
 

Unified treatment of Green's Stokes and DivergenceTheorems

Stokes Thm in notations of differential fans in 1133

Waking definition ofdifferential fans
4 A differential 1 form or simply tfam
is a linear combination of the symbols DX dy DE

I w W dx t w zdy t w d z

w'th coefficients Wi Wa Wz are functions on
1133

et The total differential of a smooth function f
is a differential 1 fam

df 3 dx t dy t dz

Wedge product het n be an operation such that

DXidk dyndy derde 0

dx ndy dyrdx
dy adz Id Izdz rdx

and satisfies other usual rules ai arithmetic

ie If w wi dx t w zdy t w d z

Y y DX t n zdy t 73 dZ



then we have

way w dxtwzdy.tw de n ydxtyadytysdt

w dx lX t wadgey dxt as der 7DX
O

t w dxnyzdytwzdyfyzdy wsdzryzdy

widxnyi.dz t wady r g de
t wsdZ 3 2

wine wig dxrdy
we73 Wzyz dyad2

Wifi Ws73 dzndX

I Why ways Wsp dyndZ

Wsh w Ys dzndx

with way dxady

Linear combinations of dyndt dzrdx dxidy
are called differential 2 fans m 1133

5 5 dyndz t 5zdZrdX 53 dxrdy

Similarly if w is a l fam and

is a 2 fam
then wecan define WAS



G If we DX 5 dyndt
then wig dx r dy nd't

Note that we insist on the antitativity ofwedge
product we have

dxndyndz dyndxidz
dy a dz rdx
der dyAdx
der dx ndy
DX r d z ndy

And dxndxidy o whenever one of the
DX dy.dz repeated

Hence as drink 3 all linearcombinations of 3 fans

are just fdxndyndz
which is called a differential 3 fam also called

a volume fam if f o

Note It is convenient to call smooth functions f
the differential atoms



Summary Conpp3

O fam f

1 fam i w dxtwzdytwz.dz
Z form 3 dyndt 3zdzrdxt3sdxrdy

3 form g dxndyndt

where f g Wo Si are smooth functions

Note Onecan artainly define k fam faaay.kzo Bates

1133 k forms are zero fate 3

dx ie dx r dy adz o where did DX dy adz

ChangeofVariablesFormula R2
x KYU
y ycu.us
DX Xu diet Xvdt
dy yudutyrdo

dxidy fxudutxvdvwyudutyadb
cxuy.ir Yuya dunder

f Xu XuYu guldurdu



dxndy 3 dund

E Jacobian determinant

Hence naturally

SS fix y dxndyfffcxcumyca.no Yy durdu

Comparewith

fffixysdxdg SSScxcuiyycu.is 3YGY

dudrSeinilarlyfagx
Xcu v w

y y y cu v w
2 ECU V W

dxndyndz axis z
w
dundundw Ex

using dx Xudu Xudu xwdw

Oriented change of variables formula

dxrdg oriented area element

dxndyndz oriented volume element

see later remark



Exterior differentiation d m a fam w

O fam df 1 form

1 form W Wdxtwzdytwgdzdw dwpdxtdwzndytdwz.net't
Z form

z fam dy degndyndt
3 5 dyndEt3zdEndX dszndzndx 3 fo'm

Ssdxndy t d3zndXndy

3 form
f dxndyndz dfndxidgndz OC4 fa.us

in 423

e.gO dfdxj dldyj dldzj 0 fdx dy d.az _o

egl ink w Mdx Ndy M Maggs N NCxy

then dw dMrdxtdNndy
xdxtMydyJrdXtfNxdxtNydgJndy

CNx MySdxy.dy eaientedarea

In this notation Green's Thin
d pMdxtNdy

f CNxMy dXdy

canbewritten as w
1



Remardi If we let E Mi Nj w

MdxtNdytheuxFJ.ndA CNx My7k.ndA dw
nm

j x

AI 1 dandy

Hence ifwe use then
E I

t.no t
fdxndy

if A I

dyndx if n D
orientationof the surface

egg 5 5 dyndz tszdzndx 3 dkdy

Then d3 d3 ndynd't t d3udzidxtdsidxidg
z dx indyndz

f 12 dytijndzrdx
f.at 3zdzJndxrdy

IIxtIIytfI dxndyndz
dive dxndyndz
where F 5111324153



Hence the divergence theorem can bewritten as i

ve oriented
S dS f f t tI dMd volume

dirt DV f F rid r
s D outward

To seethe relation between E Adr and 5

we parametrize 5
Fca xcuixitycyuyjtzcu.us I

Fu _xuityuj Zuk
fr _Xvi 1Yuji tuk

axial Htt His S hi
If FuXiu is outward then correct

it YffIfy and daffuxful duda
orientation

IFuxFnl dandr

then F Ado E YffffTy truthdander

G3Yu siftings 13345 danda

3 dyndztkdzndx 3esDXAdy

3



I Stands is
dynd7tSzdHdxtSsdxndg

SS's
f 8D

Hence divergence them is

5 2 fam

egfstohesi hm

E MitwftLI GW mdx Ndy t.dz

Then dw Lg Nz dyndz Mz Lx dzrdXCEX.lt
Nx My dXrdg

F vids Ext
Stokestnes

E.de ojo gSdw gfExE2onda
G a



Generalization to manifold of
n dimension with

boundary shipped

M n divine Manifold
oriented

2M boundary oriented with induced
orientation

w n h fam on M smooth

Then

µdw
µM

Tr
n dunk C D death
integral integral

Note 3M is always closed de no boundary

i.FM ToIt
boundary has no boundary as a closed awe



Hence if w d2 for some Cn D famy they

then
gµddp µdw µw

Sandton
naay2

This suggests 01 f differential fam

Ex Verify this for o fam and
I fam wi R3

and observes that these are just
TX Ff O dF oj

F Tx EJ 0 da o

G let w ftp.dxtx yd9
heok dw 0

But Wfdf fray smooth function on IRI



sluice w do and o isnot defined on 1122410,01

Hence dw o weedy in general

T
yes

Note Thado can be written as i

path swiply connected then smooth

due 0 w df forsomefunction
four


