
Suggested Solution to HW31

MATH3270A
Fall Semester 2017-18

1. For a vector ~y pkq with n components, we adopt the notation ~y pkqptq “
´
y

pkq
1 , y

pkq
2 , ¨ ¨ ¨ , ypkq

n

¯T
. The

fundamental matrix is given by

Fptq :“

¨

˚̊
˚̋

y
p1q
1 y

p2q
1 y

p3q
1

y
p1q
2 y

p2q
2 y

p3q
2

y
p1q
3 y

p2q
3 y

p3q
3

˛

‹‹‹‚,

and this matrix solves

F1ptq “ PptqGptq “
3ÿ

k“1

¨

˚̊
˚̋

P1ky
p1q
k P1ky

p2q
k P1ky

p3q
k

P2ky
p1q
k P2ky

p2q
k P2ky

p3q
k

P3ky
p1q
k P3ky

p2q
k P3ky

p3q
k

˛

‹‹‹‚. (1)

In addition the Wronskian W ptq “ detpGptqq and then

d

dt
W ptq “

ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ

d
dty

p1q
1

d
dty

p2q
1

d
dty

p3q
1

y
p1q
2 y

p2q
2 y

p3q
2

y
p1q
3 y

p2q
3 y

p3q
3

ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ

`

ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ

y
p1q
1 y

p2q
1 y

p3q
1

d
dty

p1q
2

d
dty

p2q
2

d
dty

p3q
2

y
p1q
3 y

p2q
3 y

p3q
3

ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ

`

ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ

y
p1q
1 y

p2q
1 y

p3q
1

y
p1q
2 y

p2q
2 y

p3q
2

d
dty

p1q
3

d
dty

p2q
3

d
dty

p3q
3

ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ

“: I1 ` I2 ` I3.

By the system (1) satisfied by Fptq,

I1 “
3ÿ

k“1

ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ

P1ky
p1q
k P1ky

p2q
k P1ky

p3q
k

y
p1q
2 y

p2q
2 y

p3q
2

y
p1q
3 y

p2q
3 y

p3q
3

ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ

“ P11W ptq ` 0 ` 0 “ P11W ptq.

Similarly one has
I2 “ P22W ptq, I3 “ P33W ptq.

Therefore
d

dt
W ptq “ pP11 ` P22 ` P33qW ptq. [5pts]

2. (a) The characteristic equation is

�4 ` 2�2 ` 1 “ p�2 ` 1q2 “ 0 ñ � “ ˘i.

All these roots are repeated, hence the fundamental set of solutions is

S :“ tcos t, sin t, t cos t, t sin tu. [1pt]

Now we find a particular solution Y ptq “ Y1ptq ` Y2ptq with
$
&

%
Y

p4q
1 ` 2Y 2

1 ` Y1 “ 8;

Y
p4q
2 ` 2Y 2

2 ` Y2 “ sin 2t
(2)

1By Yuan Chen
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Obviously, Y1 “ 8 is a solution [1pt]. Since sin 2t R S, take Y2 “ B1 cos 2t ` B2 sin 2t, then

Y 2
2 “ ´4B1 cos 2t ´ 4B2 sin 2t; Y

p4q
2 “ 16B1 cos 2t ` 16 sin 2t.

Then

sin 2t “ Y
p4q
2 ` 2Y 2

2 ` Y2 “ 9B1 cos 2t ` 9B2 sin 2t with B1 “ 0, B2 “ 1

9

. [1pt]

As a consequence, the general solution is

yptq “ c1 cos t ` c2 sin t ` c3t cos t ` c4t sin t ` 1

9

sin 2t ` 8

for some constants c1, c2, c3, c4.
(b) The corresponding characteristic equation is

�3 ` �2 ` � ` 1 “ p� ` 1qp�2 ` 1q “ 0 ñ � “ ´1,˘i.

Hence the fundamental set of solutions to the homogeneous equation is

S :“ te´t, cos t, sin tu. [1pt]

A particular solution Y ptq is given by Y ptq “ Y1ptq ` Y2ptq with
#
Y 3
1 ` Y 2

1 ` Y 1
1 ` Y1 “ 2e´t

;

Y 3
2 ` Y 2

2 ` Y 1
2 ` Y2 “ 5t2.

Firstly, we consider the first equation. Since e´t P S, take Y1ptq “ Ate´t [0.5pt], then

Y 1
1 “ Ap1 ´ tqe´t, Y 2

1 “ Apt ´ 2qe´t, Y 3
1 “ Ap3 ´ tqe´t.

And for A “ 1, Y1 “ tet [0.5pt],

Y 3
1 ` Y 2

1 ` Y 1
1 ` Y1 “ A

“
t ` 1 ´ t ` t ´ 2 ` 3 ´ t

‰
e´t “ 2Ae´t “ 2e´t.

Secondly, take Y2ptq “ B1t
2 ` B2t ` B3 [0.5pt], then

Y 1
2 “ 2B1t ` B2, Y 2

2 “ 2B1, Y 3
2 “ 0,

and then

Y 3
2 ` Y 2

2 ` Y 1
2 ` Y2 “ 2B1 ` B2 ` B3 ` p2B1 ` B2qt ` B1t

2 “ 5t2.

It is easy to get B1 “ 5, B2 “ ´10, B3 “ 0, and Y2 “ 5t2 ´ 10t [0.5pt]. Therefore the general
solution is

yptq “ c1e
´t ` c2 cos t ` c3 sin t ` te´t ` 5t2 ´ 10t

for some constants c1, c2, c3.
(c) The characteristic equation is

�3 ` � “ �p�2 ` 1q “ 0 ñ � “ 0,˘i.

This implies the fundamental solutions to the homogeneous equation are

y1 “ 1, y2 “ cos t, y3 “ sin t. [1pt]
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Now we proceed to find a particular solution in the form

Y ptq “ u1ptqy1ptq ` u2ptqy2ptq ` u3ptqy3ptq,

where u1, u2, u3 solves
¨

˚̋
1 cos t sin t

0 ´ sin t cos t

0 ´ cos t ´ sin t

˛

‹‚

¨

˚̋
u1
1

u1
2

u1
3

˛

‹‚“ ptan t ` 5 sec tq

¨

˚̋
0

0

1

˛

‹‚. [1pt]

It is easy to calculate
ˇ̌
ˇ̌
ˇ̌
ˇ

1 cos t sin t

0 ´ sin t cos t

0 ´ cos t ´ sin t

ˇ̌
ˇ̌
ˇ̌
ˇ

“ 1.

By Cramer’s rule,

u1
1 “ ptan t ` 5 sec tq

ˇ̌
ˇ̌
ˇ̌
ˇ

0 cos t sin t

0 ´ sin t cos t

1 ´ cos t ´ sin t

ˇ̌
ˇ̌
ˇ̌
ˇ

“ tan t ` 5 sec t,

and then
u1ptq “ ´ ln | cos t| ` 5 ln | sec t ` tan t|.

Still by Cramer’s rule,

u1
2ptq “ ptan t ` 5 sec tq

ˇ̌
ˇ̌
ˇ̌
ˇ

1 0 sin t

0 0 cos t

0 1 ´ sin t

ˇ̌
ˇ̌
ˇ̌
ˇ

“ ´ptan t ` 5 sec tq cos t “ ´ sin t ´ 5.

Integrating yields
u2ptq “ cos t ´ 5t.

Similar argument gives

u1
3ptq “ ptan t ` 5 sec tq

ˇ̌
ˇ̌
ˇ̌
ˇ

1 cos t 0

0 ´ sin t 0

0 ´ cos t 1

ˇ̌
ˇ̌
ˇ̌
ˇ

“ ´ sec t ` cos t ´ 5 tan t,

Integrating leads
u3 “ ´ ln | sec t ` tan t| ` sin t ` 5 ln | cos t|.

As a consequence of above arguments, the general solution is

yptq “c1 ´ ln | cos t| ` 5 ln | sec t ` tan t| `
`
c2 ` cos t ´ 5t

˘
cos t

`
`
c3 ´ ln | sec t ` tan t| ` sin t ` 5 ln | cos t|

˘
sin t. [1pt]

for some constants c1, c2, c3.
(d) The only thing need to do is to find a particular solution. One may consider a solution in

the form
Y ptq “ tu1ptq ` t2u2ptq ` 1

t
u3ptq,

with ¨

˚̋
t t2 1{t
1 2t ´1{t2
0 2 2{t3

˛

‹‚

¨

˚̋
u1
1

u1
2

u1
3

˛

‹‚“ 2t

¨

˚̋
0

0

1

˛

‹‚. [1pt]
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Firstly, ˇ̌
ˇ̌
ˇ̌
ˇ

t t2 1{t
1 2t ´1{t2
0 2 2{t3

ˇ̌
ˇ̌
ˇ̌
ˇ

“ 6

t
.

Then Cramer’s rule and direct calculations show

u1
1 “ ´t2, u1

2ptq “ 2

3

t, u1
3ptq “ 1

3

t4. [1pt]

Integrating yields
u1 “ ´1

3

t3, u2 “ 1

3

t2, u3 “ 1

15

t5.

Therefore the particular solution is

Y ptq “ ´1

3

t4 ` 1

3

t4 ` 1

15

t4 “ 1

15

t4. [1pt]

Consequently, the general solution is in the form

yptq “ c1t ` c2t
2 ` c3

t
` 1

15

t4.

3. (a) Let ~Y ptq “ pY1, Y2, Y3qptq. A is a Jordan matrix, the corresponding linear system is equiva-
lent to

$
’&

’%

Y 1
1 “ 2Y1 ` Y2,

Y 1
2 “ 2Y2 ` Y3,

Y 1
3 “ 2Y3.

ñ

$
’&

’%

pe´2tY1q1 “ e´2tY2,

pe´2tY2q1 “ e´2tY3,

pe´2tY3q1 “ 0.

Solving the third equation first leads to

Y3 “ c1e
2t

for an arbitrary constant c1. Now solving the second equation gives

Y2ptq “ pc1t ` c2qe2t.

And lastly the first one,
Y1ptq “

´c1
2

t2 ` c2t ` c3

¯
e2t.

As a consequence, the general solution is

~Y ptq “

¨

˚̋
c1t

2{2 ` c2t ` c3
c1t ` c2

c1

˛

‹‚e2t [3pts]

for some constants c1, c2, c3.

(Alternative) Obviously, the only eigenvalue is � “ 2 associated with one eigenvector
~⇠ “ p1, 0, 0qT . This gives one solution

~xp1qptq “ e2t

¨

˚̋
1

0

0

˛

‹‚. [1pt]
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To find a second independent solution, we first find a generalized eigenvector ~⌘ solving
¨

˚̋
0 1 0

0 0 1

0 0 0

˛

‹‚

¨

˚̋
⌘1
⌘2
⌘3

˛

‹‚“ pA ´ 2Iq~⌘ “ ~⇠ “

¨

˚̋
1

0

0

˛

‹‚,

which is equivalent to ⌘2 “ 1, ⌘3 “ 0. Hence one may take ~⌘ “ p0, 1, 0qT , and the second
independent solution is given by

~xp2qptq “ e2t
`
t~⇠ ` ~⌘

˘
“ e2t

¨

˚̋
t

1

0

˛

‹‚. [1pt]

Lastly, we are going to find the third independent solution.
¨

˚̋
0 1 0

0 0 1

0 0 0

˛

‹‚

¨

˚̋
✓1
✓2
✓3

˛

‹‚“ pA ´ 2Iq~✓ “ ~⌘ “

¨

˚̋
0

1

0

˛

‹‚,

which yields ✓2 “ 0, ✓3 “ 1. Thus one may take ~✓ “ p0, 0, 1qT . And the third independent
solution is

~xp3qptq “ e2t
ˆ
t2

2

~⇠ ` t~⌘ ` ~✓

˙
“ e2t

¨

˚̋
t2{2
t

1

˛

‹‚. [1pt]

Consequently, the general solution is

~xptq “ c1e
2t

¨

˚̋
1

0

0

˛

‹‚` c2e
2t

¨

˚̋
t

1

0

˛

‹‚` c3e
2t

¨

˚̋
t2{2
t

1

˛

‹‚

for some constants c1, c2, c3.
(b) The eigenvalues of A are given by

ˇ̌
ˇ̌
ˇ̌
ˇ

1 ´ � 0 0

2 1 ´ � ´2

3 2 1 ´ �

ˇ̌
ˇ̌
ˇ̌
ˇ

“ p1 ´ �q
“
p1 ´ �q2 ` 4

‰
“ p1 ´ �qp�2 ´ 2� ` 5q “ 0.

Hence
� “ 1 or 1 ˘ 2i. [1pt]

For � “ 1, the corresponding eigenvector ~⇠ solves
¨

˚̋
0 0 0

2 0 ´2

3 2 0

˛

‹‚

¨

˚̋
⇠1
⇠2
⇠3

˛

‹‚“ ~
0.

Take ⇠1 “ 2, the above identity gives a eigenvector ~⇠ “ p2,´3, 2qT and a solution to the
linear system

~xp1qptq “ et

¨

˚̋
2

´3

2

˛

‹‚. [1pt]
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For � “ 1 ` 2i, the corresponding eigenvector ~⌘ solves
¨

˚̋
´2i 0 0

2 ´2i ´2

3 2 ´2i

˛

‹‚

¨

˚̋
⌘1
⌘2
⌘3

˛

‹‚“ ~
0.

Take ⌘2 “ 1, one has ⌘1 “ 0, ⌘3 “ ´i, hence

~x “ etpcos 2t ` i sin 2tq

¨

˚̋
0

1

´i

˛

‹‚“ et

¨

˚̋
0

cos 2t

sin 2t

˛

‹‚` iet

¨

˚̋
0

sin 2t

´ cos 2t

˛

‹‚

is a solution. And since the coe�cient matrix A is real, so the real and imaginary parts of
the above solution are also solutions, i.e.

~xp2qptq “ et

¨

˚̋
0

cos 2t

sin 2t

˛

‹‚; ~xp3qptq “ et

¨

˚̋
0

sin 2t

´ cos 2t

˛

‹‚. [1pt]

In conclusion, the general solution is

~xptq “ c1e
t

¨

˚̋
2

´3

2

˛

‹‚` c2e
t

¨

˚̋
0

cos 2t

sin 2t

˛

‹‚` c3e
t

¨

˚̋
0

sin 2t

´ cos 2t

˛

‹‚

for some constants c1, c2, c3.
(c) Any eigenvalue � of A solves

0 “

ˇ̌
ˇ̌
ˇ̌
ˇ

1 ´ � 1 1

2 1 ´ � ´1

0 ´1 1 ´ �

ˇ̌
ˇ̌
ˇ̌
ˇ

“ ´p� ` 1qp� ´ 2q2 ñ � “ ´1, 2, [1pt]

where � “ 2 is a repeated eigenvalue. For � “ ´1, the corresponding eigenvector~⇠ satisfies
¨

˚̋
2 1 1

2 2 ´1

0 ´1 2

˛

‹‚

¨

˚̋
⇠1
⇠2
⇠3

˛

‹‚“ ~
0.

Take ⇠3 “ 2, then ⇠2 “ 4 and ⇠1 “ ´3. Therefore a solution to the linear system is given by

~xp1qptq “ e´t

¨

˚̋
´3

4

2

˛

‹‚. [0.5pt]

Secondly, for � “ 2, the corresponding eigenvector ~⌘ is given by
¨

˚̋
´1 1 1

2 ´1 ´1

0 ´1 ´1

˛

‹‚

¨

˚̋
⌘1
⌘2
⌘3

˛

‹‚“ ~
0.

Taking ⌘2 “ 1 implies ⌘1 “ 0 and ⌘3 “ ´1. This gives another independent solution

~xp2qptq “ ~⌘e2t “ e2t

¨

˚̋
0

1

´1

˛

‹‚. [0.5pt]
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In order to find the third one, we first find the other generalized eigenvector ~✓ correspond-
ing to the eigenvalue � “ 2 of A.

¨

˚̋
´1 1 1

2 ´1 ´1

0 ´1 ´1

˛

‹‚

¨

˚̋
✓1
✓2
✓3

˛

‹‚“ pA ´ 2Iq~✓ “ ~⌘ “

¨

˚̋
0

1

´1

˛

‹‚.

Taking ✓2 “ 1 gives ✓1 “ 1 and ✓3 “ 0. Hence ~✓ “ p1, 1, 0qT and the third independent
solution could be

~xp3qptq “ e2t
`
t~⌘ ` ~✓

˘
“ e2t

¨

˚̋
1

t ` 1

´t

˛

‹‚. [1pt]

In conclusion, the general solution is

~xptq “ c1e
´t

¨

˚̋
´3

4

2

˛

‹‚` c2e
2t

¨

˚̋
0

1

´1

˛

‹‚` c3e
2t

¨

˚̋
1

t ` 1

´t

˛

‹‚

for some constants c1, c2, c3.

4. (a) (i) Denote ~Hptq “ ~H
p1qptq ` ~H

p2qptq with ~H
p1qptq “ pe2t, 0qt and ~H

p2qptq “ p0, t2qt. Let
the particular solution ~Y ptq “ ~Y

p1qptq ` ~Y
p2qptq, where ~Y

p1qptq and ~Y
p2qptq solve

$
’&

’%

d

dt
~Y

p1qptq “ A~Y
p1qptq ` ~H

p1qptq;
d

dt
~Y

p2qptq “ A~Y
p2qptq ` ~H

p2qptq.

Since the eigenvalues of A are given by

0 “
ˇ̌
ˇ̌
ˇ
1 ´ � ´1

1 3 ´ �

ˇ̌
ˇ̌
ˇ “ p� ´ 2q2 ñ � “ 2.

Take ~Y
p1q “ p~at2 `~bt `~cqe2t [0.5pt], the equation satisfied by ~Y

p1qptq implies

2~at2 ` 2~at ` 2

~bt `~b ` 2~c “ Ap~at2 `~bt `~cq ` p1, 0qT .

This can be rewritten as

pA ´ 2Iq~at2 `
“
pA ´ 2Iq~b ´ 2~a

‰
t ` pA ´ 2Iq~c ´~b ` p1, 0qT “ 0.

Hence we choose ~a,~b,~c satisfying
$
’’&

’’%

pA ´ 2Iq~a “ 0;

pA ´ 2Iq~b ´ 2~a “ 0;

pA ´ 2Iq~c ´~b ` p1, 0qT “ 0,

where A ´ 2I “
˜

´1 ´1

1 1

¸
.

These equations give, respectively,
$
’&

’%

a1 ` a2 “ 0;

b1 ` b2 “ ´2a1 “ 2a2;

´ c1 ´ c2 “ b1 ´ 1 and c1 ` c2 “ b2.
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The last two equations indicate b1 ´ 1 “ ´b2, which combined with the second equa-
tion implies a1 “ ´1{2. And then a2 “ 1{2 by the first equation. Take b1 “ 0, then
b2 “ 1; Take c1 “ 0, then c2 “ 1. Therefore

~Y
p1qptq “ e2t

«˜
´1{2
1{2

¸
t2 `

˜
0

1

¸
t `

˜
0

1

¸�
. [1pt] (3)

Now we proceed to find ~Y
p2qptq. Take ~Y

p2qptq “ ~ut2 ` ~vt ` ~w [0.5pt], then

2~ut ` ~v “ Ap~ut2 ` ~vt ` ~wq ` t2p0, 1qT .

This identity can be rewritten as
“
A~u ` p0, 1qT

‰
t2 `

`
A~v ´ 2~u

˘
t ` A~w ´ ~v “ 0.

The above identity holds after imposing
$
’&

’%

A~u ` p0, 1qT “ 0;

A~v ´ 2~u “ 0;

A~w ´ ~v “ 0.

Since A is non degenerate, one can solve the above equations one by one and get

~u “ ´1

4

p1, 1qT , ~v “
ˆ

´1

2

, 0

˙T

, ~w “ 1

8

p´3, 1qT .

Therefore

~Y
p2qptq “ ´1

4

˜
1

1

¸
t2 ´ 1

2

˜
1

0

¸
t ` 1

8

˜
´3

1

¸
. [1pt] (4)

As a consequence, with ~Y
p1qptq and ~Y

p2qptq defined in (3) and (4) respectively, a par-
ticular solution is given by

~Y ptq “ ~Y
p1qptq ` ~Y

p2qptq.

(ii) Let ~Y ptq “ ~Y
p1qptq ` ~Y

p2qptq be a particular solution with
$
’&

’%

d

dt
~Y

p1qptq “ A ~Y
p1qptq ` etp1, 0qT ;

d

dt
~Y

p2qptq “ A ~Y
p2qptq `

?
3e´tp0, 1qT

Observe that both 1 and ´1 are not eigenvalues of A. Take ~Y
p1qptq “ ~aet, ~Y

p2qptq “
~be´t [1pt], then

#
~a “ A~a ` p1, 0qT ;
´~b “ A~b `

?
3p0, 1qT .

Solving the equalities yields

~a “

¨

˚̊
˝

´
?
2?
3

´ 1?
2

˛

‹‹‚“

¨

˚̊
˝

´
?
6

3

´
?
2

2

˛

‹‹‚, ~b “
¨

˝
´1

?
2

˛

‚.
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In conclusion, a particular solution is given by

~Y ptq “ ~Y
p1qptq ` ~Y

p2qptq “ et

¨

˚̊
˝

´
?
6

3

´
?
2

2

˛

‹‹‚` e´t

¨

˝
´1

?
2

˛

‚. [2pts]

(b) (i) Firstly, the eigenvalues of A are given by

0 “
ˇ̌
ˇ̌
ˇ
1 ´ � 4

1 ´2 ´ �

ˇ̌
ˇ̌
ˇ “ p� ` 2qp� ´ 1q ´ 4 “ p� ` 3qp� ´ 2q ñ � “ ´3, 2. [1pt]

For � “ ´3, the associated eigenvector ~⇠ solves
˜

4 4

1 1

¸
~⇠ “ ~

0.

One may take ~⇠ “ p1,´1qT and this gives one solution

~xp1qptq “ e´3t

˜
1

´1

¸
. [0.5pt]

For � “ 2, arguing similarly, the associated eigenvector can be taken to be ~⌘ “ p4, 1qT
and this gives another independent solution

~xp2qptq “ e2t

˜
4

1

¸
. [0.5pt]

Consequently, the fundamental set of solutions is
#
e´3t

˜
1

´1

¸
, e2t

˜
4

1

¸+
. [0.5pt]

And the fundamental matrix is

Fptq “
˜

e´3t
4e2t

´e´3t e2t

¸
. [0.5pt]

(ii) Let C be a constant matrix such that

Gptq “ FptqC.

Since Gp0q “ I, the above identity implies C “ F´1p0q. Direct calculations give

Fp0q “
˜

1 4

´1 1

¸
and then F´1p0q “ 1

5

˜
1 ´4

1 1

¸
.

Therefore [2pts]

Gptq “ FptqC “ 1

5

˜
e´3t

4e2t

´e´3t e2t

¸ ˜
1 ´4

1 1

¸
“ 1

5

˜
e´3t ` 4e2t ´4e´3t ` 4e2t

´e´3t ` e2t 4e´3t ` e2t

¸
.
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(iii) Let ~Y ptq “ Fptq~uptq. Note that detpFq “ 5e´t, then

~u 1ptq “ F´1ptq ~Hptq “ et

5

˜
e2t ´4e2t

e´3t e´3t

¸ ˜
e´2t

´2et

¸
“ 1

5

˜
et ` 8e4t

e´4t ´ 2e´t

¸

Integrating directly gives

~uptq “ 1

5

˜
et ` 2e4t

´e´4t{4 ` 2e´t.

¸

Consequently, one has the following particular solution

~Y ptq “ Fptq~uptq “
˜

2et

´e´2t{4

¸
. [5pts]

(iv) Firstly, the eigenvalues of matrix A are given by
ˇ̌
ˇ̌
ˇ

´5{4 ´ � 3{4
3{4 ´5{4 ´ �

ˇ̌
ˇ̌
ˇ “ p� ` 1{2qp� ` 2q “ 0.

For � “ ´1{2, the corresponding eigenvector solves
˜

´3{4 3{4
3{4 ´3{4

¸
~⇠ “ ~

0.

One may take ~⇠ “ p1, 1qT . For � “ ´2, the corresponding eigenvector can be taken to
be ~⌘ “ p1,´1qT . Hence the fundamental set of solutions to the homogeneous system
is #

e´t{2
˜

1

1

¸
, e´2t

˜
1

´1

¸+
.

And the fundamental matrix is

Fptq “
˜

e´t{2 e´2t

e´t{2 ´e´2t

¸
. [3pts]

Fp0q “
˜

1 1

1 ´1

¸
and then F´1p0q “ 1

2

˜
1 1

1 ´1

¸
.

Therefore [2pts]

Gptq “ FptqF´1p0q “ 1

2

˜
e´t{2 e´2t

e´t{2 ´e´2t

¸ ˜
1 1

1 ´1

¸
“ 1

2

˜
e´t{2 ` e´2t e´t{2 ´ e´2t

e´t{2 ´ e´2t e´t{2 ` e´2t

¸
.

Lastly, we derive a particular solution ~Y ptq to the inhomogeneous problem. Let ~Y ptq “
Fptq~uptq, then

~u 1ptq “ F´1ptq ~Hptq “ ´e5t{2

2

˜
´e´2t ´e´2t

´e´t{2 e´t{2

¸ ˜
4t

et

¸
“ 1

2

˜
4tet{2 ` e3t{2

4te2t ´ e3t

¸
.

Integrating directly and choosing the integrating constant to be zero lead to

~uptq “
˜

p4t ´ 8qet{2 ` e3t{2{3
pt ´ 1{2qe2t ´ e3t{6

¸
,

and then
~Y ptq “ Fptq~uptq “

˜
5t ´ 17{2 ` et{6
3t ´ 15{2 ` et{2

¸
. [5pts]
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5. Let ~Y ptq “ px, yqT .

(i) ~
0 is a saddle point. [1pt]

[2pts]

-5 -4 -3 -2 -1 0 1 2 3 4 5

-3

-2

-1

1

2

3

ξ = (1,1)

ξ = (1,-1)

(ii) ~
0 is a node.[1pt]

[2pts]

-5 -4 -3 -2 -1 0 1 2 3 4 5

-3

-2

-1

1

2

3

ξ = (2,3)

ξ = (0,1)

(iii) ~
0 is a (proper) node.[1pt]

[2pts]
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-10 -7.5 -5 -2.5 0 2.5 5 7.5 10

-3

-2

-1

1

2

3

ξ = (1, 3)

ξ = (2, 0)

(iv) ~
0 is a(n) (improper) node.[1pt]

[2pts]

-10 -7.5 -5 -2.5 0 2.5 5 7.5 10

-3

-2

-1

1

2

3

ξ = (0, 1)

ξ = (1, 0)

(v) ~
0 is a spiral point.[1pt]

[2pts]
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-0.05 -0.04 -0.03 -0.02 -0.01 0 0.01 0.02 0.03 0.04 0.05

-0.05

-0.025

0.025

0.05

(vi) ~
0 is a center point.[1pt]

[2pts]

-20 -15 -10 -5 0 5 10 15 20

-30

-20

-10

10

20

30

6. (a) Direct computations show

piq J “
˜

8 ´ 5y ´5t

´3y 3 ´ 3t ´ 2y

¸
; [2pts] piiq J “

˜
sin y p2 ` tq cos y

9p´ sin t ` cos tqet 0

¸
; [2pts]

and

piiiq J “

¨

˚̊
˝

9 12y 0

y{t ln t ` sin y 0

sinhpt ` yq sinhpt ` yq 0

˛

‹‹‚.[2pts]

13

chenyuancora


chenyuancora


chenyuancora


chenyuancora


chenyuancora


chenyuancora


chenyuancora


chenyuancora


chenyuancora


chenyuancora


chenyuancora

chenyuancora



(b) It is clear that px`2y2q|p0,0q “ 0 and px`yq|p0,0q “ 0, hence~0 is a critical point. The Jacobian
matrix at ~0 is

J “
˜

1 0

1 1

¸
. [1pt]

Then as r :“
a
x2 ` y2 goes to zero,

1

r

›››››

˜
x ` 2y2

x ` y

¸
´ J

˜
x

y

¸››››› “ 1

r

›››››

˜
2y2

0

¸››››› § 2r Ñ 0.

Consequently the system is locally linear near the critical point ~0. [2pts]
Since J is a matrix with a real positive eigenvalue � “ 1 associated with only one indepen-
dent eigenvector ~⇠ “ p0, 1qT . Therefore this locally linear system is unstable [1pt] , and ~

0 is
a(n) (improper) node [1pt].

(c) (i) To find the critical points, we need solve
#
xp1 ´ 2x ´ yq “ 0;

yp´2 ` 6xq “ 0.
ñ

#
x “ 0 or 1 ´ 2x ´ y “ 0;

y “ 0 or ´ 2 ` 6x “ 0.

Short derivations show that there are three critical points:

~X1,˚ “ p0, 0qT , [1pt] ~X2,˚ “
ˆ
1

2

, 0

˙
[1pt] and ~X3,˚ “

ˆ
1

3

,
1

3

˙
.[1pt]

(ii) The Jacobian matrix is given by

Jpx, yq “
˜

1 ´ 4x ´ y ´x

6y ´2 ` 6x

¸
.

For the critical point ~X1,˚ “ ~
0, since

~gp1qpx, yq “ ~F px, yq ´ Jp0, 0q
˜

x

y

¸
“

˜
xp1 ´ 2x ´ yq
yp´2 ` 6xq

¸
´

˜
1 0

0 ´2

¸ ˜
x

y

¸

“
˜

´2x2 ´ xy

6xy

¸

and by |xy| § r21{2 § r21, where r21 “ x2 ` y2. Consequently,

}~gp1q}{r1 §
”
p2r21 ` r21q2 ` p3r21q2

ı1{2M
r1 “ 3

?
2 r1 ›Ñ 0 as r1 goes to 0. [3pts]

Hence the system p1q is locally linear at the critical point ~X1,˚ “ p0, 0qT .
Secondly, for the critical point ~X2,˚ “

`
1
2 , 0

˘
, since

~gp2qpx, yq “
˜

xp1 ´ 2x ´ yq
yp´2 ` 6xq

¸
´

˜
´1 ´1{2
0 1

¸ ˜
x ´ 1{2

y

¸

“
˜

´2px ´ 1{2q2 ´ ypx ´ 1{2q
6ypx ´ 1{2q

¸
.

Denote r2 “
a

px ´ 1{2q2 ` y2. Similarly,

}~gp2q}{r2 §
”
p2r22 ` r22q2 ` p3r22q2

ı1{2M
r2 “ 3

?
2 r2 ›Ñ 0 as r2 goes to 0. [3pts]

14



Hence the system p1q is locally linear at the critical point ~X2,˚ “ p1{2, 0qT .
Lastly, for the critical point ~X3,˚ “

`
1
3 ,

1
3

˘
, since

~gp3qpx, yq “
˜

xp1 ´ 2x ´ yq
yp´2 ` 6xq

¸
´

˜
´2{3 ´1{3
2 0

¸ ˜
x ´ 1{3
y ´ 1{3

¸

“
˜

´2px ´ 1{3q2 ´ px ´ 1{3qpy ´ 1{3q
6px ´ 1{3qpy ´ 1{3q

¸
.

Denote r3 “
a

px ´ 1{3q2 ` py ´ 1{3q2. Similarly,

}~gp3q}{r3 §
”
p2r23 ` r23q2 ` p3r23q2

ı1{2M
r3 “ 3

?
2 r3 ›Ñ 0 as r3 goes to 0. [3pts]

Hence the system p1q is locally linear at the critical point ~X3,˚ “ p1{3, 1{3qT .
(iii) For ~X1,˚ “ p0, 0qT , the Jacobian matrix is

Jp0, 0q “
˜

1 0

0 ´2

¸
,

whose eigenvalues are � “ 1 or ´2. Hence the critical point ~X1,˚ “ p0, 0qT is a saddle
point [1pt] and unstable [1pt]. Near this critical point, the phase portrait is like the
following.
[1pt]

-3 -2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5 3

-3

-2

-1

1

2

3

For ~X2,˚ “ p1{2, 0qT , the Jacobian matrix is

Jp1{2, 0q “
˜

´1 ´1{2
0 1

¸
,

whose eigenvalues are � “ 1 or ´1. Hence the critical point ~X2,˚ “ p1{2, 0qT is a
saddle point [1pt] and unstable [1pt]. Near this critical point ~X2,˚, the phase portrait
is as follows.
[1pt]
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-3 -2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5 3

-1.5

-1

-0.5

0.5

1

1.5

(1/2, 0)

Lastly, for ~X3,˚ “ p1{3, 1{3qT , the Jacobian matrix is

Jp1{3, 1{3q “
˜

´2{3 ´1{3
2 0

¸
,

whose eigenvalues are � “ ´1 ˘
?
5i. Hence the critical point ~X3,˚ “ p1{3, 1{3qT is a

spiral point [1pt] and stable [1pt]. Near this critical point ~X3,˚, the phase portrait is
as follows.
[1pt]

-3 -2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5 3

-3

-2

-1

1

2

3

(1/3, 1/3)

7. (a) It is clear that V1px, yq ° 0 for px, yq ‰ p0, 0q, and V1p0, 0q “ 0, hence V1px, yq is positive
definite. [1pt] Note that |ab| § pa2 ` b2q{2, one easily check that for px, yq ‰ p0, 0q,

V2px, yq • 2x2 ` y2 ´ x2 ` y2

2

“ 3x2

2

` y2

2

° 0;

V3px, yq § ´x2 ´ 7y2 ` x2

2

` 2y2 “ ´x2

2

´ 5y2 † 0.

And observe that V2p0, 0q “ 0 and V3p0, 0q “ 0, therefore V2px, yq is positive definite [1pt]
and V3px, yq is negative definite [1pt].
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(b) Obviously, V px, yq is positive definite since V p0, 0q “ 0 and V px, yq “ apx2 ` y2q ° 0

(a ° 0) for px, yq ‰ p0, 0q.[2pts] The remaining thing is to verify d
dtV pxptq, yptqq is positive

or negative definite. First, for piq and px, yq ‰ p0, 0q,

d

dt
V pxptq, yptqq “ 2apxx1 ` yy1q “ 2ap´x4 ´ y4q † 0.

This, combined with the fact d
dtV |p~0q “ 0, implies the derivative of V w.r.t. t is negative

definite.[2pts] Second, for piiq and px, yq ‰ p0, 0q,

d

dt
V pxptq, yptqq “ 2apxx1 ` yy1q “ 2apx6 ` y4q ° 0,

which implies similarly that the derivative of V w.r.t. t is positive definite.[2pts] In conclu-
sion, the function V px, yq “ apx2 ` y2q with a ° 0 is a Liapunov function for both systems
piq and piiq.

(c) Note that V px, yq is positive definite. For (b)(i), d
dtV pxptq, yptqq is negative definite, hence by

Liapunov’s theorem, ~0 is a stable critical point;[2pts] For (b)(ii), d
dtV pxptq, yptqq is positive

definite, hence by Liapunov’s theorem, ~0 is an unstable critical point.[2pts]

(d) When V px, yq “ ax2 ` cy2 for some constants a and c, computing

d

dt
V pxptq, yptqq “ 2axx1 ` 2cyy1 “ 2ap´xy ´ x4 ´ x2y2q ` 2cpxy ´ y2x2 ´ y4q

“ ´2ax4 ´ 2cy4 ´ 2pa ´ cqxy ´ 2pa ` cqx2y2.

To construct a Liapunov function, we take a “ c “ 1 and then V px, yq “ x2 ` y2, which is
obviously positive definite.[3pts] And since for px, yq ‰ p0, 0q,

d

dt
V pxptq, yptqq “ ´2x4 ´ 2y4 ´ 4x2y2 “ ´2px2 ` y2q2 “ ´2V 2pxptq, yptqq † 0.

This implies easily d
dtV pxptq, yptqq is negative definite.[3pts] Therefore V px, yq “ x2`y2 is a

Liapunov function for the given system. By Liapunov’s theorem, ~0 is an asymptotic stable
critical point. [2pts]
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