Notes on the Extreme Value Theorem (Flowchart)

Statement of the EVT

Assumptions: (i) f defined on [a,b]. (ii) f continuous.

Claim: f has ‘absolute’ (or ‘global’) maximum value, M, attained by the ‘absolute’ maxi-
mum point(s) xys. Similarly, f has ‘absolute’ minimum value m attained by the ‘absolute’
minimum point(s) x,, (they are both in [a, b]!)

Remark. When we write ‘point(s)’, we want to emphasize the fact that there may be
more than one point.

Flowchart of the Proof.

Look at the ‘range’, i.e. Ry, of the function f defined on the domain |a, b].
+

Show, via contradiction proof, that Ry is a bounded set. (Here we
have to use the ‘Deep Result’ of real numbers, the Bolzano-Weierstrass
Theorem and also the continuity of the function f.)

!

By subtracting 1 from sup(Ry), we get a sequence of points (y,) s.t.

lim,, o0 Y = sup(Ry). |This sequence is a subset of Ry !
T

Note that, by definition of ‘range’, each v, is the image of at least one
x,, via the function f. Hence we get a sequence (z,,) in [a, b]

1
Note that while y, go to sup(Ry), the sequence (z,) may not be

convergent in [a, b]. |L.e. it may not have a limit in the set [a, 0]

Apply Bolzano-Weierstrass Theorem here to get a subsequence (z,,)
which is convergent in [a, b].

1

Denote the limit of (z,,) by «, then by continuity of f, we get
limy_,o0 ,, = o and can show that « is the absolute max. point.

In the following pages, we will explain the above ‘program’ in detail.

* We will only consider the ‘absolute maximum’ case. The proof of the ‘absolute minimum’
case is completely analogous.
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