MATH3230A Numerical Analysis

Tutorial 8 with solution

1 Recall:

1. Polynomial interpolation

(a)

Chebyshev polynomials:
The Chebyshev polynomials are defined recursively as follows:

To(z) =1, Ti(x)=uxz, -, Thy1(x) = 22T, (z) — Tp-1(x)

In particular, for z in the interval [—1, 1], the Chebyshev polynomials have the following closed forms for
n >0,

To(z) = cos(ncos ), —1<z<l1

If the nodes x; are chosen to be the roots of the Chebyshev polynomial T},11, then the error of the
resulting interpolation polynomial for a given function f(x) will be minimized and can be estimated by

1 n+1
|f(x) —p(z)] < m]‘fﬂ?ﬂf )
Hermite’s interpolations:
Suppose we have the following observation data:
fo = f(zo) fi=f(z1) f2 = f(z2) fn = f(zs)
fo = f'"(z0) fi=f'(z1) fa = f'(@2) fo=F(@n)

we would like to determine a polynomial p(z) of degree < 2n + 1 such that
p(xl) :f(xi)a p/({Ei) :f/(xi)a ,0=0,1,---,n

Define u;(z) = (1 — 2Ui(z;)(x — x;))3(x), wvi(z) = (z — z;)I2(z), where [;(x) are the Lagrange basis
function. The Hermite’s interpolation is

H(x) =Y faui(x) + Y flvi(x) (1)
=0 =0

The following error estimate is true for f € C?"*2[a,b] with n + 1 distinct interpolating points:

2n+2
fla) = H) = )

(x = z0)*(x — 21)* - (z — 2n)? (2)
An alternative method with Newton’s interpolation can be used.The divided difference table is in a form
US€S 20, ..., Zan+1, Specially zo; = 29,41 = @, and f[z9;, 22:41] = f'(22:) = f'(x;). The rest is the same as
usual.

2. Numerical Integration: We are going to estimate the integral

/ab f(z)dx



(a) Trapezoidal Rule:

The corresponding error is:

b —a
[ Hada = 25 @) + 18] = 151510 - @ <

(b) Composite Trapezoidal Rule:

/ab f(z)dz =~ h (@ V(@) + o flaa) + f(acn))

The corresponding error is:
b—a
12

|En(f)| = " (m)[n?

2 Exercises:

Please submit solutions of problems with star(*) before 6:30PM on Wednesday and finish the rest by yourself.

1. (a) Let
_ sin((n+2)0) B
Uni1(z) = Sin(0) , x = cos(f)
i. Show that
Uo(z) =1, Ui(z)=2x, Upti(x)=22U,(z)—Up_1(x)
ii. Prove that
T, (z) = nUn1(x),
where T),(z) = cos(n cos™t(z)).

(b) Consider the Chebyshev polynomial
T, (z) = cos(ncos™(z)), =€ [-1,1].
i. Let p be a monic polynomial of degree n. Show that

> 21777,'

_max | Ip()

ii. Let f be a smooth function, {z;}, the roots of Chebyshev polynomials T},+1, and p the interpolation
polynomial of f at nodes {x;}} ;. Show that

@) = p(@)| € gy max|F OO @ e (-1

Solution.

(a) 1

Unir(z) = sin((n + 2)6) _ sin((n + 2)0) + sin(nf) — sin(nf)
e sin(6) sin(6)
2sin((n + 1)) cos(8) — sin(nf)
sin(6)

= 22U, (2) — Up—1(x)




2.

ii.

(b) i

ii.

Since T}, (z) = cos(n cos™1(x)),
we have
/ ] -1 71
Tife) = —sin(noos™ (@) ne
nsin(ncos™1(x))
N

nsin(nd)

sin(6)
= nUn—l(x)

Please find the proof in Lecture notes.
By the interpolation error estimate, we have

i /(&) = p(o)] < gy i 71 (@) maxe (2 = ao) = ) - (2 = )

By the property of the monic function in part (i), we have

maxe|(z — a0)(z — 1)+ (2~ ) 2 27"

This minimum value is attained if (z — x¢)(z — 21) -+ (x — x,) is the monic multiple of T,41, i.e.,
27" T +1. The nodes are the roots of 1,41, namely

= 21 | =1,2 +1
T; = COS 2n—|—27T , 1=12,---n .

Combining the above results, we have

|f(z) = p(z)] < i ln 1)1 ﬁ%’ﬂf(nﬂ)(tﬂ» r€[-1,1]

(a) For the following set of data,

fl@) | 11310

Flx)ylol1]o

compute a Hermite’s interpolation (in either Lagrange form or in Newton form).

(b) Suppose f € C*"*2[a,b] and H(z) is its Hermite’s interpolation at the n + 1 distinct points

a=xg< 1 <TR< <z =.

Write down the error estimate of Hermite’s interpolation, and point out for what polynomials the Her-
mite’s interpolation is exact.

Solution.

(a) In Lagrange form:

H(z) = ia +32) (2 — 12z — 2) + 322 (3 — 2) + 22z — 1)2(x — 2)?

In Newton form:

H(z) =1+22% - 32%(x — 1) + %Iz(m -1+ ZIQ(JC —1)3*(z—2)



(2n+2)
fa) = Hea) = T )

The interpolation on n + 1 distinct points is exact for any polynomial of degree k < 2n + 1.

(x —x0)*(x — 21)% - (x — 1,)?

3. Let us consider a real function f and its integral over [a, b]:

[ e 3)

(a) Write down the trapezoidal rule to approximate the integral (3).
(b) Write down the error estimate of the trapezoidal rule in (a).
(¢) Use the trapezoidal rule to compute the integral

2 2
/ e " dx.
0

(d) Let us consider a partition of the interval [a, b] with n equally-spaced smaller subintervals using the nodal
points
a=x90<x1 <xag << Tp_1<xTp=>0,
where h = (b — a)/n is the length of each interval.
i. Please write down the composition trapezoidal rule approximate the integral (3).
ii. Assume that f € C?[a,b]. Derive the error estimate for the composition trapezoidal rule.
iii. Consider the integral :

/ sin zdz. (4)
0

How large must n be if the error of the composite trapezoidal rule for computing integral (4) is not
bigger than 10~3.

Proof. (a) Trapezoidal rule is

b p—
[ e 222 1)+ £0)
(b) The error of Trapezoidal rule is

1
EK(b —a)® where xlél[%fi] |f(2)] < K
(¢) By the Trapezoidal rule,
2
2
/ e dz ~ Z[e® 4+ e ~ 1.0183
0 2

(d) i. Composite trapezoidal rule is

f(zo)

' ~ f(@n)
[ e fon) + o)+t Sl +

2

).

ii. Using the error estimate for the trapezoidal rule,

En(f)

-2 {/ fla)de = === (flzi) + fm))}
- 1 1

=Y -l ) B
- 1 1

= — _Ef (&)h?
h? <&

_ _E Zf//(&)



Using the mean-value theorem, there exists a point 7 € [a, b] such that

Zf//<§i)'

The error estimate for the composite trapezoidal rule:

f(n) =

S|

nh3 b—a
E _ 1" _ " 2
n(f) = =5 F'(n) = ——5f"(n)h
That is K
|En(f)| < ==(b—a)h? where max |f"(z)] < K
12 z€[a,b]

iii. The error of the composite trapezoidal rule is

b— (b—a)? 73

a ., 2 _ ” — _
g SR = = ) = o5

En(f)=—

and f'(z) = cosz, f7(x) = —sinz, so we have |f”(z)| < 1, then

3
m —

this shows n > 16074.

f7(n)



