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Interchanging thevariables YE Yy

Then the new mapping EHI satisfies the condition
in case 1 Applying case 1 to F then interchanging

back to Xi Xie

step let by K k
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from region Ri to REKCRD Then foranyfunction

f Yi Yz on Rz
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can be regarded as a transformation of T variable
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Note also that Rz is of special fam
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step If the changeofvariables formula holds
for F G then it holds fa FoG

Ef Easily by 5 FOG JCF JCG drainRule
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Finalstep Combutg steps I 3 and using additivity

property of integration we've proved the Thun6

f a general change of variables formula

Actually this appliesto all dimensions



VectorAnalysis

Notation Usually in textbooks vectors are denoted by

boldface i but hard to do it on screen

so my notation of vectors are

general vectors T E F F
differential

unit erectus E j pi ns
operator

Line integrals in 1123 Rn

path integrals3

DESI The line integral of afunction for a card

path lute C with parametrization
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Remarks

4 If f 1 Sc ds arc length of d

2 The definition is well defined ie the RHS in the
definition is independent of the parametrization fits

Def9 Formula for line integral
Notations as in Reff then
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if He carve a differentiable
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Remade as ds if ft Idt is usually refereed as

the arc length element where TitstxtetHtt TD
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Suppose the curried is parametrized by a new parameter I
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tpiecewise differentiable
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C line segment joining theorigin and 91,4

Find Safa yields
Sold i Parametrize d by

Fct t 1,1 1 Lt t t too B
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Hence Safey ds So fet t t Bdt

Soft 3t7tBdt o checky

egI let C be cute in RZ ie Zito

and it has 2 parametrization
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Suppose f Fund Scfcxyids

wesimply omit the 7 variable as C is a planecame and

f is indeep of 2
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fix yids feast suit I cast suit dt

JIE cost IC suit ost dt
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This verifiesthe fact that the line integral 5 aidep of
the parametrization
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graphof f overC

Sdfds
signed area under the
graphof f over C

PropI If C is a piecewise smooth Anne made by
joining Ci dy du end to end then

Scfds Sd fds



Pf clear from the remarkof RefI
Remark end to end mealies

end point of Ck initial end pointof Ck

9342 i let fCx y X 3y4z again

di de Cs are lise segments as in the figure
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we already did foes o eg33

One can similarly do Sqogfds fast Sgfds

Iz Zz Cox

The observation is Sdfds of Squefds

even C Gods have the sameendpoints
Conclusion Line integral of a function depends not only

on the end points but also t.eepath


