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Solution 1

1. Let f be a 2m-periodic function integrable on [—m, 7r]. Show that it is integrable over any
finite interval and

[t@e= [ s

1 —7

for any interval I of length 2.

Solution It is clear that f is also integrable on [nm, (n + 2)7]|, n € Z, so it is integrable

on any finite interval. Let I = [a,a + 27| for some real number a. Since the length of I is
27, there exists some n such that nm € I but (n + 2)7 does not belong to the interior of

I. We have o . o
/ f(w)dx=/ f(a:)da:+/ flx)de.

™

/amf(a?)da; = /a(n+2)7r f(z)dz

+27

Using

(by a change of variables), we get

/:Hﬂ f(z)dz = /a(n+2)7r f(z)dz + /a+27f f(z)dz = /n(nﬁ)ﬂ.

+27 nm 7

Now, using a change of variables again we get

(n+2)m ™
/ f(z)dx = f(x)dx.

™ —T
2. Show that the Fourier series of every even function is a cosine series and the Fourier series
of every odd function is a sine series.

Solution Write -
f(z) ~ap+ Z(an cos nx + by, sin nzx).

n=1

Suppose f(x) is an even function. Then, for n > 1, we have

by, = ;_/ﬂ sinnz f(z)dx = 717[/0 Sinnznf(x)dm+/07rsinnxf(x)d:v].

—T —T

By a change of variable and using f(—x) = f(«x) since f(z) is an even function,

/0 sinnz f(z)dr = /7T sin(—nz) f(—z)dx = — /7T sinnz f(z)dz,
0 0

—Tr

one has

by, = [—/0 sinnx f(x)dx +/0 sinnz f(x)dz] = 0.

T
Hence the Fourier series of every even function f is a cosine series.

Now suppose f(z) is an odd function. Then, for n > 1, we have

ap = 71r/7r cosnzf(z)dr = i[/o cosmsf(x)da:+/Oﬁcosnxf(:z:)daz].

—Tr —Tr
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By a change of variable and using f(—x) = —f(x) since f(z) is an odd function,

/0 cosnzf(x)dr = /7T cos(—nx) f(—x)dx = — /7r cosnz f(z)dx,
0 0

—T

one has . - -
an, = [—/ cosnz f(x)dx +/ cosnx f(x)dz] = 0.
(0 0 0
Furthermore, by a change of variable and using f (—x) = —f(x),
1 1
@ = o f() - | " e dx+/f )da]
™ —T

27r/f dx—i—/f )dx] = 0.

Hence the Fourier series of every odd function f is a sine series.

3. Each of the following functions (on the left hand side) are defined on [—7, 7]. Sketch the
2m-periodic expansion and verify their Fourier expansion on the right hand side.

(a)

i n+1
[ p—— 42 cos N,
(b)

MINLAES Sl (2n — 1)
T~ = — —F——F X X COS( Z2n — X
2 T (2n—1) ’

flx) = Lo zel 2 i sm (2n — 1)z,
| -1, z€[-70 T 12n

| z(r—2z), ze[0,m) 8 «— 1 .
g(x) = { z(m+x), x€(—mn0) — Z (2n —1)3 sin(2n — 1)z

n=1

Solution

(a) Consider the function fi(z) = 2. As fi(z) is even, its Fourier series is a cosine series

and hence b, = 0.
w 2

1 /Tr 9 1 23 T
ay = — idr = ——| = —,
2 J_, 2r 3 |_. 3
and by integration by parts,
1 ™
an = / 22 cos nxdz
m —T
1 T 2 [T
= —2’sinnz - — r sinnxdx
nmw . nm
™ 2 s
= Tx cos Nx 5 cos nxdx
n SRR (R (g -
—1)»
_ e

n2
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(b) Consider the function fa(z) = |z|. As fa(z) is even, its Fourier series is a cosine series

and hence b, = 0.

1 ™ 2|

1
ag = — |x|dx = -
2m 2m 2

T
9 )

—TT s

and by integration by parts,

1 /7 2 (7
ap = — |x| cosnaxdr = — | xcosnzdx
™ m™Jo

2
= —uzsinnz
nm

—T
m T

- — sin nxdx
0 nm 0
s

2

= — TCOS’II%’
nem

0

(¢) As f(x) is odd, its Fourier series is a sine series and hence a,, = 0.

1 [7 2 [T
by, = — f(x)sinnxdr = / sin nxdz
T - T 0
s

2
= —cosnx
nmw

0
ey -1

(d) As g(z) is odd, its Fourier series is a sine series and hence a,, = 0. By integration by

parts,
IRV 2 (7 ,
b, = — g(z)sinnzdr = — [ x(m — x)sinnxdx
™ J_x m™Jo
2 T 4
=— —a(r—xz)cosnz| +— [ (m—2z)cosnzdr
nim 0 nm Jo
2 T 4
= %(ﬂ' —2z)sinnx| + g sin nxdz
0 0
4 ™
= — 3 CcosnNx
n 0
4
=3 [(=1)" = 1]

4. Consider the function f(x) = 2? on (0,27] ‘and its 27-periodic extension f oy flz) =
f(z — 2km) for x € (2km, 2(k + 1)7], Sketch f and show that

for x € [0, 27].
Solution

Consider the function f(z) = 2.

T, 1 a3
= — d = -_—
@0 27r/_x YT o3
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and by integration by parts,

and

47
o

1 27
_ 2
ap = — x“ cos nxdx
™ Jo
27 2
9 . 1 .
= —x*sinnx| — — z sin nxdx
nm 0 nm Jo
92 2 2 2
= —S-xcosnr| — —— cosnzdr
n2mw 0 n*m Jo
4
=2
1 2 )
= — 2% sin nzdx
™ Jo
27 2 21
2
= — —zx“cosnx| + — T cos nxdx
nmw 0 nm Jo
4r 2 g 2w
=—-——+ 5= sinnx| — —= sin nxdx
n n4m 0 nm Jo




