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Problems that may be demonstrated in class :

Q1. Let m ∈ N. Evaluate limn→∞
∑n

k=1
km

nm+1 .

Q2. Show that ln n+1
n ≤ 1

n for any positive integer n. Hence use comparison test to
prove that

∑∞
n=1

1
n is divergent.

Q3. Compute the following indefinite/definite integrals:

(a)
∫
x3e2xdx; (b)

∫ e
1 x
−2(lnx)2dx; (c)

∫ 1
0 x

2 sinπxdx; (d)
∫
x sin 7x cos 2xdx;

(e)
∫

sec4 xdx; (f)
∫

sin2 x cos2 xdx; (g)
∫ π/2
0 sin5 xdx; (h)

∫ 1
−1 sinhx sec3 xdx;

(i)
∫

arcsinxdx; (j)
∫

sinhx cosxdx; (k)
∫
ex sin 3xdx; (l)

∫
tan2 x sec3 xdx.

Q4. ∀n ∈ Z with n ≥ 0, let In =
∫

(arcsinx)ndx and Jn =
∫ 1
0 (arcsinx)ndx.

(a) Prove that In+2 = x(arcsinx)n+2+(n+2)
√

1− x2(arcsinx)n+1−(n+2)(n+1)In;

(b) Prove that

Jn =

{∑n/2
r=0(−1)

n
2
−r n!

(2r)!(
π
2 )2r, if n is even;

(−1)
n+1
2 n! +

∑(n−1)/2
r=0 (−1)

n−1
2
−r n!

(2r+1)!(
π
2 )2r+1, if n is odd.

Solutions :

Q1. Let f(x) = xm for any x ∈ R. Then f is continuous on [0, 1] and hence integrable
over [0, 1]. By definition of Riemann integrals,

lim
n→∞

n∑
k=1

km

nm+1
= lim

n→∞

1

n
·
n∑
k=1

f

(
k

n

)
=

∫ 1

0
f(x)dx =

[
xm+1

m+ 1

]1
0

=
1

m+ 1
.

Q2. Fix a positive integer n. 1
x ≤

1
n for any x ∈ [n, n+ 1]. Then

ln
n+ 1

n
=

∫ n+1

n

1

x
dx ≤

∫ n+1

n

1

n
dx =

1

n
.

Note that

∞∑
n=1

ln
n+ 1

n
= lim

n→∞

n∑
k=1

ln
k + 1

k
= lim

n→∞
ln

n∏
k=1

k + 1

k
= lim

n→∞
ln(n+ 1) = +∞.

By comparison test,
∑∞

n=1
1
n diverges to +∞.
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Q3. (a) ∫
x3e2xdx =

1

2

∫
x3d(e2x) =

1

2

(
x3e2x − 3

∫
x2e2xdx

)
=

1

2
x3e2x − 3

4

∫
x2d(e2x)

=
1

2
x3e2x − 3

4

(
x2e2x − 2

∫
xe2xdx

)
=

1

2
x3e2x − 3

4
x2e2x +

3

4

∫
xd(e2x)

=
1

2
x3e2x − 3

4
x2e2x +

3

4

(
xe2x −

∫
e2xdx

)
=

(4x3 − 6x2 + 6x− 3)e2x

8
+ C.

(b) ∫ e

1
x−2(lnx)2dx = −

∫ e

1
(lnx)2d(x−1) = −

([
x−1(lnx)2

]e
1
− 2

∫ e

1
x−2 lnxdx

)
= −1

e
− 2

∫ e

1
lnxd(x−1) = −1

e
− 2

([
x−1(lnx)

]e
1
−
∫ e

1

dx

x2

)
= −1

e
− 2

(
1

e
+

[
1

x

]e
1

)
= −1

e
− 2

(
1

e
+

1

e
− 1

)
= 2− 5

e
.

(c) ∫ 1

0
x2 sinπxdx = − 1

π

∫ 1

0
x2d(cosπx) = − 1

π

([
x2 cosπx

]1
0
− 2

∫ 1

0
x cosπxdx

)
= − 1

π

(
−1− 2

π

∫ 1

0
xd(sinπx)

)
=

1

π
+

2

π2

(
[x sinπx]10 −

∫ 1

0
sinπxdx

)
=

1

π
+

2

π2

(
0 +

[
1

π
cosπx

]1
0

)
=

1

π
− 4

π3
.

(d) ∫
x sin 7x cos 2xdx =

1

2

∫
x(sin 9x+ sin 5x)dx

= − 1

18

∫
xd(cos 9x)− 1

10

∫
xd(cos 5x)

= − 1

18

(
x cos 9x−

∫
cos 9xdx

)
− 1

10

(
x cos 5x−

∫
cos 5xdx

)
= −x cos 9x

18
+

sin 9x

162
− x cos 5x

10
+

sin 5x

50
+ C.

(e) Let u = tanx. Then du = sec2 xdx.∫
sec4 xdx =

∫
(tan2 x+ 1) · sec2 xdx =

∫
(u2 + 1)du =

u3

3
+ u+ C

=
tan3 x

3
+ tanx+ C.
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(f) ∫
sin2 x cos2 xdx =

∫
1

2
(1− cos 2x) · 1

2
(1 + cos 2x)dx =

1

4

∫
(1− cos2 2x)dx

=
1

8

∫
(1− cos 4x)dx =

x

8
− sin 4x

32
+ C.

(g) ∫ π/2

0
sin5 xdx = −

∫ π/2

0
(1− cos2 x)2d(cosx) = −

∫ 0

1
(1− u2)2du

=

∫ 1

0
(1− 2u2 + u4)du =

[
u− 2

3
u3 +

u5

5

]1
0

=
8

15
.

(h) ∫ 1

−1
sinhx sec3 xdx =

∫ 0

−1
sinhx sec3 xdx+

∫ 1

0
sinhx sec3 xdx

= −
∫ 0

−1
sinh(−x) sec3(−x)dx+

∫ 1

0
sinhx sec3 xdx

= −
∫ −1
0

sinh(−x) sec3(−x)d(−x) +

∫ 1

0
sinhx sec3 xdx

= −
∫ 1

0
sinh y sec3 ydy +

∫ 1

0
sinhx sec3 xdx = 0.

(i) Let u = 1− x2. Then du = −2xdx.∫
arcsinxdx = x arcsinx−

∫
xd(arcsinx) = x arcsinx−

∫
x√

1− x2
dx

= x arcsinx+

∫
1

2
√
u
du = x arcsinx+

√
u+ C

= x arcsinx+
√

1− x2 + C.

(j) ∫
sinhx cosxdx =

∫
sinhxd(sinx) = sinhx sinx−

∫
sinxd(sinhx)

= sinhx sinx+

∫
coshxd(cosx)

= sinhx sinx+ coshx cosx−
∫

sinhx cosxdx.

Rearranging the terms, we get∫
sinhx cosxdx =

1

2
(sinhx sinx+ coshx cosx) + C.

(k) ∫
ex sin 3xdx =

∫
sin 3xd(ex) = ex sin 3x− 3

∫
ex cos 3xdx

= ex sin 3x− 3

∫
cos 3xd(ex)

= ex sin 3x− 3ex cos 3x− 9

∫
ex sin 3xdx.
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Rearranging the terms, we get∫
ex sin 3xdx =

ex

10
(sin 3x− 3 cos 3x) + C.

(l) Let Im,n =
∫

tanm x secn xdx for any non-negative integers m and n. For m ≥ 2,

Im,n =

∫
tanm−2 x(sec2 x− 1) secn xdx = Im−2,n+2 − Im−2,n

=
1

m− 1

∫
secn xd(tanm−1 x)− Im−2,n

=
1

m− 1

(
tanm−1 x secn x−

∫
tanm−1 xd(secn x)

)
− Im−2,n

=
tanm−1 x secn x

m− 1
− n

m− 1
Im,n − Im−2,n.

Then

m+ n− 1

m− 1
Im,n = −Im−2,n +

tanm−1 x secn x

m− 1
,

∴ Im,n = − m− 1

m+ n− 1
Im−2,n +

tanm−1 x secn x

m+ n− 1
.

For n ≥ 2,

Im,n =

∫
tanm x(tan2 x+ 1) secn−2 xdx = Im,n−2 + Im+2,n−2

= Im,n−2 −
m+ 1

m+ n− 1
Im,n−2 +

tanm+1 x secn−2 x

m+ n− 1

= Im,n−2 −
m+ 1

m+ n− 1
Im,n−2 +

tanm+1 x secn−2 x

m+ n− 1

=
n− 2

m+ n− 1
Im,n−2 +

tanm+1 x secn−2 x

m+ n− 1
.

Now we apply these reduction formulae:

I2,3 = − 2− 1

2 + 3− 1
I0,3 +

tan2−1 x sec3 x

2 + 3− 1
= −I0,3

4
+

tanx sec3 x

4
,

I0,3 =
3− 2

0 + 3− 1
I0,3−2 +

tan0+1 x sec3−2 x

0 + 3− 1
=
I0,1
2

+
tanx secx

2
,

I0,1 =

∫
secxdx = ln|tanx+ secx|+ C,

∴ I2,3 = −1

4

(
I0,1
2

+
tanx secx

2

)
+

tanx sec3 x

4

= −1

8
ln|tanx+ secx| − tanx secx

8
+

tanx sec3 x

4
+ C.

=
1

8

(
tanx sec3 x+ tan3 x secx− ln|tanx+ secx|

)
+ C.
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Q4. (a)

In+2 =x(arcsinx)n+2 −
∫
xd(arcsinx)n+2

=x(arcsinx)n+2 − (n+ 2)

∫
x√

1− x2
(arcsinx)n+1dx

=x(arcsinx)n+2 + (n+ 2)

∫
(arcsinx)n+1d(

√
1− x2)

=x(arcsinx)n+2 + (n+ 2)
√

1− x2(arcsinx)n+1

− (n+ 2)

∫ √
1− x2d((arcsinx)n+1)

=x(arcsinx)n+2 + (n+ 2)
√

1− x2(arcsinx)n+1 − (n+ 2)(n+ 1)In.

(b) Suppose n is any non-negative integer. Let Jn =
∫ 1
0 (arcsinx)ndx. By part (a),

Jn+2 =
[
x(arcsinx)n+2 + (n+ 2)

√
1− x2(arcsinx)n+1

]1
0
− (n+ 2)(n+ 1)Jn

=
(π

2

)n+2
− (n+ 2)(n+ 1)Jn.

Note that J0 =
∫ 1
0 dx = 1 =

∑0/2
r=0(−1)

0
2
−r 0!

(2r)!(
π
2 )2r and by Q3(i),

J1 =
[
x arcsinx+

√
1− x2

]1
0

=
π

2
− 1

= (−1)
1+1
2 · 1! +

(1−1)/2∑
r=0

(−1)
1−1
2
−r 1!

(2r+1)!(
π
2 )2r+1.

Assume for some non-negative integer k,

J2k =
k∑
r=0

(−1)k−r
(2k)!

(2r)!

(π
2

)2r
,

J2k+1 = (−1)k+1(2k + 1)! +

k∑
r=0

(−1)k−r
(2k + 1)!

(2r + 1)!

(
π
2

)2r+1
.

Then

J2k+2 =
(π

2

)2k+2
− (2k + 2)(2k + 1)J2k

=
(π

2

)2k+2
− (2k + 2)(2k + 1)

k∑
r=0

(−1)k−r
(2k)!

(2r)!

(π
2

)2r
= (−1)k+1−(k+1) (2k + 2)!

(2(k + 1))!

(π
2

)2(k+1)
+

k∑
r=0

(−1)k+1−r (2k + 2)!

(2r)!

(π
2

)2r
=

k+1∑
r=0

(−1)k+1−r (2k + 2)!

(2r)!

(π
2

)2r
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and

J2k+3 =
(π

2

)2k+3
− (2k + 3)(2k + 2)J2k+1

=
(π

2

)2k+3
+ (−1)k+2(2k + 3)! +

k∑
r=0

(−1)k+1−r (2k + 3)!

(2r + 1)!

(π
2

)2r+1

= (−1)k+2(2k + 3)! +
k+1∑
r=0

(−1)k+1−r (2k + 3)!

(2r + 1)!

(π
2

)2r+1
.

By mathematical induction, we have for any non-negative integer k,

J2k =
k∑
r=0

(−1)k−r
(2k)!

(2r)!

(π
2

)2r
,

J2k+1 = (−1)k+1(2k + 1)! +

k∑
r=0

(−1)k−r
(2k + 1)!

(2r + 1)!

(
π
2

)2r+1
,

which implies that for any non-negative integer n,

Jn =

{∑n/2
r=0(−1)

n
2
−r n!

(2r)!(
π
2 )2r, if n is even;

(−1)
n+1
2 n! +

∑(n−1)/2
r=0 (−1)

n−1
2
−r n!

(2r+1)!(
π
2 )2r+1, if n is odd.
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