1) (hy, (T3) — dime(u)) + O((¢ — 1)*)). Finally, for ¢
close enough to 1+, there exists C; > 0 such that

Brow Y i°(Bu)’ < Cyexp (g = 1)(Lig-1(n) (b, (1) — dime (1))

By eFn
i—1
(g = 1) 32 (45(n) = -1 (M) (s (T3) = huy (T3)) + Ol(a = 1)*)n)
J=Jo
(7.1) = Cyoxp (= (g = DD +0((a = 1),

hence (7.1 holds.
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Suppose now that ¢ € (0,1). Using the same idea as in the proof of Theorem yields

H i

where

E(Z v([L]) ) ( > %(n)_,ij(}iﬁ([tjjbq)) if1<j<jo—1,

Sin = Lj Uj:I,a(Uj)=Ly - J;:105(J;)=U;
E(Zyi([Lj])l_q 3 yj(Uj)q) if jo<j<i—1.
Lj Uj: 1,4 (Uj)=L;

With the notations introduced in the case ¢ > 1, this rewrites

=T li(n)—Li_1(n
(S wne )T <o,

Sjvn = bEZi
e%i(@)(&(n)=tj-1(n)) if jo<j<i—1

Using Taylor expansions we can get that ([7.1]) holds for ¢ close to 1— as well.

8. THE CASE WHEN {2 <i<k:vy #0}=10

In our main statements about the Hausdorff and box-counting dimension of K and its
projections for simplicity we assumed all the v;, 2 < ¢ < k to be positive, which in the
Euclidean realisation of Section corresponds to my > --- > my > 2. It turns out
that up to slight modifications in the statement and proofs, our results cover the general
configuration my > -+ > my > 2, for which the diagonal endomorphism diag(my,...,mg)
may have eigenspaces of dimension at least 2 over which it is a similarity. In this case,
in the express1ons gwlng the dimensions of K and its projections, when m; = m;_1, i.e.
= 0, the index ¢ has no contribution, and geometrically for any

Vi = log(ml 1) log(mz)
1<i<j<k, zeX;andn > 1, for the induced metric by dy on X;, if y € B(z,e” ”/71),

nothing is required on Tfjfl(n) (y)lﬁj(n)fﬁjq(n)-

For all the statements of Section and Theorem the only change to make to
cover the case 7, > 0 forall 2 <i<kistoset I = {2 <i<k:v >0 and replace k by

sup(/) in (2.18]). The proofs adapt readily.

For the statements of Section one has to replace I; by {i} U{i < j <k :v; > 0}
and replace k by sup(Z;) in (2.21). Again, the modifications in the proofs are left to the

reader.

APPENDIX A. MAIN NOTATION AND CONVENTIONS

For the reader’s convenience, we summarize in Table [1| the main notation and typo-
graphical conventions used in this paper.

Acknowledgements. The research of both authors was supported in part by University
of Paris 13, the HKRGC GRF grant, and the France/Hong Kong joint research scheme
PROCORE (33160RE, F-CUHK402/14).

50



TABLE 1. Main notation and conventions

N, N*, Ry, R} sets of non-negative (resp. positive) integers, non-negative (resp. positive)
real numbers

(X5, T3) one-sided full shift space over a finite alphabet A;, i =1,... )k

M(X;,T;) set of T;-invariant Borel probability measures on X;, i =1,...,k

o X1 — X1 identity map on X

i Xi = Xit1 one-block factor map, i =1,...,k—1

IL; : X7 — X; II, =mi_10---0mg

IL;: Xi = X; II;; =mj—10---om if j > 4, and the identity map if j =4
a fixed vector in R x (Ry)F™*

242
— .
2

(AN
NI

A

<

A

=

the vector (y1 4+ ..« 4 Yoy Yit1y -« -5 Vk)

d5 an ultrametric distance defined on X; (cf. (2.1))

(X1,d5) self-affine symbolic space

K = K(w) symbolic random statistically self-affine sponge defined from a random subset
A of Ai, where A is alternatively written as (cq)aca, (Section

W = (Wa)aca, a non-negative random vector such that Wy, >0 C {ca = 1} and

EQX pea, Wa) =1 (Section
independent copies of (A, W) (Section
Mandelbrot measure associated with W (Section

K, topological support of a Mandelbrot measure p

dim. (v) entropy dimension of a finite Borel measure on X; (cf.

hy (T3) measure-theoretic entropy of T; with respect to a T;-invariant measure v
dim? (1) Ele ~i dime (I ) = 1 dime (p) + Zf:z ~; min(dime (), ho, (T3)) (cf. )
hé(Ti) Ef:l Bihm, ;v (T;), where B = (Biy...,Br) and v € M(X;,T;)

N #{a e A [a) CT7H([B]), [a] NK #0}, be A

.Zi, 3(7 .ZZ ={beA: IE(me) > 0}, and ijz is the one-sided full shift space over .,Zz
PP (6, T3) weighted topological pressure of ¢ € C(E\(:) (cf. (2.10))

Pi(0) PV (0¢;,T3), where ¢i(z) = (71 + - + ) log B(NS), i = 2,.. .k

i0, O, (cf. and )

Vi log 3>, 7 E(NNY i=2,...k

é\i (cf. the definition right after (]ml))
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