THE CHINESE UNIVERSITY OF HonG KoNG
DEPARTMENT OF MATHEMATICS
MATH3060 Mathematical Analysis III
Mid-term Examination

October 26, 2016

Answer all the questions.
Justify your steps and simplify your answers.

Notation: For functions f and g defined on the interval [a, b], we denote

(7,9) = [*17(z) ~ g(a)ldz and da(f,g) = (I 1f(a) - o(e)Paiz) "

(1) (25 points) Find the Fourier series of f(z) = |z| on [—m, 7] and

show that
W—2=1+l+l_|_...-
8 32 52 ’
i:1+l+l+...
96 3¢ 5

(2) (25 points) Let a, and b, be the Fourier coefficients of some
2m-periodic Riemann integrable function f.

(a) Show that for all r € [0,1),
[e.e]
ag + Z ™ (an cosnz + b, sin nz)
k=1
is uniformly convergent to some continuous function f,(zx)

on [—, .

(b) Show that

T 1 _7,2
frlz) = /ﬂ 27(1 — 2rcosf + rg)f(x +8)ds.

(P.T.0.)



(3) (25 points)
(a) Show that d'(f, g) = da(f',¢') is not a metric on Cj, the
set of continuously differentiable 27-periodic functions.
(b) Show that d'(f, g) is a metric on the subset £ = {f € Cj, :
[7, F@)dz = 0}.
(¢) Show that f, — f in (E,d') implies f, — f in (£, da).
(d) Is the converse statement of (c) true? Justify your answer
by a i)roof or a co‘unterexample.
(4) (25 points)
(a) Let d and p be metrics on X. Suppose that p is stronger
than d. Show that an open set in (X, d) is also open in
(X, p). ‘
(b) Is an open set in (C[0,1],d;) also open in (C0,1],ds)?
Justify your answer by a proof or a counterexample.
(¢) Is an open set in (C[0,1],ds) also open in (C[0,1],d1)?
Justify your answer by a proof or a counterexample.

(End)
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