MATH2020A Homework 5

(15.6)
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6. Assume density is 1. So we have mass
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and first moments
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Hence the centroid is (37, 57) = (5, )

9. Assume density is 1. The mass is
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and first moments are
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So the centroid is (—1, 1).
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The mass is
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The first moments are
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So the mass of center is (%, ey = (3,30).

23. Suppose the constant density is . The mass is
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First moments are
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So the center of mass is (0,0, 2).
For the second moments (Moments of inertia)
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3. a) Compute

-1 2 1
HA I R
1 4 —i 1o

So we have z = 22 ¢y = =43¢ And Jacobi is
Ozy) 2 3 1 1 1
Bwo) 510 10 5 10

b) Original region is {(z,y)|z > 0,y > 0,2 +y < 0}. Substitute u,v and
we get

r>0 = 2u—-v>0 = 2u>v
y>0 —= —u+3v>20 = 3v>u
3u+wv

r+y<1l = 10

<1 = 3u+v<10

So our new region is {(u,v)|2u > v,3v > u,3u + v < 10}.
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7. This region is given by R = {(z,y)ly < =3z +3,y > -3+ 1,y <

—2 41,y > 0}. (We do not use the line y = —;x here)
Or you can write it as

R={(z,y)[2<2y+3x <64y +2 <4,y >0}
Put u, v inside, we will get

R={(u,v)]2 <u<6,v<4,3v>u}



Notice (322 +14zy+8y?) = (3z+2y)(z+4y) = uv. After changing variables,

we get
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11. We use
r = arcost
y = brsind
So we have
d(x,y)| | acos —arsing | b
O(r,0)| | bsin@  brcosd o
Hence
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19. Based on our definition, we have
xr = psin¢cost
y = psingsing
Z = pcos¢
Hence
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(p, ¢,0) cos ¢ —psin ¢ 0

= p?sin ¢ cos? ¢ cos? O + p? sin ¢ cos® ¢ sin® @
+psin® ¢sin? @ + p*sin® ¢ cos® ¢
= p’sing



25. By symmetric properties of semielliposoid with x,y axis, we know its
center of mass lies on the z-axis.

Based on the hint(i.e. the centroid of a solid hemisphere lies on the axis
of symmetry three eighths of the way from the base toward the top), we have
following result,

g _ / / / ~d=dydz / / / / dzdyda

{(z,y,2)|224+y%+22<1,2>0} {(z,y,2)|22+y%+22<1,2>0}
So for semielliposoid, we choose z = au,y = bv, z = cw, and find
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= abc

Hence

{@w.2)(5)?+(§)*+(£)?<1,2>0}
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{(u0,w) u2+v2+w2 <1,w>0} {(u0,w)u2+v2+w2 <1,w>0}

N / [[[ vt

{(u,v,w)|u+v2+w2<1,w>0} {(u,v,w)|u+v2+w2<1,w>0}

3
- gc (based on first equality)

Hence the center of mass is (0,0, %c).



