MULTIFRACTAL FORMALISM FOR ALMOST ALL SELF-AFFINE
MEASURES
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ABSTRACT. We conduct the multifractal analysis of self-affine measures for “al-
most all” family of affine maps. Besides partially extending Falconer’s formula
of Li-spectrum outside the range 1 < ¢ < 2, the multifractal formalism is also
partially verified.

1. INTRODUCTION

Multifractal analysis in R? aims at describing the geometry of Holder singularities
for positive Borel measures. Specifically, given a compactly supported positive Borel
measure ;. on RY, one is interested in the Hausdorff dimensions of the level sets

E(p, ) = {a: c R%: hmM = a} (a>0),

r—0 logr
where B, (x) stands for the Euclidean closed ball with radius r centered at x. Ac-
cording to heuristic arguments developed by physicists [28, 29|, in presence of self-
similarity, one should have

(1.1) dimg E(u, a) = (ilrelﬂg(aq —7(1, q)),
(a negative dimension meaning that E(u,«) = @) where 7(u, ) is the Li%-spectrum
defined as

logsup 5, 4(Bu(2;))"
log r

the supremum being taken over all families of disjoint balls {B,(z;)}; with radius r
and centers x; € supp(p).

)

7(p; ) = lim inf

When equality (1.1) holds, one says that the multifractal formalism holds for p
at a. So far the multifractal structures of the so-called self-similar measures and
more generally self-conformal measures and Gibbs measures on self-conformal sets
or conformal repellers have been studied intensively, the validity of the multifractal
formalism being observed over wide or even maximal ranges of exponents « for large
subclasses of these measures (see, e.g., [11, 47, 8, 10, 43, 45, 46, 42, 39, 48, 51, 19,
26, 21, 35] and the references in [26]).
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Much less is known for self-affine measures (to be defined below), except when
they are supported on self-affine Sierpinski sponges, or on invariant subsets of such
sponges satisfying specification property [38, 44, 4, 3, 34]. However, for such mea-
sures, one knows that in general the previous multifractal formalism fails, but a
refined one (which is more related to Hausdorff measures and introduced indepen-
dently in [6] and [43]) holds. This is closely related to the fact that the Hausdorff
and box dimension of self-affine Sierpinski sponges do not coincide in general.

This paper studies the validity of the multifractal formalism for “almost all” self-
affine measures. First of all, let us recall the definition of self-affine measures. Let
Si,..., 8, : R4 — R be a family of contracting mappings. Such a family is known
as an iterated function system (IFS). It is well known [30] that there exists a unique
non-empty compact set F C R? called the attractor of the IFS, satisfying

Moreover, for any probability vector (pi,...,pn,) (that is, p; > 0 and ", p; = 1),
there exists a unique Borel probability measure p supported on F' such that

m
p=> pipoS; .
=1

Here we assume that Si,...,.S,, are affine transformations, in which case, F' is
called a self-affine set, and p is called a self-affine measure (self-similar measures
correspond to the particular case where the S; are similitudes). In particular, we
let S; = T; + a; where T},...,T,, are non-singular contracting linear mappings
and ay,...,a, are translation parameters. In [13] Falconer obtained a formula
for the Hausdorff dimension and box-counting dimension of the attractor of the
IFS {T; + a;}™, for almost all parameter (ai,...,a,) € R™ in the sense of md-
dimensional Lebesgue measure, under an additional assumption that ||7;|| < 1/3 for
all ; these dimensions coincide. Later, Solomyak [50] proved that the assumption
|T;]| < 1/3 for all ¢ can be weakened to ||T;|| < 1/2 for all i.

In [15], Falconer obtained the formula of the LI-spectrum of the self-affine measure
associated to the IFS {T;+a;}, and the probability vector (p1,...,pm) for 1 < ¢ <
2 and almost all (ay,...,a,) € R™, still in the sense of md-dimensional Lebesgue
measure and under the assumption ||7;|| < 1/2 for all i.

Before stating Falconer’s formula, let us first introduce some definitions. Let T
be a non-singular linear mapping from R? to R%. The singular values aq > ay >

.-+ > aq of T are the positive square roots of the eigenvalues of 1T%T'.
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Definition 1.1. [13] The singular value function ¢*(T') is defined for s > 0 by

al...ak,laf“l, ifk—1<s<k<d,
*(T) =
(a1 ... 0q)"?, if s >d.

In particular, set ¢°(T) = 1.

Fix a probability vector (p1,...,pn,) and non-singular contractive linear trans-
formations T, ..., T), from R? to R?. For a = (ay,...,a,) € R™ let u® denote
the self-affine measure associated with the IFS {7} 4+ a;}!*, and (p1,...,pm). For
k € N, we write for brevity ¥ = {1,...,m}*. For I = i;...i, € X, denote
Ty =T, 0...0T;,, pr =0 ...p;,- For ¢ > 0, define
(1.2)

(q—Dinf{s>0: 33°, 3 0, (¢°(T1) 7"pf < oo}, f0<g<1,
D(Q) = 0, if g =1,
(q—=1sup{s>0: 302, 30y, (6°(T1) "9} < oo}, ifqg>1,

and

() — (¢ — 1) min %,d , ifg#1,
R

We remark that D and 7 are continuous and piecewise concave over (0,00). More
precisely, D and 7 are concave on (1,00), they are also concave on the subintervals
Ji of (0,1), k=0,1,...,d, where Jy = {g € (0,1) : D(q)/(¢ — 1) € (k,k + 1)} for
k<d—-1and J;={q € (0,1): D(q)/(¢g — 1) > d} (see Appendix A). Hence the

one-sided derivatives of D and 7 exist for any ¢ > 0.

Now Falconer’s result can be stated as follows.

Theorem 1.2 ([15]). If [|T;|| < 1/2 for all 1 < i < m, then for L™ -a.c. a € R™,
the Li-spectrum of u® is

T(1*,q) = 7(q), l<g<2.

In [15], Falconer raised some open problems, for instance, how to extend the above
formula outside the range 1 < ¢ < 2 and how to analyze the multifractal structure
of u? for Lm%-a.e. a € R™. The main purpose of this paper is to study these
problems.

Our main result is the following. It will be completed with some results for ¢ > 2
in section 6 (see Theorems 6.2-6.4).

Theorem 1.3. Assume that ||T;|| < 1/2 for all 1 <i <m. Let q € (0,2), ¢ # 1.

(i) Let a € {D'(q—),D'(q+)}, where D'(q%) denote the one-sided derivatives

of D at q. Assume that 0 < g <1, D(q)/(¢ —1) <1 and aqg — D(q) < 1.
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Then for L™ -a.e. a € R™ 7(u2,q) = 7(q) = D(q), and furthermore,
E(u? a) # 0 and
dimy E(u?, o) = aqg — 7(q).
(i) Let q € (1,2). Assume thatT; (i =1,...,m) are of the form
T; = diag(ti1, tia, .. - tiq)
with % >tig >tiag> ... >t g > 0. Assume furthermore that D(q)/(q¢—1) €
(k,k+1) for some integer 0 < k < d—1 (in this case o := D'(q) exists) and
ag—D(q) € (k,k+1).
— If k=0, then for L™ -a.e. a € R™ E(u® ) # 0 and
dimy E(p?, ) = ag — 7(q).
— Ifk >0, then for L™ -q.e. a € R™ E(u® ) # () and
dimy E(p*, ) = aq — 7(q),

where E(p?, o) = {x € R?: liminf,_g % — a}.

We remark that the functions 7 and D can be determined explicitly in some
special case.

Example 1.4. Assume that Ty =Ty, = ... =T,, = diag(ty, ta, ..., tq) with

1
§>t1>t2>...>td.

Denote A(q) :== (X7, p) ™. Then by Definitions (1.2)-(1.3), for q > 0,

=11

( log > p! ‘
Dig) = B Pl >,

log tl
logd ", p! log(t, ...t
T(q) =4 Dl(g) = —loik_:l +(q@—-1) (k - —k() gl -~ ©)

if ty .t < A(q) <tp...ty for somel <k <d-1,

Remark 1.5. We remark that in Ezample 1.4, 7' (qg+) > 7'(q—) at those points
€ (0,1) such that A(q) =ty ...ty for some k € {1,2,...,d — 1}. Indeed, if such q
exists, a direct calculation shows that

(q+) —7'(q—) = <long_2 11p’ - <log2pl)) <logtk+1 logltk> >0,

using the strict convezity of the function x +— log) ", pf on (0,00) and ¢ < 1;

therefore T is not concave on any neighborhood of q. In this case, Falconer’s formula
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T(u?,t) = 7(t) in Theorem 1.2 can not be extended to allt € (0,1), because T(u?,t)
should be concave over R. A right formula for T(u?,t) is expected. In Example 6.7,
we provide such a formula for certain non-overlapping planar IF'S.

The paper is organized as follows. In section 2, we present some definitions and
known results about the sub-additive thermodynamic formalism; we also present
some known dimensional results about the projections of ergodic measures on typical
self-affine sets. In section 3, we give a formula for the derivative of D(q) using the
sub-additive thermodynamic formalism. In section 4, we show that for a class of self-
affine IFS on R?, any associated self-affine measure is either singular or equivalent
to the restricted d-dimensional Lebesgue measure on the attractor. In section 5
we prove Theorem 1.3 and related results. In section 6, we prove an extension of
Falconer’s formula for the L¢-spectrum and give some complement to Theorem 1.3.
In section 7 we give further extensions of our results. In Appendix A we provide a
proof of the concavity of the functions 7 and D over (1,00), as well as a proof of
their concavity over the subintervals intervals of (0, 1) over which D(q)/(q — 1) lies
between two consecutive integers of [0, d].

2. PRELIMINARIES

2.1. The sub-additive thermodynamic formalism. In this subsection, we present
some definitions and known results about the sub-additive thermodynamic formal-
ism on full shifts.

Let m > 2. Let (X,0) denote the one-sided full shift space over the alphabet
{1,...,m} (cf. [7]). Let M(X, o) denote the collection of o-invariant Borel proba-
bility measures on 3 endowed with the weak star topology. For n € M(X,0), let
h,(c) denote the measure-theoretic entropy of  with respect to o (cf. [7]).

A sequence ¥ = {1, }°°, of continuous functions on ¥ is said to be a sub-additive
potential if

Unm () < Up(x) + Y (™), VreX mmneN.
More generally, U = {1,,}22 , is said to be an asymptotically sub-additive potential
if for any € > 0, there exists a sub-additive potential ® = {¢,}>°, on ¥ such that

1
lim Sup = sup [4n(2) — ()] < €
n—00 €N
Now let ¥ = {9, }22, be an asymptotically sub-additive potential on ¥. The
topological pressure P(o,¥) of U is defined as

1
P(o,¥) :=limsup — log Z sup exp(¢,(x)),
n—oo T rex, €[]
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where ¥, ;== {1,....m}" and [[] = {z = ()2, € X :2y...0, = [} for [ € &,,.
For n € M(%,0), set

() = lim ~ [ $a(z) dnz).

n—oo N,
The following variational principle was proved in [9, 24] in a more general setting.

Proposition 2.1. P(o,¥) = sup{h,(c) + V.(n) : n € M(X,0)}.

We remark that the variational principle for sub-additive potentials has been
studied in the literature under additional assumptions on the corresponding sub-
additive potentials (see e.g. [14, 5, 25, 37]).

Let Z(¥) denote the collection of n € M(X, o) such that
hn(0) + W.(n) = P(o, V).

Then Z(¥) # 0 (see e.g., [24, Theorem 3.3]). Each element of Z(¥) is called an
equilibrium state for W.

Lemma 2.2 ([24], Theorem 3.3(i)). Z(¥) is a non-empty compact convex subset of
M(X,0). Moreover, any extreme point of Z(V) is an ergodic measure on X.

We end this subsection by mentioning the following property of W,; for a proof,
see [24, Proposition A.1(2)].

Lemma 2.3. The map ¥, : M(X,0) — RU{—o0} is upper semi-continuous.

2.2. Projections of ergodic measures on typical self-affine sets. In this sub-
section, we introduce a result of Jordan, Pollicott and Simon [33] for self-affine IF'S,
which plays a key role in the proof of Theorem 1.3.

Let m > 2 and T3, ...,T,, be non-singular linear transformations from R¢ to R¢.

For a = (ay,...,a,) € R™ let 7 : ¥ — R? be the coding mapping associated
with the IFS {T; + a;}*,, that is,

(2.1) m*(x) = lim S, 0 Sy, 0...08,,(0),

where S; := T; + a;. It is not hard to see that 7(X) is just the attractor of the IFS
{T; + a;}1™,. For s > 0 and n € M(3,0), set

(2.2) () = lim = [ log¢*(Tupn) dn(a),

n—oo M

where Ty, = T,, ... T,, for v = (z;)i.; € ¥ and ¢°(-) denotes the singular
value function (see Definition 1.1). Since ¢° is sub-multiplicative in the sense that
¢°(AB) < ¢*(A)¢*(B) for any d x d real matrices A, B (cf. [13, Lemma 2.1]), the
limit in (2.2) exists. The following definition was introduced in [33] in a slightly

different but equivalent form.
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Definition 2.4. For an ergodic measure 1 on %, the Lyapunov dimension of n
(associated with T, ..., T,,), denoted as dimpy n, is defined by dimpy n = s, where
s is the unique non-negative value so that h,(o) + ¢5(n) = 0.

Let us give another definition.

Definition 2.5. Let & be a Borel probability measure on R,

(i) The Hausdorff dimension of £ is defined as
dimy &€ = inf{dimy F : F C R? is Borel with &R\ F) = 0}.
(ii) Say that £ is exactly dimensional if there is a constant ¢ > 0 such that

lim log §(B(z,7))

=c for&-a.ez € RY
r—0 log r

It is well known [53] that if £ is exactly dimensional, then dimy { = ¢. Now we
can state the following projection result of Jordan, Pollicott and Simon [33].

Theorem 2.6 ([33]). Assume that ||T;|| < 1/2 for 1 <i < m. Let n be an ergodic
measure on ¥. Then for L™%-a.e a € R™?,

(i) dimgno (7®)~! = min{dimzy 1, d}.
(ii) If dimpy n € [0,1], then no (7®)~! is exactly dimensional.
(iii) If dimpy n > d, then no (7®)~! <« L.

We remark that Theorem 2.6(ii) was only implicitly in [33, Theorem 4.3]. After
we completed the first version of this paper, Thomas Jordan pointed to us that the
assumption dimpy n € [0,1] in Theorem 2.6(ii) can be removed, that is, for any
ergodic measure 1 on 3, no (72)~! is exactly dimensional for £L™%-a.e a € R™?; the
proof is done by taking a minor change in the proof of [33, Theorem 4.3] for the upper
bound [32]. We remark that this result was proved earlier by Falconer and Miao
[17] in the special case that 1 is a Bernoulli product measure or a Gibbs measure.
However if Ty, ..., T,, are commutative, then n o (7®)~! is exactly dimensional for
any ergodic measure 7 on ¥ and any a € R™ (cf. [23, Theorem 2.12]).

3. A FORMULA FOR THE DERIVATIVE OF D(q)

Assume that T, ..., T}, are contractive non-singular linear mappings from R? to
R? and let (p1,...,pm) be a probability vector. Let D(q) be defined as in (1.2). It
is not hard to see that for ¢ > 0, ¢ # 1, D(q) is the unique value s € R so that

1
(3.1) lim — log Z ¢3/(q*1)(TI>1*qp? —0.

n—oo M
ey,

Define f € C(X) by

f(z) =logpy, for z = (2;)72, € %.
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For ¢ > 0, ¢ # 1, assume that
{(1—q)log ¢D(q)/(q71)(Tx\n)}zo:1 is an asymptotically

(32) - .
sub-additive potential on X.

Then by (3.1), D(q) satisfies the following equation
(3.3) P(o,G,) =0,

where P denotes the pressure function (see section 2), G, := {gnq4 oo, is a potential
defined by

n—1

(3.4) Gng(x) = (1= q)log "N, ) + ¢ > fo*x),
k=0

By the assumption (3.2), G, is asymptotically sub-additive.

Remark 3.1. (i) The assumption (3.2) always holds when 0 < ¢ < 1, since ¢*
is sub-multiplicative for any s > 0 in the sense that ¢*(AB) < ¢°(A)¢°(B)
(cf. [13]).

(ii) When q > 1, (3.2) holds if Th, ..., T,, satisfy some additional assumption,
for instance, all T; are the same, or each T; is of the form

T, = diag(tivl,tivg, c 7ti,d) with tz}l > tng > 00> ti,d > 0.

By (3.3) and Proposition 2.1, we have
Lemma 3.2. Let ¢ > 0, g # 1. Assume that (3.2) holds. Then

0 = sup {hn(d) + (1= g2 DD (1) + q/fdn WS M(E,U)} :
where ¢5(+) is defined as in (2.2). Moreover,

hy(o) + (1 — q)pP @/~ D () + Q/fdn =0, VneI(G,),

where Z(G,) denotes the collection of the equilibrium states of the potential G, (cf.
Section 2.1).

For n € M(%,0), denote

1
(3.5) Ai(n) == lim — [ logo;(Typn) dn(z), i=1,...,d,

n—oo N

where a;(A) denotes the i-th singular value of A. We write A\y(n) = 0 for convention.
It is easy to see that \;(n) = ¢i(n) — ¢ Y(n) for 1 < ¢ < d. In particular, if
s € [k, k + 1) for some integer 0 < k < d — 1, then

(3.6)  i(n) = M)+ ...+ (n) + (s — k)M (n) = &L () + (5 — k) A ().
8



Lemma 3.3. Let n be an ergodic measure on Y. Then for n-a.e x € X,

hm _—

n—oo n

Proof. Let s > 0. Since ¢° is sub-multiplicative, by Kingman’s sub-additive ergodic
theorem (cf. [52, Theorem 10.1]),
1 log ¢s (Tx\n>
im —————=
n

n—oo

Now Lemma 3.3 follows from the fact that loga;(A) = log ¢'(A) — log ¢'~1(A) for
i=1.. . .d 0

=¢i(n) for n-ae. xz €.

In the following proposition, we give a formula for the derivative of D(q).

Proposition 3.4. Let ¢ > 0, ¢ # 1. Assume that (3.2) holds. If % € (kk+1)
for some integer 0 < k < d—1, then
dn — k
neT(Gy)  Mk+1(n)
: fdn — ¢k(n)
D'(g+) < inf f—*
() n€Z(Gq) Ae+1(7)
In particular, if in addition D'(q) exists, then
[ fdn— ¢kn)
Akt1(n)

Proof. First fix n € Z(G,). By (3.6), we have

(1= @)o? V() = (1= ) (&5 (1) = kAeir (1)) = D(@) Ak (7).
Combining this with Lemma 3.2 yields

(3.9) —D(q)Aes1(n) +qA+ B =0,

where

+ &,
(3.7)

+ k.

(3.8) D'(q) + k, VneZ(G,).

A= /fdn = ¢L(0) + kXa (), B 1= hy(0) + ¢L(1) = kA ().
For small € € R, apply Lemma 3.2 (in which ¢ is replaced by ¢ + €) to obtain
(3.10) —D(qg+ €)M er1(n) + (¢ +e€)A+ B <0.
Subtracting (3.9) from (3.10) yields
(D(q) = D(g + €)Aesr(n) + €A <0.

Hence
D(g +¢) — D(g) < A ife>0, and
€ = Aer1(n) ,
D(q +¢) — D(q) > A if e <O.
€ ~ Aes1(n)
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Letting € — 0, we obtain

A A
D'(¢g+) < ——— and D' >
@)= s P 20
Letting 7 run over Z(G,), we obtain (3.7). It implies that if D’(¢) exists, then (3.8)
holds. O
As the main result of this section, we have
Proposition 3.5. Let ¢ >0, g # 1.
(i) If0<g<1 and % € (0,1), then
d d

(3.11) D'(g—) = sup J fen D'(¢g+) = inf J fen

neT(Gy) M (1)’ neZ(Gy) Ai(n)

Furthermore, for a € {D'(¢+),D'(q—)}, there exists an ergodic measure

n € I(G,) such that o = {f(dg

(i1) Assume that T; (i =1,...,m) are of the form

(312) T = dzag(t, 1, tz Dy e tz d)
with t;1 > tio> ... > 14> 0. [fk‘< <k‘+1f07’some integer 0 < k <
d— 1, then D'(q) exists and there exzsts an ergodic measure n € Z(G,) such
that then

[ fdn — ¢%(n)
Aet1(n)

Proof. We first prove (i). Assume that 0 < g < 1 satisfying that D(q)/(¢ — 1) €
(0,1). By continuity, there exists a neighborhood A of ¢ so that A C (0,1) and
D(t)/(t—1) € (0,1) for any t € A. Let (¢,) C A be a sequence so that lim,,_,« ¢, =
q. Take n, € Z(G,,). By (3.3), (Gg4,)«(m) + hy, (0) = 0. Taking a subsequence if
necessary we may assume that 7, converges to some n € M(X,0) in the weak-star
topology. We claim that n € Z(G,) and limsup,,_, . A\1(n,) = A1(n).

(3.13) D'(q) = + k.

To prove the claim, we notice that the map p — A (u) is upper semi-continuous
on M(X, o). This follows from Lemma 2.3, in which we take ¥ = {log ¢! (Tyn) }22 ;.
Fort € A and p € M(X,0), by (3.4), we have

(Go)u () = —D(D)M (1) +1 / fdu.

Hence

limsup(Gy,)«(n,) = —D(q)limsup Ai(n, +Q/fd77

n—o0 n—oo

< —D@M) +4q / Fdn = (Go).(n).
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Meanwhile limsup,,_, hy,(0) < hy(o) by the upper semi-continuity of hy(c). It
follows that

(Go)«(n) + hy(o) = hglﬂsgp((an)*(nn) + hy, (o)) = 0.
However, by Proposition 2.1 and (3.3), 0 = P(c0,G,) > (G4)«(n) + hy(0). Hence we
have (Gy)«(n) + hy(0) = 0 = (Gy, )« () + hy, (o). Thus n € Z(G,), and moreover,
lim sup,, oo AM1(12) = As(n).

Since D is concave in a neighborhood of ¢ (see Proposition A.1), we can take
two sequences (s,), (t,) such that s, T ¢, t, | ¢ and D'(s,), D'(t,) exist. Then
D'(q—) = lim,, ., D'(s,) and D'(¢g+) = lim, .o, D'(t,). Take 0/, € I(G,,). Tak-
ing a subsequence if necessary, we may assume that 7/, converges to some 7 €
M(X, o) in the weak-star topology. By the above claim, we have n € Z(G,) and
lim sup,,_, . A\1(7,) = A1(n). Hence by Proposition 3.4,

dn, d
D'(qg—) = lim D'(s,) = lim ¥ /77” = ¥ iy
n—o0 n—oo Ay(np,)  Au(n)
Combining this with (3.7) yields D'(¢g—) = sup,ez(q,) {\{—JZL. Similarly we can show

—

. d
that D'(g+) = infucz(a,) 515

Now let o € {D'(¢—), D'(q+)}. Define

T, = {M € Z(G,) :

The arguments in the last paragraph imply that Z, # (). Furthermore one can check
that Z, is compact and convex. We are going to show that Z, contains at least one
ergodic measure. Without loss of generality, we assume that o = D’(¢g—). By the
Krein-Milman theorem (c.f. [12, p. 146]), Z, contains at least one extreme point,
denoted by v. Let v = pry + (1 — p)ip for some 0 < p < 1 and v,y € M(X,0).
Then

P(0,Gq) = hu(0) + (Gg)«(v) = p(huy (0) + (G)x (1)) + (1 = p)(huy (0) + (Gg)u(12))-
By Proposition 2.1, vy, € Z(G,). Since

o sup JIM _ JIdv_p] fdn+(1=p) [ fdv,
nez(G) M) A(v)  pAi(n) + (1 =p)Ai(re)
we must have v, 15 € Z,. Since v is an extreme point of Z,, we have v; = vy = v.

It follows that v is an extreme point of M(X,0), i.e., v is ergodic. Therefore Z,
contains an ergodic measure. This finishes the proof of (i).

Now we turn to the proof of (ii). Under the additional assumption (3.12) on T;’s,

we can adapt the proof of (i) to show that if D(q)/(¢ — 1) € (k,k + 1) for some
11



0<k<d-—1, then

(3.14) D'(¢—) = sup fﬂ‘m—_(ﬁf(”)j%’ D(g+) = inf J fdn — ¢ (n)

+ k.
n€I(Gy) Akr1(n) n€L(Gq) Ae+1(n)

Indeed, under this new assumption on 7;’s, we see that the potential G, = {gn,}
is additive in the sense that g,, = .1 h(z) for some continuous function h on
Y. Moreover, h(x) depends only on the first coordinate of z. Therefore the maps
po— M), g — ¢%(u) are continuous over M(3, ). Based on this fact, (3.14)
can be proved in a way similar to that of (i). We ignore the details. Since h(z)
only depends on the first coordinate of x, h is Holder continuous. Therefore Z(G,)
is a singleton consisting of an ergodic measure (see, e.g., [7, Theorem 1.2]). This

together with (3.14) proves (3.13). 0

Remark 3.6. Assume that T;, i = 1,...,m, satisfy the following irreducibility con-
dition: there is no proper subspace V # {0} of R? so that Ty(V) C V. Then ¢*
satisfies certain quasi-multiplicative property which guarantees that I(G,) is a sin-
gleton (and hence D'(q) exists by Proposition 3.5(1)) provided that 0 < ¢ < 1 and
% € (0,1). More generally, when 0 < ¢ < 1 and % € (k,k+1), D'(q) exists if
T;, i =1,...,m satisfy the so-called C(k+ 1) condition introduced in [18|. This can
be proved in a way similar to [22, Proposition 1.2], or by simply using [20, Theorem

5.5].

4. EQUIVALENCE OF CERTAIN SELF-AFFINE MEASURES TO THE LEBESGUE
MEASURE

Our multifractal analysis will need the first part of the following Proposition 4.1,
which deals with the comparison between the Lebesgue measure and projections of
certain ergodic measures on attractors of self-affine IF'S with positive Lebesgue mea-
sure; we do not only consider Bernoulli products measures because our main results
extend to Gibbs measures (see Section 7). The first case considered in Proposi-
tion 4.1 is essentially a restatement of a result obtained by Shmerkin in [49, Propo-
sition 22(3)], while the second one is a nontrivial improvement of [49, Proposition
22(3)], in which only the case d < 2 was treated. In fact in Proposition 22 of [49]
Shmerkin only considered self-affine measures, but he mentioned as a remark that
his results are valid for the class of ergodic measures we consider. Though the sec-
ond case considered in Proposition 4.1 will not be used in this paper, we think it is
worth keeping it in this paper due to the importance of such results in the general
ergodic theory of self-affine IF'S, and also because the method differs from that used
by Shmerkin, by avoiding to refer to general results on density bases. We will also
use this approach to give an alternative proof of the first case of Proposition 4.1

when d < 2.
12



Let {S; = T; + a;}I™, be an affine IFS on R¢ with the attractor F. Assume that
LYF) > 0. Let £% denote the restriction of £ on F, i.e., L4L(A) = LYYANF) for
any Borel set A C R%

Let 1 = 7 : 3 — R? be defined as in (2.1). Let n € M(X,0) and p = nor L.
Say that £% is equivalent to u if for any Borel set A C R, L%(A) = 0 if and only if
n(A) = 0.

Proposition 4.1. Assume that one of the following conditions fulfills:

(i) The T; are diagonal;
(i) 71 = ... =T).

Assume that n is ergodic satisfying
n(B)>0=n(iB) >0 foralll <i<m

for any Borel set B C %3, where iB := o~ Y(B)N[i]. Then p is either singular to L%,
or equivalent to L%.

Our approach to Proposition 4.1 extends some ideas used in [40], where Mauldin
and Simon [40] established the first results of this kind for linear IF'S and Bernoulli
product measures on R.

First we introduce some notation. Suppose R is a rectangle in R parallel to the
axes, i.e. R has the form

d
R = H[ml — a;,%; + a;], where a; > 0.

=1

For t > 0, we denote
d
i=1

Also we denote
|R|| = max a;.
1<i<d

Lemma 4.2. Suppose {R;}icr is a countable family of rectangles in R or R* with
sup, || R;

edges parallel to the axes. Assume that % < 00. Then there exists a partition
m j j _

{F1,Fa} of F such that fori = 1,2, there exists F; C F; satisfying that
R; (j € F;) are disjoint, and U MR; D U R;,
jEFi JEFi
R,
where M = 3 - w
inf; | R; |

13



Proof. We only treat the case d = 2. For convenience, for each rectangle R (with
edges parallel to the axes), we use a;(R), i = 1,2, to denote the length of the
semi-axes of R along the z; direction.

Partition F into
Fi = {jeF:am(R;j)=|R;||} and
Fo = F\F ={jeF: a(R;j) <aR;) = ||Rj|}

Without loss of generality we prove the result for the case i = 1. For j € Fi, denote
Fi(j) ={j" € Fi: Rjn Ry # 0}. Also denote a = sup;cr, az(R;).

Choose F] a maximal family in F; such that the rectangles R;, j € F| are
disjoint, and for each j € F| we have a/2 < as(R;) < a. By construction, for each
J1 € F} we have

> U &

Jj€F1(j1)

U MR(j1) > U U Rj D U R,

J1EFT} nEFT JEF1(G1) JE€F1: a/2<az(R;)<a

SO

the last inclusion follows from the maximality of F7.

Suppose that for & > 1 we have built a subfamily FF of 7| such that the rectangles
Rj, j € F¥, are disjoint and

(4.1) U MrGyo> |J U RiD U R;.

JKEFF JREFE FEF1 (k) j€F1:a/2k<az(R;)<a
If there is no j € F such that ay(R;) < a/2% or Ujkeflk Fi(jk) = Fi, we set
Fitt = FF. Otherwise, let FJ' be a maximal subfamily of 7| = F; \ Ujerr F1li)
of disjoint rectangles R; for which a'/2 < ay(R;) < @', where a’ = sup;ic 5 a2(Ry) <
a/2*. Then setting F;t = FF U F/' we have

U MR(jg+1) D U U RO U R;.

jpeFrtl Jrp1 €FFFL GEFL(Gry1) j€F1:a/2F 1 <az(R;)<a

This yields by induction a non-decreasing sequence of subfamilies FF of F; such
that the R;, j € FF, are disjoint and satisfy (4.1). Consequently Fy = J,5, F¥ is
suitable. U

Lemma 4.3. Let C be a cube in R?. Let {T;}jer be a countable family of affine

mappings from RY to itself, with the same linear part T. Then there exists FCF
such that

T;(C) (j € F) are disjoint, and U T;(2C) D U T;(C
JEF JEF
14



Proof. Tt is easy to see that if T;(C) N T;(C) # 0 then T;(2C) D T;(C'). Taking F,

a maximal subfamily of F such that the parallelepipeds T;(C), i € F, are pairwise
disjoint, we are done. O

Proof of Proposition 4.1. (Case (i) with d < 2 and case (ii) in general). We first
show that p is either singular or absolutely continuous with respect to £& (this
actually holds for all IFS rather than affine IFS). This fact is known when 7 is a
Bernoulli product measure [31, 30]. Now we consider the general case that 7 is an
ergodic measure. Assume that u is not absolutely continuous with respect to £%.
Then there is a Borel set A C F such that £4(A) = 0 but u(A) > 0. Define W =
71 (A). Then n(W) = pu(A) > 0. Since 7 is ergodic, we have n (>~ o™"W) =1
(cf. [52, Theorem 1.5(iii)]). Denote W := (J°°, o "W. Then

(W) = U U Siy.in(A)-

n=11<iy,...,in<m

Since Si,...,S,, are contractive, we have £4(S;, ; (A)) < gvd(A) = 0, and thus

LAr(W)) = 0. However, u(x(W)) = nox ' (x(W)) > n(W) = 1. Hence p is
singular with respect to £&. Up to now we have shown the claim that p is either
singular or absolutely continuous with respect to £%.

Assume that the conclusion of Proposition 4.1 does not hold. Then  is absolutely
continuous with respect to £4, but L% is not absolutely continuous with respect to
p. Hence there exists a Borel set A C F with £L&(A) > 0, but u(A4) = 0.

Note that p satisfies the following relation for all £ > 1:
pA) =nor (A= D> liv--i no Tt (S (A)),

1<i1,82,...,i <M

from which we obtain that for any 1 < iy,40,...,4 < m,

(4)) =0

(A))) =0 (by the assumption on 7). Hence
(S5, (4) =0,

n([iy---ip] Mo Fa= (S

010k

and thus n(7~1(S;?

1.0k

Denote
A= (U U S;}ik(A)> UA.
k=1 1<i1 iz, .., <m
Then pu(A) = 0, but LL(A) > 0.
In the following, we will show that £%4(F \ A) = 0, which leads to u(F\ A) =0

(since p < L£4), and thus p(F) = u(A) + u(F \ A) = 0, a contradiction. Denote
A® = F\ A. Then S;(A°) C A®for all 1 <i <m.

Assume on the contrary that £L(A¢) > 0.
15



Now we prove the following general fact: if a Borel subset E of I’ is such that
Si(E) C E forall 1 <i < m and LYE) > 0, then LL(F \ E) = 0. In the case
of E = A° this yields F'\ A has zero £ measure, i.e. A has zero £% measure,
contradicting the assumption £&(A) > 0.

For 0 < r < 1, define
A= {iis i € 2 1Sl S 7, 1Syl > 7
where X% = (2 {1,...,m}".
Without loss of generality, assume that F' is contained in the unit cube C = [0, 1]¢
in R%.
Let x € F'. Denote
A.. ={l € A, : B.(x)NS[(F) # 0}.

Then
Byya(w) > | Si(€).
I€A,

Suppose that the assumptions of Proposition 4.1 are fulfilled. Then by Lemmas 4.2
(applied in the case (i) and when d < 2) and 4.3 (applied in the case (ii)), there
exists a constant M > 0 (M = 3\~!, where \ is the smallest eigenvalue among those
of Ty, ... Ty, in case (i), M = 2 in case (ii)), a partition { A}, AZ } of A,,, and for
i = 1,2, a subfamily fﬁx of Ai such that

T,27

S1(C), I GAix, are disjoint and
U Mmsic)> | sie)
IeA:, T€A; .
Therefore,
3 £4Si(0)) >—cd( U s:10).
I€A:L, IeA; ,

and (the sets S;(E), I € Al

T,

are necessarily pairwise disjoint)

(U sim) =z Y £isim) = (Si(C
€A I€AL, IeAL,
LE(E)
> LelB), S1(C)).
Md (16%1 ! >
LE(E)

Denote ¢ = . Summing the above inequality over ¢ € {1,2} and using the

M
subadditivity of £? we get

(4.2) 2£d( g SI(E)) zE£d< U SI(C)> 25£d< U s,(F)>.

IE.Ar,z IE-A'r,z IEAr,z
16



If x is a Lebesgue density point of F', then when r is sufficiently small,
1
LYB,(z)NF) > §rd,
hence

(4.3) (U s) = e (B@n U sur)) =

I€A, IeA, .

rd.

Thus
£d<B2ﬂT(:p)ﬂE> > cd(er(x)m U SI(E)> zgd( U SI(E)>

I€A; » IeA, .

gﬁd( U SI(F)) ( by 4.2)

1A, »

v

> Zird. ( by 4.3)

Consequently, every Lebesgue point of F' is a point of density in E. This implies
that '\ F has zero £L? measure. U

5. THE PROOF OF THEOREM 1.3

First we consider the most general case that T}, ..., T}, are non-singular linear
mappings from R to R? satisfying ||T;]| < 1/2 for 1 < i < m.

The following lemma was proved by Falconer (see [15, Theorem 6.2 (a)]).

Lemma 5.1 (Theorem 6.2 (a) of [15]). Let ¢ >0, ¢ # 1. For all a € R™, we have
T a)/(a—1) < 7(q)/(q = 1).

Definition 5.2. For any Borel probability measure & on R and z € supp(€), the
local upper and lower dimensions of & at z are defined respectively by

— 1 B 1 B
d(&, z) := limsup log(B,(2)) T(Z)), d(&, z) = liminf log&(B,(2)) T(Z»
r—0 log r r—0 logr
Ifd(&,2) = d(€,2), we use d(&,2) to denote the common value, and call it the local
dimension of & at z.

Lemma 5.3. For any 0 € R and ¢ > 0,
dimp{z € R?: d(p?, 2) < 8} < Bg — (1, q),

where we take the convention dimy () = —oo.

Proof. The lemma actually holds for any compactly supported Borel probability

measure on R?. It can be proved by using a simple box-counting argument. For

details, see e.g., Proposition 2.5(iv) in [43]. O
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Lemma 5.4. Let a € R™. For any Borel set A C R? and any i1,...,i, €
{1,...,m},
lua(A) Z pil o plnua ((SZ ©...0 Si?z)_l (A)) :

Proof. Tterating the self-similar relation 2 = " p;u® o S;! for n times, we have

PE= pj - pipto (S 0. 08,7,

where the sum is taken over all tuples (j1,...,7,) € {1,...,m}". Now Lemma 5.4
follows. Il
Proposition 5.5. Let T}, ..., T,, be non-singular linear mappings from R? to R?

satisfying ||T;|| < 1/2 for 1 < i < m. Let q € (0,1) and o € {D'(q—), D'(q+)}.
Assume that D(q)/(q — 1) < 1 and ag — D(q) < 1. Then for L™ -a.e. a € R™,
(1, q) = 7(q) = D(q), E(u*, @) # 0 and furthermore,

dimy E(p?, a) = ag — 7(q).
Proof. Since D(q)/(q — 1) < 1 < d, by (1.3), we have 7(q) = D(q). Let a €

{7'(q+),7'(¢—)}. Then by Proposition 3.5(i), there exists an ergodic measure n €
Z(G,) such that

(5.1) a=

This together with (3.9) yields ag — 7(q) = —];ZEZ)) Since ag — 7(q) < 1 by assump-

tion, due to (5.1) and Definition 2.4, we have
(5.2) dimpy n =aq—7(q) < 1.

Take a € R™ so that n o (72)~! is exactly dimensional and dimpyn o (72)~! =
aq — 7(q). By Theorem 2.6, the set of such points a has the full md-dimensional
Lebesgue measure. Take a large R so that B(0, R) contains the attractor of the IFS
{Si =T;+ a;}™,. (Here and afterwards, we also write B(z,r) for B,(z).) Then for
any r = (x;)2, € ¥ and n € N, by Lemma 5.4 we have
i (B (72, 2RI\ Tall)) 2 pagn * (S4B (7%, 2RI Tl )

z|n
> DPz|n Ma(B(O, R)) = Dz|n>
where in the second inequality we have used an easily checked fact

San(B(0, R)) C B(r®z, 2R||Tynl])-

(5.3)

By (5.3), we have

= 10gpx|n
d(p®, mz) < limsup ————,
n—oo 10g HTx\nH
18
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By Kingman’s sub-additive ergodic theorem and (5.1), we have

J(,,a ..a ffdn
(5.4) d(p®, mz) < )

Take an strictly increasing sequence (ay,) so that lim, .., a,, = . Then by Lem-
mas 5.3-5.1, for each n,

=« for n-a.e x € X.

(5.5) dimp{z € R": d(p*, 2) < an} < ang —7(p*, q) < ag —7(q).

Since n o (7®)7! is exactly dimensional and dimgn o (7)™! = ag — 7(g), we must
have

(5.6) no(r®) Mz eR: d(p*2) <a,} =0, n=12...;

for otherwise if the left-hand side of (5.6) is greater than 0, then
dimg{z € R?: d(p? 2) < a,} > dimgno (7*)~! = aqg — 7(q),
which contradicts (5.5). Hence
no(r®) Mz eR%: d(u*, 2) <a}=0.
Equivalently, we have
n{x €3 d(p?, mr) < a} = 0.
This combining with (5.4) yields
n{x e ¥: d(p*, mz) = a} = 1.
Hence
dimg{z € R?: d(u? 2) = a} > dimgno (*)~' = ag — 7(q).
However by Lemma 5.3, ag —7(1?, ¢) is an upper-bound for the left-hand side of the

above inequality, therefore we must have ag — 7(u?, q) > aq — 7(q). But by Lemma
5.1, we have 7(u?,q) > 7(q) (noting that ¢ < 1). Thus we have the equalities

(1, q) = 7(¢) and
dimg{z € RY: d(u?,2) = a} = aq — 1(q).
This finishes the proof of Proposition 5.5. U
In the reminder part of this section, we shall put more assumption on the linear
maps T; (1 <i<m).
Proposition 5.6. Assume that T; (i =1,...,m) are of the form
T, = diag(ti1,tio, .-, tid)

with % >t > tig > ... > tiqg > 0. Let ¢ € (1,2). Assume that there exists an
integer k € {0,...,d — 1} such that

D(q)/(qg—1) € (k,k+1) and aqg — D(q) € (k,k + 1),

where a = D'(q).
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o Ifk=0, then for L™-a.e. a € R™ E(u® a) # 0 and
dimy E(p?, ) = ag — 7(q).
o If k>0, then for L™-a.e. a € R™ E(u® o) # 0 and
dimg E(p?, a) = ag — 7(q).
Proof of Proposition 5.6. First consider the case that £k = 0. In this case, we can
take a proof essentially identical to that of Proposition 5.5. The main difference lying

here is that we directly assume that 7(u?,q) = 7(q) (since ¢ € (1,2), by Theorem
1.2, the set of all such a has the full md-dimensional Lebesgue measure).

Next we consider the case that 1 < k < d—1. Let u denote the Bernoulli product
measure [ [, {p1,...,pm} on X. Since ¢ > 1 and D(q)/(¢ — 1) > k, by Lemma 3.2,
we have

(o) + (1= )00+ [ fd < bu0) + (1= 6PV V) 4 [ i <0,
Hence h,(0) + (1 — q)¢F() + q [ fdu < 0, thus h,(o) + ¢¥(p) > 0 (noting that
[ fdp = —h,(0)). By Definition 2.4, we have
(57) dimLylL > k.

By Proposition 3.5(ii), there exists an ergodic measure 1 on 3 such that

oo =)

+ k.
)\k+1<77)

This together with (3.9) yields
hy(o) + ¢k (n)

aqg— D(q) = + k.

(@ —Aky1(n)
Since by assumption ag — D(q) € (k,k + 1), by Definition 2.4, we have
(5.8) dimpy n = aq — D(q) > k.

Let Z; be the canonical projection from R¢ to R* defined by (y1,¥2,...,yd) —
(Y1, yx). Fora= (ai,...,a,) € R™ denote

Tp =S Oom.

It is easy to see that w7 is the coding map associated with the new IFS {i +
Ex(a;) ™, where T, = diag(ty,...,ts). According to (5.7)-(5.8), we have also
dimzy g > k, dimpy n > k (associated with {Z7;}7,). Thus by Theorem 2.6, for
Lm-a.ea € R™ both no (72)~! and po (72)~! are absolutely continuous to the k-
dimensional Lebesgue measure, and hence by Proposition 4.1, no(72)~! <« po(72)~!
(since p o (72)~! is equivalent to the restriction of £? on F2, where F2 = 72(%)).
Now fix a = (a1, ..., a,) € R™ so that o (72)~! and po (72)~! are equivalent

and 7(u?,q) = 7(q). We have the following.
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Lemma 5.7. Let { = diamF?, where F* = 7©(X). For any § > 0, we have
n(As) =0, where

A5 = {ZL’ € X /J“a(B(ﬂ-axa \/Egak—i-l(Tw\n)) < Px|n eXP(_nﬁf)l:(n) + nk/\k-l-l(n) - 5”)

for all large enough n}

We will give the proof of the above lemma a little bit later. Now we use it to
complete the proof of Proposition 5.6. Since n(As) = 0, we have for n-a.e. z € X,

log(u*(B(r®x, Vdlay1(Thn)) _ 108 (pajn exp(=n@X (1) + ki1 (n) = on))
log o] (Tx\n) - log A1 (Tm|n)

for infinitely many n. Then applying Kingman’s sub-additive ergodic theorem and
letting 6 — 0, we obtain

k
(. mor) < L= 0-()

Akt1(n)
This plays a similar role as (5.4) in Proposition 5.5. To complete the proof, we can
use the same argument as in the proof of Proposition 5.5 (the only difference lying
here is that we already have the equality 7(u?,q) = 7(q).). O

+k=a fornaexel.

Proof of Lemma 5.7. For z = (21,...,24) € RYand ty,...,tq > 0, denote
d k

—~

W(Z;tl, c. ,td) = H[Zi_ti) Zi+ti], W((Zl, e Zk);tl, c. ,tk> = H[Zi_tia Zl—f—tl]
i=1 =1
In particular, for 7 > 0, denote Q,(z) := [["_,[2 — 7, 2 + 7]. It is clear that

(5.9) Q,(z) C B(z,Vdr), YzeR% r>0.

Now fix § > 0. Denote
A= {1 €5 1 (Quayesr)(7°0)) < Papexp (01 -+ 8) (ke (n) — 64(n))

for large enough n}

By (5.9), we have As C A’. Hence to show 7(As) = 0, it suffices to show that
n(A’) = 0.

Notice that for any =z € ¥ and n € N,
S;|71L(Q€ak+1(Tz|n)(7rax))

( a n . €@k+1(Tz|n) eak+1(Tx|n) 504k+1(Tw|n))
=W | n%"z; , e
aq (Tx|n) &%) (Tx\n) ad<Tr\n)
oW (Waanx; gakH(Tx‘n), fok(Tapn) e fok(Tapn) A ,E) .
al(Tm|n) (0% (Tx\n) ak(Tm|n)
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It follows that

(5.10)
i (Qaras () (772)))
> Dzln a<5m| (Qragi( zln)(ﬂ :17))) (by Lemma 5.4)
fOékH(Ta:n) Cor1 (Tpn) Co1(Topn)

= Dain HE <W <7r o Eakﬂ(Twln) Cogir (Typn) EozHl(Twn)))
z|n K k 041<T:z;\n) ) a2(Tx|n) ey ak,‘<Tx‘n) ,

here we write for brevity p2 := po (72)~1.

For n € N, let €2,, denote the set of z € ¥ such that
gak—l—l(Tx\n)

Then by Lemma 3.3, lim,, o, 7 (ﬂj’;n Qj> =1.

> exp(G(1+6/2) Menr(n) — X)), Vi=1,....k

Furthermore denote
A, ={w ey (B, Vitar(Tun) ) < papnexp (n(1+8) (ke (n) = 05(m) }
Ui = exp (n(1+6/2)(Ae1(n) — Xi(m)),  i=1,... k.
Cn = {a: €T (W (o™ wsuns, ) < exp(n(l + 6) (kA (n) — ¢’5(n)))} :
By (5.10), we have A’ N Q,, C C,,.
To complete our proof, we need some further notation. For n € N, denote
k
Rn = {H[hlun,l/l (hl + 1)um/2) . hl, e hk I~ Z} .
i=1

Clearly, R,, is a partition of R* by rectangles of edge lengths w1, ..., U, . For any
w € R¥ let R,(w) denote the element in R, that contains w. Notice that for any
R eR,,

= H Uni = exp(n(1 4 8/2)(kXrs1(n) — ¢ (n))).

It follows that if w € 72(X) satisfies

1AW (W5t 1,y k) < exp (n(1+ 8) (BAesr(n) — 65 (1))
then

PR (w) < (W (Wit s .- Ung)

L (Ro(w)) exp (n0/2(kAe+1(n) — @5 (n))) = L*(Ra(w)) 6",

22

IAINA



where 8 := exp(§/2(kXrs1(n) — ¢F(n))) € (0,1). It follows that
C, Co "o (rd)"1(T,),

r, :UR,

in which the union is taken over the collection of R € R,, so that RN 72(X) # 0
and p2(R) < L¥(R)3". Note that

(5.11) Bpra< Y L <ot
RERn: RO2(5)£0
where ¢ = diam(F?). Meanwhile A’ N, C C, and C,, C 0 "o (72)"1(T,,), we have
A NQ, Co "o ()" ( n)-
By the invariance of n, we have n(A/, NQ,) < n(ec "o (x2)"1(T,)) =no (x2)~1(T,).

Since o (72)7! <« p2 and lim, o p2(T',) = 0 (by ( 11)), we have lim, ., n(A), N
) = 0. Therefore

where

lim 7 (ﬂ(A; N Qj)> =0.
Note that (V}2,, 4] € (M2, (4509,)) U\ (2, ), and lim, oo (72, %) =
L. Tt follows that n((;2, Aj) = 0 and

n(A') =1 (U N A}) =0,

n=1j=n

as desired. O

Proof of Theorem 1.3. It follows directly from Propositions 3.5-5.5-5.6. O

6. EXTENSION OF FALCONER’S FORMULA FOR ¢ > 2 AND COMPLEMENTS TO
THEOREM 1.3

Let T4, ..., Ty, be non-singular linear transformations from R¢ to R? and (py, . .., )
a probability vector. For a = (ai,...,a,) € R™, let u® denote the self-affine mea-
sure associated with the IFS {T; + a;}/", and (p1,...,pm). We begin from the
following lemma.

Lemma 6.1. Suppose that ||T;|| < 1/2 for all 1 < i < m. Then, for every q > 2,
for L™ -a.e. a € R™, we have 7(u?,q) > min((q — 1)u(q), d), where

(6.1) u(q) = sup {s >0: Z Z (¢S(q_1)(T]))_1p§ < oo}

k=0 IeXy
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Proof. Fix ¢ > 2. Let s € (0,d/(q¢ — 1)) so that s(q — 1) is non-integral. We adapt
an idea used in [1] for determining the L9-spectrum of projected measures. Fix
p > 0and € € (0,1). Let B(0,p) stand for the closed ball of radius p centered
at 0 in R™?. Let pu denote the Bernoulli product measure on ¥ with the weight
(p1,---,Pm). Clearly p® = po (7)1 For r > 0, we have

/ / (z,7) tdp? (2 da—/ / B(m?z, 7)) du(r) da
B(0,p) OP)
// /1{7Ta ,ram|<r}d,u ) dadu
B(0,p)
Sy E———
s JB(0,p) |2y —Waﬂ
rsla—1) 1/(g—1) q-1
< (/(/ da) duy) dp(x),
/2 x N JB(0,p) |may — mag[saD) ) (@)

where we use Minkowski’s inequality in the last inequality. By [15, Lemma 2.1],

/ 1 & C
B(o,p) [Ty — maz[*la = (T,

for some C' = C(p, s(¢ — 1)) > 0. Hence we have

/B(Op/ B(z, 1) dy®()da

< Cr q1)/Z</Z(¢S(qU(Tx/\y))_1/(q_1)du(y))q_1du(:c)
<crn [ (3 (6 2m0) ™ ueli)))” anto

k=0

< MCTS(ql)/ (Z((bS(qil)(Tz‘k))_1/'L<[x|k])(q71)(176))dﬂ<x>

2 k=0
(by Holder’s inequality)

— MCrsta—1 Z Z (¢s(q—1)(TI))*lu([I])q—(q—l)e’
k=0 I,

. (a-1)/(a-2) (a—2)/(q—1)
where M = sup,cx, (Zk:O ”(mk]) ! ! ) =

Now, let 0 < s1 < 5. Set 7 = (so —s1)(¢—1). Given ¢ > 0, for each I € ¥* such
that p([Z]) > 0, we have

(¢ 0(T)) (1)) gola (1)
(pola0(T7)) "p([1)e @ I(T)

plI) ™ < aa(Tr)u([1]) ™ < (277 ),
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where ¢ = minj<;<,, p;. Suppose that € is so small that 277¢¢ < 1 and set € =
€/(qg—1). If s < min(u(q),d/(¢ — 1)) and s1(¢ — 1) is not an integer, we deduce
from the above estimates that

b Jsi0,) S #H(B(2, 7)1 dp?(2)da

rs1 (¢=1)

< 0.
r>0

This implies that for all s} < s,

[y lreereae
B(0,p) p>1

(D) da < oo,

hence, for £L™-almost every a € B(0, p), we have

i inf ——log / 1A (B(2,27") (=) > 8, (g — 1).

n—oo n log

Moreover, the left hand side in the previous inequality is nothing but 7(u?, ¢). Since
sy and sy can be taken arbitrarily close to min(u(q),d/(¢ —1)) (as long as s;(¢ — 1)
is not an integer) and p is arbitrary, we get the desired lower bound for 7(u?, q).

g

Let D(-) and 7(-) be defined as in (1.2)-(1.3). By Lemma 6.1, we can extend
Falconer’s formula of 7(u?, q) as follows.

Theorem 6.2. Suppose that ||T;|| < 1/2 for all 1 < i <m.

(1) For L™ -a.e. a € R™ we have (12, q) = 7(q) for all q in the following set
(6.2) [2, sup{t: D(t)/(t—1) <1, 7(t) < 1}].

This set is a non-empty interval for instance if 7/(14) < 1, in which case it
contains 2,1+ 1/7'(1+4)].

(2) If the T; are similitudes, then for L™ -a.e. a € R™ we have T(u?,q) = 7(q)
for all ¢ € 2, max{q : 7(q) < d}].

Proof. By continuity of the functions 7(u?,-) and 7(-), it is enough to prove the
result for a fixed ¢ and £™%-almost every a.

(1) Let ¢ be a point in the interval given as in (6.2). Since ¢g—1 > 1, D(q)/(¢—1) <
1 implies that D(q) = 7(q) < 1. Thus max(D(q), D(q)/(qg—1)) < 1,soforall0 < s <
D(q) and I € ¥* we have ¢*@V(T}) = (¢*(T}))?~! by definition of the singular value
functions ¢°. Hence (¢ — 1)u(q) = D(q), where u(q) is defined as in (6.1). Therefore
7(q) = D(q) = (¢ — 1)u(q). This gives the conclusion thanks to Lemma 6.1 and
Lemma 5.1. Finally, if 7/(14) <1 and ¢ <14 1/7'(1+), by concavity of 7 we have
7(q) < 7'(14)(¢ — 1) < 1, and also we have 7(q)/(¢ — 1) = D(q)/(¢ — 1) < 1.

(2) Let ¢ > 2 so that 7(q) < d. Since T; are similitudes, we have ¢*@=1(T})
(¢°(Ty))4  for all I € ¥* and s > 0. By (6.1), (¢—1)u(q) = D(q). Since 7(q) < d
)

d(qg—1), we have 7(q) = D(q) = (¢— 1)u(gf)) By Lemma 6.1, 7,a(¢) > min(7(q), d
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7(q) for £L™-almost all a € R™. This together with Lemma 5.1 yields the desired
result. O

As an application of Theorem 6.2, we have the following two theorems.

Theorem 6.3. The conclusions of Theorem 1.3(ii) extend to those ¢ > 2 such that
D(q) <q—1 and 7(q) < 1.

Theorem 6.4. Suppose that the maps T; (1 < i < m) are similitudes with ||T;|| <
1/2. Denote ¢max = max(2,max{q > 0: 7(q) < d}). Then the following properties
hold.

(1) Forallq > 0, D(q) is the analytic solution of the equationy .-, pi||T;|| 7" = 1.
(2) Suppose D'(1) > d. Let s =inf{D(q)/(¢—1):1 < q < 2}.
o [fs>d, then gmax = 2 and for L™ -a.e. a € R™?:

T(u?,q) = d(q— 1) for all ¢ € [0, Gmax)-
o Ifs < d then gmax > 2 and for L™ -a.e. a € R™:

a _ d(q - 1) qu € [07 Qmin)a
T = {D(Q) if 4 € [qmin; Gmax),

where ¢min = inf{q > 1: D(q)/(q — 1) < d}; moreover, the multifractal
formalism holds for p* at all a € {d} U [D'(¢max), D' (Gmin)]-
(3) If D'(1) < d, then gmax > 2. Let Gmn = inf{q > 0: D'(¢)qg — D(q) < d}. For
L g.e. a € R™,

d+ D Nmin . ~
a _ ~ (q )q —d qu € [07 Qmin)a
T(:u >Q) - Gmin

D(q) qu € [(jmin; qmax]-

Moreover, the multifractal formalism holds for p® at all o € [D'(gmax), D(1)].
Also, for each a € (D'(1), D'(Gmin)], for L™-a.e. a € R™, the multifractal
formalism holds at .

Remark 6.5. (1) By [19] we know that for all a € R™, the self-similar measure
u? obeys the multifractal formalism at each o of the form 7'(u?,q), with ¢ > 1.
Moreover, the measure u? is exact dimensional by [23], so the multifractal formalism
holds at o« = dimy p®. Theorem 6.4 gives precisions on the value of the L9-spectrum
and the validity of the multifractal formalism. When D'(1) > d and inf{D(q)/(¢ —
1):1<q<2}<d, for La.e. a € R™ the measure u® is absolutely continuous
with respect to Lebesque measure and has a non trivial Li-spectrum. This fact is
already noticed in [21].

(2) Theorem 6.4 takes a form similar to that of the result obtained in [2] for the
orthogonal projections of Gibbs measures on R? to almost every linear subspace of a

giwen dimension between 1 and d, when d > 2.
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Proof of Theorem 6.3. The proof is similar to the proof of Theorem 1.3(i), except
that we already know the value of 7(u?,¢) thanks to Theorem 6.2. O

Proof of Theorem 6.4. (1) This is clear.

(2) If D'(1) > d, then by Theorem 1.2, for L™-a.e. a € R™ we have 7(u?,q) =
d(q—1) on a neighborhood of 1+; if D’(1) = d, either D is linear equal to d(¢—1), or it
is strictly concave and still by Theorem 1.2, for Lm%-a.e. a € R™? we have 7(u?, q) =
D(q) on a neighborhood of 14. Consequently, in both cases 7/(u?, 14) = d, so since
T(p®,+) is concave 7(u?,0) > —d and 7(p?,1) = 0, we must have 7(u?,q) = d(q—1)
over [0, 1].

Now, if s > d then D(q) > d(¢ — 1) for all ¢ € (1,2], so by Theorem 1.2, for
Lm-a.e. a € R™ we have 7(u?,q) = d(qg — 1) = 7(q) for ¢ € [1,2], hence guax = 2.

If s < d, we have 7(2) = D(2) < d(2 — 1) = d, S0 @max > 2. The value of 7(p2,-)
over [1, ¢min) and [¢min, Gmax) 18 obtained again thanks to Theorems 1.2 and 6.2.

For the validity of the multifractal formalism, at a = d it comes from the fact
that 7/(u?, 1) exists and equals d (see [41]).

Since 7(p?,-) coincides with D and 7 over the open interval (¢min, ¢max), We can
use [19] and Remark 6.5 to have the validity of the multifractal formalism, for £m4-
a.e. a € R™ for all @ € (D'(qmax), D' (qmin))- If & = D'(quin) = 7' (42, Gmin+), we
have aqmin — D(gmin) < d and we can use the same proof as that of Theorem 1.3(ii)
when k& = 0, since now the singular values function ¢*(7") simplifies to be a; (1) for
all s > 0 and is multiplicative. We can do the same at & = D’(qmax)-

(3) By concavity of D, we have 7(q) = D(q) < D(1)(q — 1) < d(q — 1) for all
q > 1, S0 gmax > 2. Moreover, by using Theorem 1.2 as above we get that for £m¢-
a.e. a € R™ we have 7(1?,q) = D(q) on [1, ¢max). The validity of the multifractal
formalism over [D’(gmax), D’(1)] is obtained as above over [D’'(Gmax), D’ (Gmin]-

The inequality D’(1) < d also implies Guin € [0,1). Moreover, if ¢ € (Gmin, 1), by
concavity of D, D'(q)q — D(q) < d implies that D(q) > d(q — 1), so that 7(q) =
D(q); consequently, by Lemma 5.1 we have 7(u?,q) > D(q) for L™-ae. a €
R™ for all ¢ € [Gumin,1). Then, we can use the same argument as that used to
prove Theorem 1.3(i) (noting again that the singular values function simplifies to
be a1(T)*) to get that for each a = D'(q), ¢ € [Gmin, 1), We have ag — D(q) <
dim E(u?, D'(q)) < aqg — m*(q) < ag — D(q), for L™-a.e. a € R™.

This yields that for L™%-a.e. a € R™, 7(u?,q) = D(q) for all ¢ € [Gmin, 1]. Now,
if Guin > 0, then by definition of G, the tangent to D at (Gumin, D(Gmin)) crosses the
y-axis at (0, —d), so since 7(u?,-) is concave and 7(u?,0) > —d, 7(u?,-) must take
the linear expression of the statement over [0, Gumin)- |
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In the remainder of this section, we provide a formula of the Li-spectrum for
certain “almost all” non-overlapping planar self-affine measures over a range 2 [0, 2].

Definition 6.6. Following [27], we say that an IFS {S;}", on R? satisfies the
rectangular open set condition (ROSC) if there exists an open rectangle R = (0,r1) X
(0,72) + v such that S;(R) (1 <1i<m) are disjoint subsets of R.

Example 6.7. Assume that Ty =Ty, = ... = T, = diag(ty,tz) with 1/2 > t; > ts.
Let p = (p1,-..,pm) be a probability vector. For
c = ((a1,b1),...,(am,by)) € R,

let p€ denote the self-affine measure associated with the IFS {T; + (a;, b;)}", on
R? and the probability vector p. Denote by V the set of points ¢ € R*™ so that
{T; + (a;, b;) Y, satisfies the ROSC. By [27, Theorem 2], for any c € V,

1 1 nopd
03 rlta) = vl (1- B ) 4 PEEE

log to log to
where v* denotes the self-similar measure associated with the IFS {t,x + a;}1*, and
p, 7(v2,q) denotes the L-spectrum of v*. Denote by B(q) =logy ;" pl/logt,. Let
(max = Max{2, q1} where q is the unique positive number satisfying B(q1) = t1. By
Theorem 6.4, if B'(1) > 1, then for L™-a.e a € R™, 7(v®,q) = q — 1 for every
0 < g < 1; meanwhile if B'(1) < 1, then for L™-a.e a € R™,
a B/<q0>q —1 qu € [07 qO]J
T(V?, q) = :
v ={ € (a1,
where qo := inf{q > 0: B'(q¢)q — B(q) < 1}. Furthermore, by Theorem 6.2, we have
for L™-a.e a € R™,

(6.4) T(v%, q) = max{B(q),q — 1}, V¢ € (1, Gumax)-
Now one obtains the exact formula of T(u®,q) by (6.3) for L™-a.e c € V and every
IS [07 Qmax]-

; Vq>0,

Remark 6.8. According to the formula (6.4) in Exzample 6.7, it is easy to see that
for each q € (1,2), one can choose m € N, t; € (0,1/2) and p = (p1,...,Pm) SO
that for L™-a.e a € R™, 7(v2,q) is not differentiable at q. Hence for any q € (1,2),
there exists a self-similar measure on R whose the L9 spectrum is not differentiable
at q.

7. FINAL REMARKS

In this section we first give two remarks about the extensions of our results.

(i) All the results presented in this paper hold if we replace the Bernoulli mea-
sure i by a Gibbs measure associated to a potential satisfying the bounded
distortion property. This is due to the almost multiplicative property of such

a measure. The corresponding expression of D(q) can be found in [15].
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(ii) Our results can be partially extended to the projections of Bernoulli measures
and Gibbs measures on the model of randomly perturbed self-affine attractors
introduced in [33]. For such a construction, the condition ||T;|| < 1/2 for all
1 <i < m can be relaxed to ||T;|| < 1 for all 1 <7 < m. Moreover, Falconer’s
formula extends to [2,00) [16]. Then, mimicking the proofs written in the
present paper, Theorem 1.3(i) holds as well as Theorem 1.3(ii) for all ¢ > 2
under the constraint that £ = 0. We don’t know whether this extension
can pass to k > 0, because it seems non trivial to transpose the arguments
developed in Proposition 4.1 and Lemma 5.7 in relation with the equivalence
to the Lebesgue measure for the measures under consideration. In the special
case of almost self-similar measures, the validity of Falconer’s formula over
2, 00) implies that the results of Theorem 6.4 hold if, when D’(1) > 1, one
sets ¢max = 00 and s = inf{D(q)/(¢— 1) : q > 1}.

In the end, we point out that in a related paper [36] Jordan and Simon studied
the multifractal structure of Birkhoff averages on almost all self-affine sets.

APPENDIX A. CONCAVITY PROPERTIES OF THE FUNCTIONS D) AND T.

It follows from the study of the L9-spectrum of almost self-affine measures achieved
in [16] that 7 is concave over (1, 00). However, this fact is not obtained directly from
the definition of D(q). Our Theorem 1.3(i) requires concavity properties of D for
q € (0,1) which cannot be reached by the approach used in [16]. In the following we
provide a proof of these properties, and for the sake of completeness, a direct proof
of the concavity of 7 over (1, 00).

Proposition A.1. The mapping D is concave over the intervals of those ¢ # 1 such
that D(q)/(q¢ — 1) € (k,k + 1) for some integer 0 < k < d — 1.

Proposition A.2. The mapping T is concave over (1,00).

Proof of Proposition A.1. Tt is clear from (3.1) and the fact that both p; and ¢*
(s > 0) are bounded away from 0 and oo by geometric sequences that D(q) is
continuous. Soif 0 < k < d—1 is an integer, the set Ji of those ¢ € (0,1) such that
D(q)/(q—1) € (k,k+1) is an interval, as well as the set J;, of those ¢ € (1, 00) with
the same property.

Let us deal with J. The case of J;, is similar. Fix ¢,¢' € J; and A € (0,1). Pick
s,s so that D(q)/(¢—1)<s<k+1,D(¢)/(¢d —1) <s <k+1. Then

: 1 s _
fimsup ~log 3 (1)) 9p8 < .

n—oo

(‘1) . ey,
limsup — lo E (Z5Sl T 1=q' ' <0
ln S pn gIE ( I) p[ =~ Y,
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Define
(I=XN(g—1Ds+A¢ —1)s

g —1

n=(1=-Ng+A, sx=
If we prove that
1
(A.2) lim sup — log Z ¢ (Ty) 2 p <0,
n—oo N =

then by definition of D(qg,), we have

Dlgy) _ (1= N(g=Ds+Ald — 1

-1 @ —1
for all s, s’ has above, so

D(g) = (1 = A)D(q) + AD(¢)
Now we prove (A. 2) By construction we have k < sy < k+ 1, so

STt epp = S (@)l TN e (1))

Iex, Iex,
< <Z¢S(TI)1_ ) <Z¢S 1qq>7
Iey,

where the second inequality comes from the Holder’s 1nequahty. This together with

(A.1) yields (A.2). O
Lemma A.3. Let qo > 1 such that D(qo)/(qo — 1) = k for some integer k €
{1,2,...,d}. Then

D D
@gkifq>qo and @Skifq<qo.

<
—_

L)
—_

Proof. First assume that ¢ > ¢go. To show that D(q)/(q — 1) < k, it suffices to show
that
(A.3) Vo >0, Z oF(Tr) ~9p? > e for large enough n.
Iex,
Assume that (A.3) does not hold., i.e. there exists § > 0 such that
Z O (T ~9p? < e infinitely often (i.0).
Ies,
Note that ) ;.. p;r = 1. Take A € (0,1) such that (1 —A)g+ A = go. Then, by the
Holder inequality
Z (bk(TI)(lf)\)(lfq)pgl—)\)qp? < VPR,
Iex,
le.
Z qﬁk yiraop® < <e 1N o,
Iex,

a contradiction with our assumption on D(qy)/(qo — 1).
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Next assume that ¢ < go. To show that D(q)/(¢ — 1) > k, it suffices to show that
Vo >0, Z " (T7) %% < e™  for large enough n.

Iex,
To see this, since D(qo)/(qo — 1) = k, we have
Z OF(Ty) ~0pP < ™ for large enough n.
Iex,

Take A € (0,1) such that (1 —X)go + A = ¢. Then, by the Holder inequality

Z (T 1 A)(1— qo)pgl A)qopA en(1=2) L 1A

IES,
ie.
Z ¢ (T7) 0 @) P < (10
Ies,
if n is large enough, as desired. O

Remark A.4. The same argument (with k replaced by any positive number s shows
that g — D(q)/(q — 1) is non-increasing on (1,00).

Proof of Proposition A.2. Due to Proposition A.1, it suffices to show that

D
(1) If . (4 ) € {1,2,. — 1} for some ¢qo > 1, then D'(qo+) < D'(qo—)-
0~

D
(2) If (4 Oi = d for some gy > 1, then D'(go+) < d (by Lemma A.3, 7(q) =
qo —
dig—1)if 1 < g < qo).

Let us first prove (1). Assume on the contrary that (1) does not hold, i.e
D'(qo+) > D'(go—). Then there exists a small € > 0 such that

1 1
D(qo) < 5D(qo +¢) + §D(QO —€),

2
and
D D(qo —
M§k§M<k+l (by Lemma A.3).
g +e—1 Qo —€—1
D D(qo —
Let31:Mandszzm,m:qo—l—e,@:qo—e.Then,fora116>0
go+e€—1 Qo —€—1
and i € {1, 2},

Z ¢ (Ty) " %p% < e™  for large enough n.
Iex,

By the Holder inequality, we have
Z ¢sl (TI)(l—m)/?pl}l/?gbsz (TI)(l—qg)/Zp(}Q/z < 6”6,

Iex,
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1.e.

Z ¢51(T1)(1*Q1)/2¢52 (TI)(lfqz)/Qp‘}O < 6"6,

I€Y,
Note that

¢S1( )(1 q1 /2¢32( )1 q2)/2

= (g -- )u—qﬂ/%]$1 le—qﬂ/Q_<a1a2.__O%>U—qg/2agf;kXI—qg/2
(where o; = o;(T7))
(a1 ap) "0l HOm0)/2 g (o -R 1) 2
> (arag--ap) T Pa 81 ~Ra- ql)/Qa,(fjl MO=e)2 - (ysing (51— k)(1 — q1) > 0)
= (mag--- ak)l Qo Ozk+L)1(Q1)7+D(q2) k(1—qo)
> (arag- - ozk)l_qoakfl)(q‘))ﬂ)_k(l_%) (with v > 9)
= (g ap) " a, ]
> F(Ty) . e’ (with o' > §)
Therefore,

ST GHT) P < e 0D (with o > )
IES,
for large enough n, a contradiction. This proves (1).

Next we show (2). To see this, recall that D(qo)/(¢go—1) = d and D(q)/(¢g—1) < d
if ¢ > qo. Now, since D(q)/(q — 1) is non increasing over (1,00), either D(q)/(q —
1) = d in a right neighborhood of ¢y, or D(q)/(q¢ — 1) < d for all ¢ > ¢y, and by
Proposition A.1 D is concave on a right neighborhood of gy. Thus the inequality
D(q)/(¢ —1) < d for g > qo implies D'(go+) < d.
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