MATH1010 University Mathematics
Miscellaneous integration

1. Let a > 0 and f(z) be a function which is continuous on [0, a.

(a) Prove that

a 1 a
| f@yde =3 [ (1@ + fla - a)ds
0 0
(b) Using (a), or otherwise, evaluate the following definite integrals

1,..2
— 1
@/&d:ﬁ
0

e2r—1 41

T rsinz
. d
(i) /0 1+ costa

(iii) /4 In(1 + tan x)dx
0
2. Let f(x) be an even function, i.e. f(x)= f(—=z) for all z.

(a) Show that
' f(x) dz = G dx.

a1+ e* o l+e®
(b) Show that
Cflx) /a
Sy exdx =/ f(z)dz.

(c) Hence, or otherwise, evaluate

% COS X
/ dz.
_g 1 + er

3. (a) Let f(x) be a function such that f(a —z) = f(z) for any real
values of x. Prove that

/Oa o f(z)de = g/:f@;)dx.




(b) Using the substitution u = = — g, show that

. s
T sin* 2 cos?
z Sin T + cos*x o Sln x + cos*x

sin*

c) Evaluate —dx.
(c) /0 sin'z + costx

(d) Use the results of (a) and (c) to evaluate
™ 4
/ ‘ 4:L‘ sin® x . .
0 SIn"x + cos*xw

4. (a) Let0<a<g.
(i) Prove that/ lncos(a—ﬁ)dﬁz/ In cos 0 do.
0 0

(ii) Using (a)(i), prove that / In(cos a + sinatan 6)df = 0.
0

! tan~! In2 i
(b) (i) Prove that /o elm+ ; dy =~ j - /04 In(1 + tan )d6.
1 tan—1
(ii) Evaluate / L Y
0 +x

5. For positive integer n, let f,(z) = 2"e™* and define

Q—Avwm

(a) Prove that f,(z) is strictly increasing on (0, 1).
1
(b) Prove that 0 < I, <<

)
)
(c) Evaluate I;.
(d)
(e) Prove that

Express I, in terms of I,,.



1
6. For each positive integer n, we define I,, = / x"V1 — x?dx.
0

(a) Evaluate Iy and I;.

-1
(b) Prove that for n > 2, we have [, = n
n

L, ».
(c) Prove that for any integer n > 2,

(n—1)(n—-3)(n->5)--
) (n+2 (n—2) 7-5.3
In = (n—1)8 3)(n—5)---3-1-7
(n+2nn—2)---6-4-2

if n is odd,

if n is even.

1
7. (a) Evaluate the definite integral / (1 — x)*dx.
0

1 .4 1— 4
(b) Evaluate the definite integral / M

0 1 + 5132
(c) By considering the integrals above, show that
1 22 1

1260 7 TS0

8. For integer m,n > 0, let

1
Lyn = / ™(1 — x)"dx.
0

(a) Prove that for m >0 and n > 1,

n
m—+1

mmn — Im—i—l,n—l-

m!n!
(m+n+1)"
Lat(1 — x)? 7
h h —————dr=——1n2.
(b) Show t at/o T2 dx g~
(c) Using (a) and (b), show that
1 1
— < l —n2< —.
210 — 10 105

Hence, show that I, ,, =



9. Let f(z) and g(z) be continuous function on [0, 1].
(a) For z € [0, 1], let

1@ = [ Gz [ ooy - ( | f<t>g<t>dt)2.

Prove that

(b) Prove that for any = € [0, 1],

(/:f(t)g(t)dt)2 < /Oz(f(t))th/Ox(g(t))th.

(c) Prove that

Jus

10. Forn =0,1,2,..., let In:/4tan”xdx.
0

(a) Find ]0 and ]2.

1
(b) Show that I, + I,,_o = | for n > 2.

< <
(¢) Show that 0 < [, < T 1)

4
tanx < il for0 <z < % without proof.) Hence find lim 7,,.

T n—00

. (You may use the fact that 0 <

(d) Forn=1,2,3,..., let

I G GRS S (=)
" 2% —1 3 5 7 on—1"

k=1

(i) Express a, in terms of Io,.
(ii) Find lim a,.

n—oo



11. Let n be a positive integer.

2n

1 2 on—g , U 2
(a) Showthatl_t2:1+t+-~~+t +mf0rt7€1.

(b) For —1 < z < 1, show that

ot 1
i ——dt =1n
zt2n+1 1 I2 ZL’4 I2n
ii ——dt =1 =+ 4+ —
(11)/0 T n — (2+4+ +2n)
(c) Show that

"1 /8)* 9 /8\""
<m3-S"=(2) < ey
0=lns ;%(9) _2n+2(9>

no1 /8\"
Hence evaluate ) o (5) :

k=1

12. For any real number a such that |a| # 1, let
I(a) = / In(1 — 2acosz + a*)dx.
0

(a) Show that (1 —|a])®> <1 —2acosz + a* < (1 + |a|)? for any real
number .

(b) Show that
2rIn(1l — |a|]) < I(a) < 2w In(1 + |a|),
and deduce that lim /(a) = 0.

a—0

(c) Show that I(a) + I(—a) = I(a*) and I(a) = I(—a). Hence show
that I(a) = Q—RI(aQn) for all positive integer n.

(d) Show that
I <1) = I(a) — 2mIn|al.
a

(e) Prove that

2rIn|al, if |a| >1

I(a) {0, if |a| <1



Solution:

N = N~ N~

A~~~
S— S— —

af(x)dx—i—/oaf(x)dx)
af(:v)dx—/aof(a—y)dy) (r=a—y)
af(a:)d:c—l—/oaf(a—x)dx)

- 3] U@+
w?—x+1
(b) (i) Let f(z) = g Ve have
[ | l1—22—-(1—-2)+1
f@y+fa-a) = Sl Gog m o as
2P —z41 (1-20+2%)—(1—-2)+1
g2l 4] e—2x+1 4 1
P —x+1l (2P -z 1!
S el 1+ 221
@+ (14>
- e2r—1 4 1
= 22—z +1

By (a) we have

/01 f(z)dx

[ay

3| U@+ -
1

%/0(x2—x+1)dx

1{@’_@%}1

213 2 o

5)

12



rsinx

(ii) Let f(z) =

flx)+ f(r —x)

By (a) we have

/07r f(z)dz

1+ cos?z

, we have

_ zsinz (m — x)sin(m — x)
"~ l4cos?z 1+ cos?(m—2x)
_ zsinz (m —x)sinx

~ 1+cos?x 1+ cos?x

_ msinz

~ 1+cos?x

1

_ §Axﬂ@+fw—x»m

1/7r Tsinw
= = ———dx
2 )y 1+4cos?z
/’T dcoszx
o l+4+cos?x

[tan cos x}

|
w|>n\3|>] N |

l—|
I
|
W~

| IS

(iii) Let f(z) =In(1 4 tanx), we have

f@+f(5-x)

In(1+tanx) +In <1 + tan (Z —x

4

tan - —tanx

))

In(1+tanx)+1n |1+

—_

1+tanz

1—t
In(1 + tan x) —l—ln( + ane
In(1 + tanz) —i—ln(

1 —i—tanx)
(2(1 + tan x) )
In|{ ———=
1+tanx

In2

)

1+ tan tan x

)



By (a) we have

/Ozf(x)dx _ %/0 (F@)+ 7 (5 ) da

> cosz 3
/_gl+€zdx = /0 cosxdr  (by (b))

—[sin x]g
1



3. (a) Suppose f(a — x)

/Oaxf(x

(c)

& sin? z
x sin 2 + cos*

r

sin® z + cost

sin®

dx

)dx

S—

0

NN S— S—0 S—

= f(x) for any real values of x.

_ /ao(a — ) f(a — w)du

[ ta=wrta
[ ta= s

/ sin*(u + )

du
o sin? ) +cost(u+ %)
/ costu _ cosw o
0

[

jus
2

IR

costu + sinu
costz

cost x + sin® x +sintz

sin®

pravpesea
sin” xr + cos*x

sin*

— dx
sin” x + cos* x
sin? z + cos*
-  dx

sin* z + cost

dx

_— dx

sin®
" dx
T+ cos*x

™
+ :
% SlIl4

z 4
2 cos™ x
+ ——— - dr
0o S x+sm x



(@) Let f(@) = — "7 Then

sin z + cost

flr— ) = sin®(7m — ) B sin® _ f(a)

sin(1 — x) 4 cost(m —x)  sin*x + costx

By (a) and (c), we have

. jus .
T sin? x J 2 sin? x J
——— €T = -1 . i
o sinx + costz o sin*x 4 costx

bo| 3

N

4. (a) (i) Let u=a—0, du = —db.

a 0 a a
/ In cos(a—0)df = —/ In cos u du :/ In cos u du :/ In cos 0 db.
0 a 0 0

(ii) By (a)(i),
/Oa(lncos(a—@ “lncos§)dd = 0
[ (Y~ o

/ln(cosaCOSH—l—smasmH) 0 = 0
0

cos 0

/ln(cosa+sinatan9)d9 = 0
0

(b) (i) Let z = tan6, dv = sec*6df. When x = 0, # = 0. When

10



™

1t —1 A 0
/ an dr = / v sec? 0 do
0o 1+ o l+tanf

i
= / ——dtand
o l+tanf

™

= /4 0 dIn(1 + tan @)

0

us

— [fIn(1 + tan @]} —/4 In(1 + tan §)dé
0

In2 (%
= Wf —/41n(1—|—tan9)d0
0

(ii) Taking a = — in (a)(ii), we have

T
4
1 s T

1 ( T osnZt 9) -0
/011(:054+51n4 an

/Ozln(%—i-%-%tane) -0
/041n<(1+%tan8)—ln\/§)d9 — 0

™

/4ln(1+tan9)d9 = /41n\/§d9
0 0
mIn2

8

Now (b)(i) implies that

1 —1 s
/ tan der = T2 /4 In(1 + tan 0)do
0 0

1+ 4
_ mn2 7in2
-4 8
_ min2
8

5. (a) For any n > 1,

fal@) = (na" ! —a™e™ = (n—2)2" e >0

11



for all z € (0,1). We see that f,(z) is strictly increasing on (0, 1).

(b) Since 0 = f,(0) < fu(z) < fu(1) = é for any x € (0,1), we have

1 1
0< / fo(z)dx </ —dz
0 0o €

1
0< I, < -
e

1
I = /x"“e“dw
0

12



1

n[nfl -
e

n ((n ), %) - %

1
/ V1 —22dx
0
3
/ V1 —sin?0dsin6
0

/2 cos? 6 db
/2 1+c0s2«9
0

Q+ sin29 2
9

7r
4




1
I, = /x\/l—x2dx
01 1
= —5/ V1—22d(1 — %)
0

= —5la-a2)

(b) For n > 2,
1
I, = /x”x/l—ﬁdx
01 1
= —5/ 2" V1 — 22d(1 — 2?)
0
1t 5
= ——/ 2" d(1 — 2?)2
3 Jo
511
[l‘nl(l . .172)5

1t 2\3 5 n—1
+- [ (1—27)2dx
0 3o

_ 1
- 1/ 2" (1 — 2?)2da
3 Jo

-1 [t
-z /x"_Q(l—xQ)\/l—xde
0

3
n—1 ! n—2 n
= —3 ("7 = 2")V1 — 22 dx
0
—1 —1
S M Ly
3 3
m+2)I, = (n—11I, 2
—1
In = n [n—2
n+2

14



(¢c) When n is odd,

I, =

(d) When n is even,

I, =

(n—1)(n —3)(n—5) 3-1I
(n+2)n(n—2)---6-4 °
mn—1)(n—-3)(n—-5)---3-1rx

n+2n(n—2)---6-4-2

/ (2% — 42" 4 62° — 42° + 2%)dx

{a: a8 61*51
9o 27 5],

_@

15



141 — #4d 1 A
/x( v)dz _ / 2% — 4z® + 52t — 42® + 4 — dz
0 1+ 22 0 1+ 2?2
T 9.6 A3 1
= {%—%+m5—%+4x—4tan_lx]o
22
= — -
7
41 — )4 401 — )4
(c) Sincex( 5 z) x§+$:2v) < z*(1 —2)* on (0,1), we have
LA — p)4d L1 — 2)4d 1
/w< /w </x4(1_x>4dx
1 - 22 - 1
— _—7"' —
1260 7 630

(a) For m >0 and n > 1, we have

1
Lyn = /xm(l—x)”da:
0
1 1
= —/ (1 —x)"dx™"!
m-+1J,

B [xm+1(1 - :c)”} ! 1

1
_ m+1d1_ n
m+1 0 m+1/0x (1-2)

m

m-+1

1
n / ZEm+1(1 o .T)n_ldl'
1/,
n

Im—l—l,n—l

16



J

n
Ii1n—
] e
n(n —1)

Iyio e
(m+1)(m+2) +2n—2

nn—1)---3-2-1
(m+1)(m+2)---(m+n—1)(m+n)

Im+n,0

n! 1
/xm+"dx
e+ D(m+2) - (mtn—Dm+n) J;
min! pmtntl 1
(m +n)! [m+n+1]
mln!
(m+mn+1)!

0

401 — 2)2 1,6 _ 9.5 4
Gl /udw
0

14 22 1422

I
O\,L
7 N

—
8
o

2
at — 203 + 20 — v )d:v
+

_ {xj_w_:xz]l_/lm
5 2 o Jo 1422

1

5

(¢) First note that

412! 1

1
M —2)de=Ly= — = —
/Ox( ofde =l = =5 = 35

17



10.

4 1— 2 4 1— 2
zi(1l —x) v'(1 - x) < z*(1—xz)? on (0,1), we have

Since

2 1—|—$2

1 41_ 2 1 41_ 9 1
/M< /M </x4(1_x)2d$
0 2 0 1+ 0

1o 22 b

210 7T 150

(a)

H'(x)

(b) Since H(0) =0 and H'(x) > 0 by (a), we have for any z € [0, 1],
H(z) > 0

/Ox(f(t))th/:(g(t))th— (/Oxf(t)g(t)dt>2 > 0

([ ros0a) < [‘vora [wora

2

(c) By (b), we have

(/Olw(xf(:c))dx)
(/ 1x2f(x)dt)2 < () e

IN
s~
8

o
U
8

=~

)
~
—
~
e
U
8

s

T
dr = =
T

|
b= / tanzxdg;:/ (Seczﬁ—l)a@:[‘canx—x]g:l_
0 0

)

18



(b) For n > 2,
(tan” x + tan" 2 x)dx

Iy +1, ., =

tan""? z(tan®z + 1)dx

|
|
i 2 2
= / tan™ “ xsec” z dx
0
|
{t

4x T
(¢) Since 0 < tanx < — <1 for any 0 <z < —, we have

s — 4
0< I, < / A
o T
n, .n+1 %
0< I, < {41;—}
S e
n n+1
o< I, < (E>
- “(n+ 1) \4
70
0 I, <——
- “4(n+1)
Since nh_}rgo ﬁ = 0, it follows by squeeze theorem that
lim I, =0

n—oo

19



noo k-1
D
2k —1
k=1
S S I
B 35 on —1
= (Io+1L)— L+ L)+ s+ L)+ + (—1)7%1([27#2 + Iy,)
= Ip+ (1)1,
(ii)
lim a, = lim (Ip+ (=1)""'I,)
n—oo n—oo
= I
oo
4
11. (a) For t* # 1,
1— ()" 1 "

1 t2 t2n—2: = .
T + 1—1¢2 1—t2 1-—1¢2

Tt 1 [ 1
dt = —= d(1 — 2
/0 1—¢2 2/0 1—¢2 ( )

1 2\1x
— 51— )

1o
9 M1 2

20



1 t2n
= 14+ +t 7+

1—¢? 1 —¢?

_t — t+t3+...+t2”—1+t2n+1

1—¢? 1 —¢?
/Oml_ttzdt = /Or(t+t3+...+t2n—1)dt+/oz fzii;dt

1 - 22 T 42n41
ln—l——a:? = 3+Z+~'-+%+/0 1_t2dx

T t2n+1 1 2?2 ZL’4 1,217,
C dr = (e
A el = o (2*‘4+ +2n>
8
(c) Putting 22 = 9 in (b)(ii), we have

/f Ly ln%@f (%+%++ (%)n)

Now for 0 <t < \/g, we have

£2n+1 £2n+1
1—1¢2 -8
9
Thus
VE 20+l VE
og/‘ —dt < 2/ 2 qt
0 1—t2 0
Q2n+2 \/5
B bn+J0

21



Hence

"1 /8\" 9 8\ "
<m3-S"=(2) < ° .
0</md ;%(9) _2n+2(9)

9 8 n+1
Since 7}1_)1210 ST (5) = 0, by squeeze theorem we have

12. (a) First
—2la] < —2acosz < 2|al,

and we have
(1—a])> <1—2acosz +a* < (1+ |a])*

(b) Using the inequalities derived in (a),

/ (1—|a|)?dz < / In(1 — 2acosz + a*)dx < / (1+ |a|)*dz,
0 0 0

that is
m(1 —la])® < I(a) < m(1+ |al])®.

As hng(l + |a])? = 0, by the sandwich theorem, we get
a—

lim I(a) = 0.

a—0

22



(c) We first have
I(a) 4+ I(—a)
= / In(1 — 2acosz + a*)dx + / In(1 + 2acosz + a?)dx
0 0

3

(In(1 — 2acosz + a®) + In(1 + 2a cos x + a*)dx

3

In((1 — 2acosx + a?®)(1 + 2acos x + a*))dx

3

In(1+ 2a*(1 — 2cos’x) + a*)dx

3

— — — —,

In(1 — 2a® cos 2z + a*)dx

In(1 — 2a*cost + a*)dt

O\M
3

1 2
In(1 — 2a®cost + a*)dt + 3 / In(1 — 2a® cost + a*)dt
0 s

1 27
5 / In(1 — 2a* cos(2m — t) + a*)d(27 — t)

I(a®) + —/ In(1 — 2a*cos s + a*)ds
0

™

NN = N N N R N
~
—
Q
[\]
SN—
|
|

~
S
[\
~—

~

N
=

S~—
Il

/ In(1+ 2acosz + a®)dx
0
0
= —/ In(1 + 2acos(m — t) + a?)dt

= / In(1 — 2acost + a*)dt
0
= I(a).

Hence, inductively, we get

I(a) = %](ag) == 2—nl(a2n).

23



(e) When [a| < 1,

When |a| > 1,

T 2 1

= /ln(l——cosx+—2)dx
0 a a

= /ln(a2—2acosx+1)dx—/ In a*dx
0 0

= I(a) —2mIn|al.

we have lim a*" = 0. Then by (b)(i) and (b)(ii),

n—o0

using the result in (b)(iii), we have

1
I(a) =1 <—> +27ln|a| =27 In|al.
a

1 1
The last equality follows from [ (—> = 0 since H < 1.
a

a

24



