
 

Furthermore we have

PropI let Ria b Xtc d be a closed rectangle

fix y and gang be functions on R and

k e IR is a constant

1 If f e g are integrable over R then f IS and

Kf are integrable over R

2 In the case ofID wehave

HIGJcxipdA fffcx.gsdat flag DA

and ff kfixy DA k fix y DA
R

Ef Omitted Obviousfromthe concept ofRiemann sum

Remade This Prop3 implies that the set of integrablefunctions
over fixed R forms a vector space over R

double integral is linear



Prod a If fixy 20 is an integrablefunction on a closed
rectangle R then

this DA I 0

b If Ri and R z be two closed rectangles such that

int R n witRz 0 then

ftp.flxysdA pfftxissdA ffzfcxiddA

f a integrable function over R U Ra

Pf Omitted obviousfrom the conceptofRiemann sum

Note Various situations for intR n int R2 0
l Z

R Rz RI

R inRz commonedge Rz
witR n inRz 0

3 4
R RI

Rz R2

we haven't define Sff DA fa cases
RiUR2

Henceweneedto define double integrals over general regions



Double Integrals over General Regions

For non rectangular bonded closed 4

Y c

b Hf

There are two ways to form the sum

d sum our ale subrectangles completely inside R

s snuffof
all subretangles with non empty

aiferseotia

Or one can define theintegrals as follows
texas

closedrectangle
containing R

Deff let R be a bonded region and fixy be a

function defined on R For any rectangle Rb R

define
egg Hoy

Kid ER

Cxy C RTR
Then the integral of f over R is defined by

fays da SS FlyyidA
R



Reward The definition is well defined ie doesn't depend

on the choice of R If R is another rectangle
set R s R and

Fay f
xD existc R
o IXy f RKR

Then

µ Ex y DA F DA

R
by Prop 4 lbs R

Prod The propositions I 4 hold if we replace
closedrectangle by closedand bounded region

togetherwith the Prop29

Important special types of bonded regions R

Typed R L Ky aEXEb g eyeful
where g andg are continua

g
functions on Iasb

I f R l
GRGz but 9 92 l if is

gCX



Type Z R Lexy h ly EXEholy CEyed

where h andhe are continuous

functions on TeDT d
f hey

h E ha but he had R
c

For these 2 types ofbounded regions wehave

ThMI Fubini's Thm stronger version

Lettay be a continuous function on a closedand bounded
region R

d If R is of type is as above then

fHDdA fab y dy dx I'fixy dyDX

If R is of type as above then

f they'dA fixg daddy d dxG

Rfi Type4 i Extend fangs to FGM

as in thedefinition ontherectangle
af y

R 9d

R a b xEsd suchthat

c nai g ly g exEab
d Fff 9dg



Bydefinition 2

f fHysdA Easy DA

FedExg dy d Fabiaidstfam

f

containasMR Fantaiums on R except possibly on the
boundary curves of R Hence byProp25 F infact IFI
is integrable over R Andthe Fubinitheorem 1stfan is
in fact true for absolutely integrable functions as a

rectangle

Now Foxy o fu Ying and y 792W
and Foxy fully for Gilbey Egdx

c JffixiddA Jab fury dy dx

Type can be proved suirilarly

elf7 Integrate fixy 4y 12

over the region bounded by y X2 and y 2X

se Eating 7.59



4
y

aye dy DX

E
Lx ry 2 4 6 414 DX

check

cry rejected

sq checko 2

In fact R is also of type and Fubini's

fixysdA J JIC4ytDdx dy
14City12 Cry E dy

5 check

egg Evaluate f Sjsin dxdy

Sold
Regard got fg'su d dy as a doubleintegral

of sm over theregion y x

TEXEL and 0EYEI 1 f
y qi

ByFubini's o

X X I

ym dxdy SIX dyDX
o X

Sol seis XIX I Ces1

Caution fix yj su doesn't define at x o whycan we use
Fubini fuss 20 It except on a line



egI Find S xdA where R is the region in the right
half plane bounded by y 0 xty o and the unit

circle

Region R as in the figure i y o

x F
By Fubini's

xdA LI fyF5xdx dg
I xtyoweedtosdueegf.fr

aipaaitx4yE1

ffzCI y3dy Check
1 9 0

g

check
reject g tf

Alternatively y o

o
l l l y TEt

fpfxdA fYf xdy dx x y o
X
O

xdg ax
Ttx

x2dx J'zxffxedx check

t check


