Suggested Solution to HW3!
MATH3270A
Fall Semester 2017-18

1. For a vector (¥) with n components, we adopt the notation /(¥ (t) = (y1 JYs s
fundamental matrix is given by
A4 o
F):= | o5 o o8 |,
yél) y§2) y§3)
and this matrix solves
. Plky](gl) Plky](f) Plkyj(:’)
F(t) =PMOGCH) = Y | Puyy” Puy) Payy
= P3ky](€1) P3ky;(f) Psky;(gg)
In addition the Wronskian W (t) = det(G(t)) and then
CE 2 2 I O y
%W(t) A U R R R 1 L 1 R 7 S
w o u? T S s s
=11+ I+ Is.
By the system (1) satisfied by F(t),
5 Plky](gl) Plk:y]?) P1ky;(c3)
L=>1 o y$? yF | = PuW(t) +0+0=PuW(t).
k=1 yV e y
Similarly one has
I = PpW(t), I3 = PyW(t).
Therefore p
£W(t) = (P11 + Poo + P33)W(t). [5pts]

2. (a) The characteristic equation is
M42X241=(N+1)2=0 < \=+i
All these roots are repeated, hence the fundamental set of solutions is
S := {cost,sint,tcost,tsint}. [1pt]
Now we find a particular solution Y (¢) = Y;(¢t) + Ya(¢) with

Y rov! + v =8
VY + 27 + Yy = sin 2t

!By Yuan Chen

(k) (k)

- yq(zk)>T. The

(1)
0
£
3
dy )
(2)



Obviously, Y7 = 8 is a solution [1pt]. Since sin 2t ¢ S, take Y5 = Bj cos 2t + Basin 2t, then
Yy = —4Bj cos 2t — 4By sin 2t; Y2(4) = 1687 cos 2t + 16 sin 2t.
Then
sin2t = VY + 2V + Yy = 9B) cos 2t + 9By sin2t  with By =0, By = é [1pt]

As a consequence, the general solution is

1
y(t) = c1cost + casint + cst cost + cqtsint + gsith—i— 8

for some constants ¢, ca, ¢3, ¢4.

(b) The corresponding characteristic equation is
M A+1=QA+1D)N+1) =0 <= \=-1,+i
Hence the fundamental set of solutions to the homogeneous equation is
S :={e7" cost,sint}. [1pt]
A particular solution Y () is given by Y (¢) = Y1 () + Ya(t) with

}/:{”“Fn”‘i_}/{‘i_yl :2€—t;
Yf' Y] 4 VS 4V = 5t

Firstly, we consider the first equation. Since e ™! € S, take Y; () = Ate ! [0.5pt], then
Y/ =A(1—t)e ", Y =A{t—-2)e", Y =AB-t)e "
And for A = 1,Y; = te! [0.5pt],
V" +Y +Y + Y1 =A[t+1—t+t—-2+3—t]e " =24e" =2¢7".
Secondly, take Y5(t) = Byt? + Bat + Bs [0.5pt], then
Y] =2Bit+ By, YJ =2B;, YJ =0,
and then
Yy + Yy + Yy + Yy = 2By + By + By + (2B; + Ba)t + Byt* = 5t%.

solution is I il a
y(t) = C1eft + cocost + cysint + te b 5¢2 — 10t

for some constants c, co, c3.

(c) The characteristic equation is
MNMEA=XA24+1)=0 <— AX=0,+i
This implies the fundamental solutions to the homogeneous equation are

y1 =1, wyz=cost, ys=sint. [Ipt]



Now we proceed to find a particular solution in the form

V(t) = ur(t)yr(t) + uz(t)y2(t) + us(t)ys(t),

where u1, us, ug solves

1 cost  sint uy 0
0 —sint cost uh | = (tant +5sect) [ 0 |. [1pt]
0 —cost —sint Uy 1

It is easy to calculate

1 cost sint
0 —sint cost |=1.
0 —cost —sint

By Cramer’s rule,

0 cost sint

uj = (tant + 5sect)| 0 —sint cost |=tant+ 5sect,
1 —cost —sint
and then
u1(t) = —In|cost| + 5ln|sect + tant|.

Still by Cramer’s rule,

1 0 sint

uhy(t) = (tant + 5sect)| 0 0 cost |= —(tant + 5sect)cost = —sint — 5.

0 1 —sint

Integrating yields

ug(t) = cost — bt.

Similar argument gives

1 cost O
us(t) = (tant + 5sect)| 0 —sint 0 | = —sect + cost — Htant,
0 —cost 1
Integrating leads
uz = —1In|sect + tant| + sint + 51n | cost|.

As a consequence of above arguments, the general solution is

y(t) =c1 — In|cost| + 5ln|sect + tant| + (cg + cost — 5t) cost
+ (c3 — In|sect + tant| + sint + 5In | cost|) sint. [Ipt]

for some constants ¢y, co, c3.

The only thing need to do is to find a particular solution. One may consider a solution in
the form .
Y (t) = tuy(t) + tPua(t) + us(t),
with
t 2 1/t uh 0
1 2t —1/¢ uy |=2¢| 0 |. [1ptl

0 2 2/ A 1



Firstly,

t ot 1/t

N 6
12t —1/t2 | =~
0 2 2/t

Then Cramer’s rule and direct calculations show
/ 2 / 2 / 1 4

Integrating yields
1 1 1
Uy = —*3 t3, 2 5.

Therefore the particular solution is
1 1 1 1
V(t)=—t'+ —t*+ —tt = —¢'. [1pt
O L U U T

Consequently, the general solution is in the form

C3 1 4
t) = et 2+ = 4
y(t) = crt + co +t+15

Let Y (t) = (Y1, Ya, Y3)(t). A is a Jordan matrix, the corresponding linear system is equiva-
lent to

Y/ = 2Y; 4+ Ys, (72 = e72Y5,

Yy =2Y,+Y; = { (V) =e Vs,

Y; = 2Y3. (e 2y3) = 0.

Solving the third equation first leads to

}/3 _ Cle2t

for an arbitrary constant ¢;. Now solving the second equation gives
Yg(t) = (Clt + Cg)e2t.

And lastly the first one,

c

Yl(t) = (Elt2 + cot + Cg) €2t.
As a consequence, the general solution is
Clt2/2 + cot + c3
Y(t) = cit + co e [3pts]

C1
for some constants ¢y, co, c3.
(Alternative) Obviously, the only eigenvalue is A = 2 associated with one eigenvector

5 = (1,0,0)T. This gives one solution

1
W@y =e*| 0 |. [1pt]
0



(b)

To find a second independent solution, we first find a generalized eigenvector 7j solving

010 m 1
001 m |=@A-2Df=E(=1] 0 |,
000 ns 0

which is equivalent to 75 = 1,73 = 0. Hence one may take 77 = (0,1,0)7, and the second
independent solution is given by

Lastly, we are going to find the third independent solution.

010 0,
00 1 0 |=(A—2D)d=7=| 1|,
000 05

which yields 6, = 0,603 = 1. Thus one may take 6 = (0,0,1)". And the third independent

solution is
t2/2

2 -
ZO (1) = e <2§ + 177 + 9) e ¢t | [ptl
1
Consequently, the general solution is
1 t t2/2
Zt)=cre®® | 0 |+eae® | 1 |+ cze® t
0 0 1

for some constants ¢, co, c3.

The eigenvalues of A are given by
2 1-X -2 |=(1-N[Q-MN)*+4] =1 -\ -2\+5)=0.

Hence
A=1 or 1+2i [Ipt]

For A = 1, the corresponding eigenvector £ solves

00 0 &
2 0 —2 & | =0.
32 0 &

Take & = 2, the above identity gives a eigenvector E = (2,-3,2)7 and a solution to the
linear system

W)y =¢e| =3 |. [1pt]



(©)

For A\ = 1 + 2i, the corresponding eigenvector 7j solves

-2t 0 0 m
2 =2 -2 n | =0.
3 2 -2 -
Take o = 1, one has n; = 0,73 = —i, hence
0 0
7 = e'(cos 2t + isin 2t) 1 |=¢"| cos2t |+ie sin 2t
—1 sin 2t —cos 2t

is a solution. And since the coefficient matrix A is real, so the real and imaginary parts of
the above solution are also solutions, i.e.

0 0
@) =€ | cos2t | 23@)=¢ | sin2t |. [1pt]
sin 2¢ —cos 2t

In conclusion, the general solution is

2 0 0
Z(t) =cre' | =3 |+ cae’ | cos2t |+ csel sin 2t
2 sin 2t —cos 2t
for some constants ¢y, co, c3.
Any eigenvalue ) of A solves
1—A 1 1
0= 2 1-Xx -1 |==A+1)(X-2)? = Ix=-1,2, [ipt]
0 -1 1-2A
where A = 2is a repeated eigenvalue. For A = —1, the corresponding eigenvector £ satisfies
2 1 1 &
2 2 -1 & |=0.
0 -1 2 &
Take &3 = 2, then & = 4 and &§; = —3. Therefore a solution to the linear system is given by
-3
zW@)y=¢t| 4 |. [05pt]
2

Secondly, for A = 2, the corresponding eigenvector 7j is given by

11 1 m
2 -1 -1 n |=0.
0 -1 -1 73
Taking 72 = 1 implies 71 = 0 and 73 = —1. This gives another independent solution
0
@) =g =e*| 1 |. [05pt]

-1



In order to find the third one, we first find the other generalized eigenvector 6 correspond-
ing to the eigenvalue A = 2 of A.

-1 1 1 01
2 -1 -1 b, |=@Aa—-2md=7=1] 1
0 -1 -1 05 ~1

Taking 02 = 1 gives #; = 1 and 63 = 0. Hence 6 = (1,1,0)" and the third independent
solution could be

1
zG)(t) = (¢77 + 5) = t+1 |. [1pt]
—t
In conclusion, the general solution is
-3 0 1
It)=cre™t | 4 |+ e 1 | +ee®| t+1
2 -1 —t

for some constants ¢, co, c3.

4. (a) (i) Denote H(t) = FI(l)(t) + g% (t) with
+

Since the eigenvalues of A are given by

1-X -1

0= 1 3.,

=A-2?% —= Xx=2

) _ (a2 1 bt + ©)e? [0.5pt], the equation satisfied b Y9 (4) implies
P q y p

~ (1
Take Y(
2Gt% + 2dt + 2bt + b+ 2¢ = A(at? + bt + &) + (1,0)7.

This can be rewritten as

(A —20)@t* + [(A — 2I)b — 2@]t + (A — 2I) — b + (1,0)7 = 0.

Hence we choose @, b, ¢ satisfying

-1 -1
(A —2I)b — 2@ = 0; where A—2H=< L1 >

These equations give, respectively,

a1 + ag = 0;
b1 + by = —2a1 = 2ay;

—c1—ca=b—1 and ¢y +cy = bs.



(ii)

The last two equations indicate by — 1 = —by, which combined with the second equa-
tion implies a; = —1/2. And then ay = 1/2 by the first equation. Take b; = 0, then
by = 1; Take ¢; = 0, then ¢y = 1. Therefore

() ()] e

(2

Now we proceed to find e (t). Take Y )(t) = 4t? + ¥t + @ [0.5pt], then
2it + ¥ = A(it? + ot + @) + t2(0,1)T.
This identity can be rewritten as

[Ad+ (0,1)"]#* + (AT — 24)t + AW — T = 0.

The above identity holds after imposing

Since A is non degenerate, one can solve the above equations one by one and get

1 T 1
U= f1(1,1)T, U= (,o) , W= g(f3, T,

?wwz—i<1>ﬂ—;<é>t+;<zg>.nm] @

As a consequence, with g (t) and e (t) defined in (3) and (4) respectively, a par-
ticular solution is given by

Therefore

Let Y (t) = 17(1)(75) + A (t) be a particular solution with
%?m@:A?m@+a@m%
97Dy = a7 () + vae 0,17

Observe that both 1 and —1 are not eigenvalues of A. Take g (t) = ae’, s (t) =

be~ [1pt], then



In conclusion, a particular solution is given by

V6 .
v(t)= vV + 700 = ¢ S 4e ( ) [2pts]
V2 V2
2

(b) (i) Firstly, the eigenvalues of A are given by

1-A 4

0=
1 —2—-A

—(A+2)A=1)—4=(A+3)(A—2) < A=-3,2. [Ipt]

For A\ = —3, the associated eigenvector E solves

4 4\- =
(1 1)5_0'

One may take € = (1,—1)7 and this gives one solution

W (t) = ¢3¢ ( _11 ) . [0.5pt]

For A = 2, arguing similarly, the associated eigenvector can be taken to be 7j = (4,1)T
and this gives another independent solution

@ (1) = ( 11 ) . [0.5pt]

Consequently, the fundamental set of solutions is

(1) #(1)} e

And the fundamental matrix is

e—3t 462t
F(t)=< T > [0.5pt]

_67

(ii) Let C be a constant matrix such that

Since G(0) = I, the above identity implies C = F~!(0). Direct calculations give

F(O)—(_ll ?) and then Fl(O)—;<1 _14>

Therefore [2pts]

1 —3t 4 2t 1 —4 1 —3t 4 2t —4 —3t 4 2t
G(t) =F()C = ‘ —3t ezt = F ‘ ,3j e2t 67315 N 2et .
5\ —e e 1 1 5\ —e +e 4de " + e



(iii) Let Y (t) = F(¢)@(t). Note that det(F) = 5¢ ™, then

t 2t 2t —2t t 4t
a'(t)=F'(t)H(t) = 5 ( o3t o3t ) ( —9¢t > "5 ( e~ — 2¢7 )

Integrating directly gives

. 1 el + 2ett
ut) = - 4t —t
5\ —e /4 +2e7.

Consequently, one has the following particular solution

?(t):ﬂ?(t)ﬁ(t):( > ) [5pts]

—e2t/4

(iv) Firstly, the eigenvalues of matrix A are given by

—5/4 — X 3/4
=(A+1/2)(A+2) =0.
For A = —1/2, the corresponding eigenvector solves
-3/4 3/4 \2 =
=0.
( 34 —3/4 ) ¢
One may take €= (1,1)T. For A = —2, the corresponding eigenvector can be taken to

be ij = (1, —1)T. Hence the fundamental set of solutions to the homogeneous system

o) ()

And the fundamental matrix is

et2 o2
F(t) = . [3pt
(t) < et/2  _e—2t > [3pts]

F(O):<1 _11> and then F%O)zi(i _11>

Therefore [2pts]
1 e—t/2 e—2t 1 1 1 e—t/2 e 2 e—t/2 e 2
-1
G(t) =F@)F(0) = 9 ( e—l/2 o2t ) ( 1 -1 ) ) ( e t/2 _ o2t o=t/2 4 =2t |

Lastly, we derive a particular solution Y (¢) to the inhomogeneous problem. Let Y (t) =
F(t)i(t), then

. B . e5t/2 —_e~2 2t At 1 4tet/? + e3t/2
@'(t)=F () H(1) = 5 ( _et2 o) o | T ol gt |-
Integrating directly and choosing the integrating constant to be zero lead to
(4t — 8)el/? 4 ¢3/2/3
(t—1/2)e* —e3/6 |’

and then

- 5t—17/2+ €' /6
Y(t) = F(t)i(t) = ( ?j j 15; , i etj X ) . [5pts]



5. Let Y(t) = (z,9)7.

(i) 0is asaddle point. [1pt]
[2pts]

(ii) 0 is a node.[1pt]
[2pts]

£=(23)

-~ Y

(iii) Oisa (proper) node.[1pt]
[2pts]

Y
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£=01,3
y

(iv) 01is a(n) (improper) node.[1pt]
[2pts]

Y

(v) 0is a spiral point.[1pt]
[2pts]

e 4
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0.02 0.03 0.04 0.

N

(vi) 01is a center point.[1pt]
[2pts]

oY

6. (a) Direct computations show

) 8 — 5y —5t - siny (2+t)cosy
(i)J = [2pts] (i) J = ; [2pts]
-3y 3-3t—2 9(—sint + cost)e 0

and
9 12y 0
(i) J = y/t Int+siny 0 [.[2pts]
sinh(t +y) sinh(t+y) 0
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(b) Itis clear that (z +2y?)| 0,00 = 0and (z+y)(0,0) = 0, hence 0 is a critical point. The Jacobian

matrix at 0 is
1 0
= . 1pt
J <1 1) [1pt]

Then as r := /22 + y? goes to zero,
212
0

x + 2y° _J T 1
rT+y Y Cor

Consequently the system is locally linear near the critical point 0. [2pts]

1
— <2r — 0.
,

Since J is a matrix with a real positive eigenvalue A = 1 associated with only one indepen-
dent eigenvector €= (0,1)T. Therefore this locally linear system is unstable [1pt] , and 0is
a(n) (improper) node [1pt].

(¢) (i) To find the critical points, we need solve

z(1—2x—y) =0; r=0 or 1—-2x—y=0;
—
y(—2+ 6x) = 0. y=0 or —2+6z=0.

Short derivations show that there are three critical points:

o - 1 - 11
Xix = (0,0)7, [1pt] Xo. = <270> [1pt] and X3, = <37 3> [1ptl

(ii) The Jacobian matrix is given by

[ 1—4dz—y —T
Jay) = ( 6y  —2+6x )

For the critical point X 1x = 0, since

- -2z —y) 1 0 x
(1) _p 000 T ) = z(1 y) \
B —2x2 — zy
- 6xy
and by |zy| < 7}/2 < r}, where r? = 22 + y?. Consequently,

1/2
1500/ < [ @rF+ D2+ 3| /ri=3V2r — 0 asrigoesto 0. [3pts]

Hence the system (1) is locally linear at the critical point X, = (0,0)7.
Secondly, for the critical point X 2% = (3,0), since

. [ z(1-2x—y) -1 -1/2 x—1/2
7%y = < y(—2 + 6x) > a ( 0 1 ) ( y )
C( —2e—1/27 -y —172)
6y(z —1/2) '

Denote ry = \/ (x —1/2)? + y2. Similarly,

1/2
152 /re < [(27"% +7r3)? 4+ (37“%)2] /7"2 =3v2ry — 0 asry goesto0. [3pts]



(iii)

Hence the system (1) is locally linear at the critical point X, = (1/2,0)7.
Lastly, for the critical point X 35 = (%, %), since

. [ (1 -22—y) -2/3 —1/3 x—1/3
9(3)(x’y)_< y(—2 + 62) >_< 2 0 ) (y—1/3>
_ ( —2(z = 1/3)* — (z = 1/3)(y — 1/3) )
6(x — 1/3)(y — 1/3) '

Denote r3 = 1/(z — 1/3)2 + (y — 1/3)2. Similarly,

1/2
179 /rs < 2%+ 732 + 33)*] /rs =3v2r — 0 asrygoesto0. [3pts]

Hence the system (1) is locally linear at the critical point X5, = (1/3,1/3)7.
For X 1+ = (0,0)7T, the Jacobian matrix is

J(0,0):((l] _02)

whose eigenvalues are A = 1 or —2. Hence the critical point X . = (0,0)7 is a saddle
point [1pt] and unstable [1pt]. Near this critical point, the phase portrait is like the
following.

[1pt]
/ \
[ A
| |
/ |
¥
/ \
3 2[5 Sl M0 o |1 T i 25
\ T /

1L 14

s )
|
|

=B

For Xy, = (1/2,0)7, the Jacobian matrix is

501/2,0) = ( P ) ,

whose eigenvalues are A = 1 or —1. Hence the critical point X5, = (1/2,0)7 is a
saddle point [1pt] and unstable [1pt]. Near this critical point X 2,%, the phase portrait
is as follows.

[1pt]
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Lastly, for X3, = (1/3,1/3)7, the Jacobian matrix is

3(1/3,1/3) = ( —23 -3 ) ,

2 0

whose eigenvalues are A = —1 + 1/5i. Hence the critical point X3, = (1/3,1/3)T isa
spiral point [1pt] and stable [1pt]. Near this critical point X3 ,, the phase portrait is

as follows.
[1pt]
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7. (a) Itis clear that Vi(z,y) > 0 for (z,y) # (0,0), and V;(0,0) = 0, hence V;(x,y) is positive
definite. [1pt] Note that |ab| < (a® + b*)/2, one easily check that for (z,y) # (0,0),
22+ y? ﬁ Y2

+=>0;

V 222 2
2(z,y) =227 +y 5 5 5

2 2
x x
Vs(z,y) <—x2—7y2+7+2y2:—7—5y2 < 0.

And observe that ¥2(0,0) = 0 and V3(0,0) = 0, therefore Va(x,y) is positive definite [1pt]
and V3(z, y) is negative definite [1pt].
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(b)

()

(d)

Obviously, V(z,y) is positive definite since V(0,0) = 0 and V(z,y) = a(z® + y?) > 0
(a > 0) for (z,y) # (0,0).[2pts] The remaining thing is to verify 4V (z(t), y(t)) is positive
or negative definite. First, for (i) and (z,y) # (0,0),

d
V@), y(1) = 2a(za’ + yy') = 2a(=2" —y) < 0.
This, combined with the fact %V‘(G) = 0, implies the derivative of V' w.r.t. ¢ is negative
definite.[2pts] Second, for (ii) and (z,y) # (0,0),

d

V() y(1) = 2a(w2’ + yy') = 20(2° + y") > 0,
which implies similarly that the derivative of V w.r.t. ¢ is positive definite.[2pts] In conclu-
sion, the function V(z,y) = a(x? + y?) with a > 0 is a Liapunov function for both systems
(i) and (ii).
Note that V' (z, y) is positive definite. For (b)(i), %V(m(t), y(t)) is negative definite, hence by
Liapunov’s theorem, 0 is a stable critical point;[2pts] For (b)(ii), LV (2(t),y(t)) is positive
definite, hence by Liapunov’s theorem, ( is an unstable critical point.[2pts]

When V (z,y) = ax? + cy? for some constants a and ¢, computing

d
%V(x(t), y(t)) = 2axx’ + 2cyy’ = 2a(—zy — 2* — 2%Y°) + 2c(zy — y22? — y*)

= —2azx* — 2ey* — 2(a — )zy — 2(a + ¢)2%y>.

To construct a Liapunov function, we take a = ¢ = 1 and then V (z,y) = x2 + y?, which is
obviously positive definite.[3pts] And since for (z,y) # (0,0),

DV (a(0) (1) = 20" 29— 427” = -2 + ) = 2V (a(1) y(1)) < 0.
This implies easily 4V (z(t), y(t)) is negative definite.[3pts] Therefore V (z,y) = 22 +y?isa
Liapunov function for the given system. By Liapunov’s theorem, 0 is an asymptotic stable
critical point. [2pts]



