MATH1010 University Mathematics
L’Hopital’s rule and Taylor series exercies

1. Use L’Hopital’s rule to evaluate the following limits.
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2. Use L’Hopital’s rule to evaluate the following limits.
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3. Evaluate the following limits.

. 22 . -
@ g (€) Jmy e
1
b 1 1+Inx d l 1 T
B) Jig == (@) g o)



(e) lim (sinz)sn® (j) lim (1 + 5e2)s

z—0t z—+00
1

(f) lim (1+sinz)tane (k) lim (1+ 3z)mz

T— x [e'e)

(6 +$)1/x

() lim —7 . = +sin(e”)

o (1 _i ;)a: -1 (1 xl_l)r_{_loo T+ esinz
(h) B ——5— 1

W e—(1+a)s : e’ +cosx\”

Dty (T

4. For the following functions f(z), find f*)(0) for k = 0,1,2,3,4 and
write down the Taylor polynomial of f(x) of degree 3 at x = 0.
(a) f(x)=(1+z)In(1+ x) (¢) f(z) =secx
(b) f(z) = s () f(z) = tana

5. Find the Taylor series of the following functions up to the term in 23
at r = 0.

@ T O ey O
VAL () (14 sinz)?
(©) (8) In(e +) W&
(11_ 2z)? (h) cos*z (m) sin™' &
(d) 13 (i) sinx cos2x (n) In(x + 1+ 22)

6. Find the Taylor series up to the term in (x — ¢)* of the functions at
T =c.
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7. Find the Taylor series up to the term in ™ of the functions at x = 0.
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8. By considering appropriate Taylor series expansions, evaluate the limits
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9. Suppose the Taylor series of f(z) at = 0is 1 +ayz+asz* +azx®+- - .
Find the Taylor series of % up to the term in 23 at x = 0 by

(a) expanding the product of the series for f and %

(b) finding the first three derivatives of %

(c) Find the Taylor series of the following functions up to the term in

3 at x = 0.
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10. Given y + % =z.

dy
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b) Show that — = ——~ .

(b) Show tha 73 DL

(¢) Let f(z) be an infinitely differentiable function which satisfies

=z, for all x € R.

Find the Taylor series of f(z) about x = 0, up to the term in 3.
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9. (a) 1 —aw+ (a® — ax)x® + (2a1a9 — az — ad)x’ + - - -

(b) Same as (a).
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(k) The Taylor series of (1+sinz)? = 14+2sinz+sin*z = 34 2sinz —
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The Taylor series of

Sk R R . -
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The Taylor series of \/z = /4 + (x —4) =2(1 + %‘4)% at x =4
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The Taylor series of /5 + 3z = (8 + 3(z — 1))3 = 2(1 + 3=1)
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(g) The Taylor series of sin® = cos(x — §) at v = 7 is
1 T 2
1__< __)
2\"73) "
(h) The Taylor series of
cosx = cos((x — %) + %) = CO0S % cos(z — %) — sin % sin(x —
Y2 coste = 1)~ P sinGe - )
= — — =) — —sin(z — =
5 cos( — - 5 s —
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(d) The Taylor series of V4 — 22 = 2(1 —

11 101
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1—1—1— (1_"""{_;?4"'%"'"'
— g
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)at x=0is

2?(1+2*)2atx=0is

(1— 222 4 a*)(1 + 222 + CRAT | CACHEDL |y

= (1— 222 —i—x)(l—?x + 3z
= 1—42%+8z* — 1225 + .
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(g) The Taylor series of {2°3
(1_%+§f”')(1_$2+$4+"')
— 1_3%4_%4_... '
(h) The Taylor sSries g)f lnallj;) =1In(1+ I)4— In(1 + 2?) at z =0 is
(x_$_+%_%+...)_(x2_%_|_...)
= p-¥po e '
(i) The Taylor series of e™2® cos(x?) at z = 0 is
1'2 ZES "E4 1'4
(l—204+2 -3 4+ 4. ) 1-%+--)
2 4q3 xt :

at t =0 is

(j) The Taylor series of % =(1+22)2(l—a)2atz=0Iis
_1y(— 3,2 C1y(Z3Y(_ 5,3
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O+7ﬁgﬁgj§+§““ﬁ+“ﬂ
I x T €T
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(a)
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im——— = lim =lim —
x—>0]n(1—|—x) z—0 T4+ z—=0 x + -
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(b> 2 3

z(1 — cosz) Cox(l-(1=-%54+--) . T4
im ———= = lim < = lim 5
2201 — /1 — 12 z—0 1_(1_%+) z—>0%_|_

=1
(c)

x sin 3z . 3z +--+) o324
im—— = lim 5 = lim —/——
=0z — In(1 + x) 0y — (2 — T ) a0 T

= 6
(d) ] ]
. e — 1z —cosx . Itz + S+ ) -1 =5+
lim —— = lim
z—0 rsinx z—0 z(z+--)
R
= lim
xﬁ()aj‘z—l—
=1
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(1 —cosz)In(1l+ z)

lim - = lim 3
x—0 T —Ssinx xz—0 m_(x_%_’_...)
3
x__|_..
= lim;3
x~>06_|_
= 3
()
. cos2x — /1 —4x2
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x—0 (233)%4 (21‘)4 1 9 1 1 (412)2
N et B L (L e e e R
r—0 4 x4
(=242 4 ) —(1—22" =22 4+ +)
= lim
z—>084 ?
=+
= lim -3
x—0 374
= 3
®) 1 1 In(1 In(1
lim + = lim n( —|—x)—|— n( —x)
z=0 \In(1+2z) In(l —2x) =0 In(1+x)In(l — z)
CUQ CUQ
_ 1 (JU—?—G—---)—I—(—QS—?—G—---)
= lim
. _J/‘2+...
= lim
x—0 —x2 +
= 1
(h)
(s~ 7 57)
lim —
z—0 \tanx e*—1
I cosx(e* — 1) —sinx
= 1
20  sinz(e® — 1)
12 x2 ZE3
_ hm(1_3+”.>(x+7+'”)_(x_F—i_'”)'
7—0 (J;_%+...)($+...)
2
x—‘i‘"'
= lim -2
xﬁ\Ol’Q—i—

9. (a) Suppose the Taylor series of % is bg + b1z + byx® + bgz® +- - - . Then
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the Taylor series of f - % =1is

(1+alx+a2x2+a3m3+---)(b0+b1x+b2m2+b3$3+...)

= bo —+ (bl + alb(])l’ —+ (bQ + a1b1 + a2b0)$2 + (bg + a162 + CLle -+ a3b0)$3 + -

It follows that
by =1
b1 + a1bg =0
by 4+ a1by + asbg =0
bs + ajby + asb; + asbg =0

which implies

bo=1

by = —a1b0 = —ay

by = —a1by — aghy = —ai(—ay) — ay = a2 — ay

by = —ai1by — ash; — azby = —a1(a? — az) — as(—ay) — a3 = —a3 + 2a1a2 — as

Thus the Taylor series of % at x =0 is
1 —ax+ (a3 — ag)x® + (—a’ + 2ara9 — az)x® + - - -

(b) Let g(x) = +~ Then derivatives of g(z) are

f4

f(@)
( 1
g(x) = ?
g'(z) = —%
Y __f2f//_f/(2ff/) _ 2f/2_ff//
g (:E) - f4 - f3
g = AL = 1 = 1) = 27 =[G _ 6 - e —6f"
L 16
Since the Taylor series of f(z) is 1+ a1z +asz®+azz+- -+, we see
that f(0) =1, f'(0) = ay, f"(0) = 2a, and f®(0) = 6as. Thus
9(0) =1
9 (0) =—a
g"(0) = 2a? — 2a,

g®) = 12a,ay — 6az — 643
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_1

@) at t =0 1s

Therefore the Taylor series of g(z) =

"0) 2 3) 0)z2
9(0) + ¢'(0)a + 7 (2|)x +4 ;)x + -
! ! \

= 1—ax+ (a3 — ax)r? + (2a1a0 — a3 — a®)a® + - -

(i) The Taylor serious of 1 —x — 2% at x = 0 is 1 —z — 2%, Thus
the Taylor serious of ;—— at z =0 is

1-— a1 r + (CL% - CLQ)IZ + (2@1(12 —asz — ai’)x?’ + -

= 1= (D (1 = (1) + =11 = 0= (~1)a" + -

= 14+o+22% +323+---

(ii) The Taylor serious of cosz at + = 01is 1 — “”72 +---. Thus the
Taylor serious of secx = ﬁ at z =01is

1-— a1r + (a% - CLQ)I2 + (2&1(12 —asz — CL?)I'?) + -

= 1= O+ (07— (~)a + (20)(~5) — 0~ 0*)a® + -
= 1+§_|_...

i. The Taylor serious of 1 4 sinx ata::()isl—l—x—%g%—-~-

Thus the Taylor series of ; +Slm at r =0 is

1 —a1x + (af — ag)a® + (2a1a9 — a3 — a3)a® + - -

= 1 (a4 (2= 02 4 21)(0) — (—5) — 19+ -

5
-

ii. The Taylor serious of 1 +tan"'z at x =0is 1+ — % + e

Thus the Taylor series of m at x =0 1s

1 —a1x+ (6 — ag)x? + (2a1a9 — a3 — a3)x® + - -
1
= L (e (12— 002+ (201)(0) — () 1) 4
23

= 1l—ga+2 = 4.
T+ x 3+
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10. (a)

dy = ,dy
ar Vo T
dy 1
dr 1442
(b)
Py 2y dy
ez~ (1+2)? do
B 2y 1
IO
_ 2y
(1422

(¢) Let y = f(z). Putting x = 0, we have f(0) + @ = 0 which
implies f(0) = 0. By (a) and (b), we have
1
) = —1
TO = Thor
2f _2f(0)
(0

f”(()) = - (

)2

Moreover

d*y 2y(3(1L+9°)*)(2y) —2(1 +¢°)° dy
da® (1+y?)° dx
1292 —2(1+¢%) 1
A+t 1+
1042 — 2
(L+y2)°
Thus f®(0) = —2. Therefore the Taylor serious of f(x) at x =0
is

f”(O)l'Z

£O) + £ O+ 1 e
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