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Problems that may be demonstrated in class :

km

Q1. Let m € N. Evaluate limy, 00 ) 5, an

Q2. Show that lnnTJrl < % for any positive integer n. Hence use comparison test to
prove that > o0, L is divergent.

Q3. Compute the following indefinite/definite integrals:

a) [ z3e*dx; b) [{ 2 2(Inz)%dz; (c) fol z?sinmadr; (d) [ sin 7z cos 2zdr;
e) [sectzdr;  (f) [sin?xcos?xdr; (g) fow/2 sin® zdx;  (h) f_ll sinh z sec® zdx;

i) [arcsinazdr; (j) [sinhzcoszdr; (k) [e*sin3zdz; (1) [tan®zsecd zdx.

Q4. Vn € Z with n > 0, let I, = [(arcsinz)"dz and J, = fol(arcsin x)"dz.

(a) Prove that I, 1o = z(arcsin 2)" "2 +(n+2)v/1 — 22(arcsin z)" ™ — (n+2) (n+1) I,;
(b) Prove that

g Ef/%( 1)*_”” nl (g) if n is even;
R S i TS zr"ol)/ (~1)"F " g (57, if n s odd.
Solutions :
QL. Let f(z) = 2™ for any x € R. Then f is continuous on [0, 1] and hence integrable
over [0, 1]. By definition of Riemann integrals,

A o1 & [k 1 gm+1 ! 1
nlglgo;nmﬂ—nlglgon-;f(n)—/o f(:v)dx—[m+1}0_m+1.

Q2. Fix a positive integer n. %

IN

1 for any x € [n,n + 1]. Then

1 n+1 1 n+1 1 1
lnn+ :/ dxg/ —dr = —.
n n n n

Note that

n—oo n—oo

oo n n
n+1 . k+1 : kE+1 .
Eﬁ In = nh_{rgo E In = lim In 11 = lim In(n+ 1) = +oc.

By comparison test, » -, % diverges to +o0.
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/l’3€2$dl’ = /333(1(62‘”) =~ (2% — 3/$2€2$d$ = —23e? — /:L"Qd(e%)
2 2 2 4
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= _g3e? — 3 r2e?® — 2/:ce2xd$
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1 1 [t 1
/ 2% sin mrdr = —/ z2d(cosmz) = — <[az2 cos Wx]é - 2/ x cos wxdm)
0 T Jo 0
1 2 [
=—— <—1 - / xd(sinwx))
m m™Jo

1 I 2 [ . ]1 /1 ) J
=—+ — | [zsinmz], — | sinmzdx
T 2 /o

1 2 1 ! 1 4
=—+—=5(0+|=-cosmz ==--=3.
v T v 0 ™ i
(d)

1
/x sin 7z cos 2zdx = 3 /x(sin 92 + sin bx)dz

| =

1 1
=1s xd(cos9x) — 0 /ZL‘d(COS 5x)

1 1
=13 <:c cos 9x — /cos 9xd:c> o (az cosbxr — /cos 5:cd33)

_ x cos 9z n sin9x  xcosbx n sin bx LC
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(e) Let u = tanz. Then du = sec? zdx.

3

/Sec4xda::/(tan2:v+1)-seczxd:c:/(UQ—i—l)du: %+u+0

tan® x
= +tanx + C.




(f)
.2 2 1 1 1 2
sin” z cos” xdx = 5(1 —cos2z) - 5(1 + cos2x)dx = 1 (1 — cos” 2x)dx

1 r sindx
8/( cos4dz)dx S % +C

/2 /2 0
/ sin® zdx = —/ (1 — cos® x)%d(cos ) = —/ (1 —u?)?du
0 0 1

1 571
2 u 8
= [ Q-2 +uMdu=|u—ud+ 1| =~
/0( u® +u”)du [u U 5]0 T

1 0 1
/ sinh z sec® zdx = / sinh z sec® zdx + / sinh z sec® zdx
-1 -1 0

0 1
=— / sinh(—z) sec®(—x)dz + / sinh z sec® xda
-1 0

-1 1
= —/ sinh(—z) sec®(—z)d(—x) +/ sinh z sec® zdx
0 0

1 1
= — / sinh y sec? ydy + / sinh z sec® zdx = 0.
0 0

(i) Let u =1 — 22. Then du = —2xdx.

arcsinzdr = zarcsinz — [ xd(arcsinx) = zarcsinx — ﬁdw
-

. 1
= warcsm:r—{—/m

=garcsinz + V1 —22+C.

du = zarcsinz + /u + C

/ sinh x cos xdx = / sinh zd(sinz) = sinh x sinx — / sin zd(sinh z)
=sinhxsinz + / cosh zd(cos )

= sinhx sinx + coshx cosz — / sinh x cos xdx.
Rearranging the terms, we get

1
/sinh:r cos xdx = §(sinhx sinz + coshz cosx) + C.

/e“ sin 3zdx = /sin 3xd(e®) = e*sin3x — 3 / e” cos 3xdx
=e*sin3zr — 3 / cos 3xd(e”)

=e"sin3z — 3e¥cos3x — 9 / e” sin 3zdzx.



Rearranging the terms, we get
ew
/ez sin 3zdx = E(sin 3z —3cos3x) + C.

(1) Let Iy, = [ tan™ z sec™ zdx for any non-negative integers m and n. For m > 2,

Iy = /tanm_2 z(sec? z — 1) sec” xdr = Im—ont2 — Im—2n

1
= 1 /sec” xal(tanm*1 x) = Lp—on

m p—
1 m—1 n m—1 n
= ] tan xsec"x — [ tan zd(sec" x) | — Im—2n
m J—
tan™ !z sec™ x n
= - Im,n —Im—2n-
m—1 m—1
Then
m+n-—1 tan™ 1 zsec x
T me T et T
T _ m—1 7 +tanm_lxsec”:c
Lo m+n—1m72’n m-+n—1
For n > 2,

Ijpn = /tanm ac(taua2 x+1) sec" 2 pdx = Imn—2+ Im+on—2

m+1 tan” ! zsec" 2z
BT e T
o m+ 1 o tan™t! zsec" %z
' m+n—1 " m+n—1
. n—2 tan™t! xsec” 2z
T mtn-—1 ™" m+n-—1

Now we apply these reduction formulae:

s = — 2—1 103+tan2_1msec3$:_@+tanmsec3$
’ 2+3-1"7 2+3-1 4 ’
Tos = 3—2 Tos o+ tan?t! xsec3 22 _ @ n tan x secT
’ 0+3-1"7 0+3—-1 2 ’

Iy = /sec xdr = In|tanz + secz| + C,

1 /1 tan xrsecx tanz:sec3 Z
D=L (m > +

4\ 2 2 4

1 tan x secx tan z sec® x
= —gln\tanx—l-secﬂ - 3 + 1 +C.

1
=3 (tanmsec?’ x + tan® zsec z — In|tan z + sec z|) + C.



It =x(arcsinz)" 2 — /xd(arcsin x)"t?

=z(arcsinz)" "2 — (n + 2) (arcsin )" dz

x
V1-—a?
=z (arcsinz)" ™2 4 (n + 2) /(arcsin )" d(\/1 — 22?)
=z (arcsinz)" "2 4 (n + 2) M(arcsin z)"

—(n+2) / V1 — 22d((arcsin )" 1)
=z (arcsinz)" "2 4 (n + 2) M(arcsin )" — (n42)(n+ 1)1,.

(b) Suppose n is any non-negative integer. Let .J,, = fol(arcsin x)"dz. By part (a),

1
Jpio = [x(arcsin z)"? + (n 4+ 2)v/1 — 22(arcsin x)”“} 0 n+2)(n+1)J,

_ (g)"” — (n+2)(n + 1),

Note that Jo = [y dz =1 = 3"%(~1)57"2(5)* and by Q3(0),

@)
I 7
Ji = [xarcsina:—k 1 —xQ} =——1
o 2
(1-1)/2
1+1 1-1_ A
=(=1)7 -1+ E (-1) (2r1+'1)'(§)2 +1
r=0

k

_p (2K g2
JZ’“:;(_N 227-;! <§) ’
Facer = (1) (2k + 1) +; e
Then
N 2k+2
Jokto = (5) — (2k +2)(2k + 1) Joy,
7N 2k42 k (2K)! 2
:(5) —(2k+2)(2k+1)g( 1)k- onT ( )
B (2k + 2)! (ht1) & 2k +2)! fmN 2
= (O T (5 ) +§) D e (3)

k+1

=2 (0 ’”%zt)?) (3)



and

™

2k+3
Jokss = (§> (2 + 3)(2k + 2) Jogir

k
= (g>2k+3 + (=DF2(2k + 3)! + Z(_l)kﬂﬂw (g)?r—i—l

r=0 (2T + 1)'
k+1 )
= (1) (2k + 3)! + TE%(_uk—i—l—rm (g)z o

By mathematical induction, we have for any non-negative integer k,

k
_, (2k)! 2T
J%:TE%(_N (27«;! <§) ’
k
o = (DM ) S G ()

which implies that for any non-negative integer n,

o Z:/%( ),_T nl (%) if n is even;
! (-1 )”iln'+z 1) (= )nTilir(w?jr!l)!(g)%H’ if s odd.



