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Lecture 24: Partial fraction decomposition
Charles Li

1 Partial Fraction Decomposition

In this section we investigate the antiderivatives of rational func-

tions. Recall that rational functions are functions of the form f(x) =
Zq%, where p(x) and ¢(z) are polynomials and ¢(x) # 0.
We begin with an example that demonstrates the motivation be-

hind this section. Consider the integral / dx. We do not

x?—1
have a simple formula for this (if the denominator were x* + 1, we
would recognize the antiderivative as being the arctangent function).
It can be solved using Trigonometric Substitution, but note how the
integral is easy to evaluate once we realize:

1 1/2 1/2

2—-1 z-1 x+1

1 12 1/2
/xQ—ldx_/—x—ldx_/—x+1dx

1 1
ziln|x—1]—§ln|x—|—1|+0.

Thus

This section teaches how to decompose

1 . 1/2 1/2
5 1nto — .
z?—1 r—1 z+1

We start with a rational function f(x) = %, where p and ¢ do
not have any common factors and the degree of p is less than the
degree of ¢. It can be shown that any polynomial, and hence ¢, can
be factored into a product of linear and irreducible quadratic terms.
The following Key Idea states how to decompose a rational function
into a sum of rational functions whose denominators are all of lower
degree than gq.

Key Idea 1
Partial Fraction Decomposition



x
Let M be a rational function, where the degree of p is less than

q(z)
the degree of q.

1. Linear Terms: Let (z — a) divide ¢(z), where (z — a)" is the
highest power of (z — a) that divides ¢(x). Then the decompo-
p(@)

sition of @ will contain the sum
AL A A
(x—a) (z—a)? (x —a)

2. Quadratic Terms: Let 2® + bx + ¢ divide ¢(z), where (22 +
bx + ¢)" is the highest power of 22 + bx + ¢ that divides q(x).

Then the decomposition of % will contain the sum

Bl.’ll' + Cl n BQ.T + CQ 1 I anE + Cn
2+br+c (224 br+c)? (22 + bz + )"’

To find the coefficients A;, B; and C;:

1. Multiply all fractions by ¢(x), clearing the denominators. Col-
lect like terms.

2. Equate the resulting coefficients of the powers of x and solve
the resulting system of linear equations.

Key Idea 2
The division algorithm
If degree of p is greater or equal then ¢, then by division, we have

p(x) = q(z)d(z) + r(z),

where the degree of r(x) is strictly smaller than the degree of p(z).
S0

p(z) r(z)
— =d(z) + —.
@ @)
1
E le1.1. D =
xample ecompose f(x) T @ T DB 1T
without solving for the resulting coefficients. |

Answer. The denominator is already factored, as both 22 +x+2 and
x? 4+ x + 7 cannot be factored further. We need to decompose f(x)
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properly. Since (z+5) is a linear term that divides the denominator,
there will be a 4

r+5

term in the decomposition.
As (x — 2)3 divides the denominator, we will have the following
terms in the decomposition:

B C d D
and ——.
r—2  (x—2)? (x —2)3
Ex+ F
The 22 + x + 2 term in the denominator results in a 2x_—|—
x4 x+2
term.
Finally, the (2% + z + 7)* term results in the terms
Gx+ H Iz +J
—— and ——m—.
22 +x+7 (22 + 24 7)2
All together, we have
1 A N B n C n D n
(z+5)(x —23@2+x+2)(22+2+7)2 2+5 -2 (v-2)2 (z-2)3
Ex+ F Gr+ H Iz +J

2?2+r+2 22447 (4ax+7)?

Solving for the coefficients A, B ...J would be a bit tedious but not
“hard.”
We can also solve the variables by computer:
go to wolframalpha.com
Typepartial fraction 1/((x+5) (x-2) 3(x"2+x+2) (x"2+x+7)"2)
Here is the answer

1 665617 1119 1

T 5501034(z + 5) | BOI5768576(x — 2)  6889792(x — 2)% | 9464(x — 2)7

—37x — 39 N 67804x 4+ 21113 n 89x — 32
140800 (22 + 2 +2) 520524225 (22 + 2 +7) 296595 (22 + z + 7)2

. 5_ g4 3_9.,.2 .. .
Example 1.2. Rewrite &= 32 2074245 by, Jong division as in the
2 —3x+1

Key Idea 2. |




Answer.

¥ —x2 —3rx—-10
x2—3x—|—1) 0 —d4xt 423 —22° 41 +5
— 25 4+ 3xr — 23

—zt — 272
xt =32 422
— 3% -2 +u
33 — 922 + 3z
— 1022 +4x +5
1022 — 30z + 10
— 26x + 15
So
2 — At — 222+ +5 3 —26x + 15
= 2% -3 —-10+ ————.
P 3r+1 oA e U e T

Example 1.3. Perform the partial fraction decomposition of

dx
and compute

22 -1

Answer. The denominator factors into two linear terms: x> — 1 =
(x —1)(x +1). Thus

2 —1

1 A N B
2—1 z-1 z+1°

To solve for A and B, first multiply through by #2—1 = (z—1)(x+1):
Alx—1)(z+1) Bx—-1)(z+1)

+

r—1 z+1

=A(x+1)+ Bz —-1)
=Ar+ A+ Br— B

1=

Now collect like terms.
=(A+B)x+ (A—- B).
The next step is key. Note the equality we have:
1=(A+B)x+ (A-B).
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For clarity’s sake, rewrite the left hand side as
0z+1=(A+B)x+ (A—-B).

On the left, the coefficient of the x term is 0; on the right, it is
(A+ B). Since both sides are equal, we must have that 0 = A+ B.
Likewise, on the left, we have a constant term of 1; on the right,
the constant term is (A — B). Therefore we have 1 = A — B.
We have two linear equations with two unknowns. This one is
easy to solve by hand, leading to

A+B=0 _ A=1/2
A-B=1 "~ B=-1/2"

Thus
1 1)2 1/2
2—-1 x—1 x+1
Then
dx 1 dx 1 dx 1 1
== - - = -“Inlz —1] - =1 1|+C
/x2—1 2/90—1 szl gl glogletl+

A faster method for solving A and B

The denominator factors into two linear terms: 2> —1 = (z—1)(z+
1). Thus
1 A B

x2—1:m—1+x+1'
To solve for A and B, first multiply through by 2?—1 = (z—1)(z+1):
Alx —1)(z+1) B(z—1)(z+1)
_l_
r—1 x+1
=Alx+1)+ Bz —1)

1=

Substitute x = 1 into the equation:

1=2A

1

A=-.

2

Substitute x = —1 into the question:
1=-2B



Example 1.4. Use partial fraction decomposition to integrate

1
/ (z— 1)z +2)2 d.

Answer. We decompose the integrand as follows, as described by
Key Idea 1:

1 A N B N C
(z—1)(z+2)2 -1 2+2 (z+2)*

To solve for A, B and C, we multiply both sides by (z — 1)(x + 2)?
and collect like terms:

1=Az+2*+Bx—1)(z+2)+Cx —1) (1)
= A2® +4Ax +4A+ Ba* + Bo — 2B+ Cx — C
=(A+B)a*+ (4A+ B+ C)z + (4A—-2B - O)
Note: Equation 1 offers a direct route to finding the values of A,
B and C'. Since the equation holds for all values of z, it holds in
particular when x = 1. However, when z = 1, the right hand side
simplifies to A(1 + 2)? = 9A. Since the left hand side is still 1, we
have 1 = 9A. Hence A =1/9.
Likewise, the equality holds when = = —2; this leads to the
equation 1 = —3C. Thus C' = —1/3.
Knowing A and C', we can find the value of B by choosing yet
another value of z, such as x = 0, and solving for B. We have

022 + 02+ 1= (A+B)2? + (4A+ B+ C)x + (4A - 2B - O)
leading to the equations
A+B=0, 4A+B+(C=0 and 4A-2B—-C =1.
These three equations of three unknowns lead to a unique solution:

A=1/9, B=-1/9 and C=-1/3.



Thus

/(x—l)tx—irQ)? dx:/%der/;l—Jr/gdWr/%dx.

Each can be integrated with a simple substitution with v =z —1
or v = x + 2. The end result is

1 | 1 1
dz = ~In|z — 1| — ~1 Nt +C.
/(m—l)(m+2)2 v=ghle—1f=glhle+2+ g7+

Example 1.5. Use partial fraction decomposition to integrate

= 5?233 T3

Answer. By long division

r +2

x? —2x — 15) x3
— 23 4+ 222 + 15z

222 + 15x
—22% + 42+ 30
192 + 30
Therefore
3 iy 192 + 30
(x—5)(z+3) (x —5)(z+3)

Using Key Idea 1, we can rewrite the new rational function as:

192 + 30 A B

(x —5)(x +3) x—5+x+3

for appropriate values of A and B. Clearing denominators, we have

192 + 30 = A(z + 3) + B(x — 5)
— (A+ B)x+ (34— 5B).



This implies that:

19=A+B
30 =3A - 5B.

Solving this system of linear equations gives

125/8 = A
27/8 = B.

Alternate method for finding A and B:

192 4+ 30 = A(z + 3) + B(z — 5).
Substitute £ = 5

125 =8A
12
R
8
Substitute z = —3
—-27 = -8B
2
p=2
8

We can now integrate.

[e=sarm e[+ 1h) «

£L‘2

125 27
:?+2x+?ln\x—5|+§ln|x+3|+a

Example 1.6. Use partial fraction decomposition to evaluate

/ Tx? + 31z + 54
(x+1)(2? + 62 + 11)

Z.

Answer. The degree of the numerator is less than the degree of the
denominator so we begin by applying Key Idea 1. We have:

Tx? 4+ 31x + 54 A Bx+C

(z +1)(22? 4 62 + 11) RS E T




Now clear the denominators.

72 + 31z + 54 = A(2® + 62 + 11) + (Bx + C)(z + 1)
=(A+ B)2* + (6A+ B+ C)x + (1144 C).

This implies that:

T=A+D
31=6A+B+C
54 =11A+C.

Solving this system of linear equations gives the nice result of A = 5,
B=2and C=—1.

Alternate method for finding A, B and C

70® + 312z 4 54 = A(z® + 62 + 11) + (Bx + O)(z + 1).

Substitute x = —1, then
30 =6A

A=5.
There is no direct way to find B and C. Substitute x = 0.
54 =11A+C.

So
C=-1.

Finally substitute x = 1
92=184+2(B—1)

B =2.
Thus

72% + 31z + 54 5 2z — 1
dr = + dx.
(x 4+ 1)(2% 4 62 + 11) r+1 22+46x+11
The first term of this new integrand is easy to evaluate; it leads

to a 51n|z+ 1| term. The second term is not hard, but takes several
steps and uses substitution techniques.




20 — 1
22 + 6z + 11
and a linear term in the numerator. This leads us to try substitution.
Let u = 22+ 62+ 11, so du = (22 +6) dz. The numerator is 2z — 1,
not 2x+ 6, but we can get a 2z 46 term in the numerator by adding
0 in the form of “7 —7."

The integrand has a quadratic in the denominator

2¢ — 1 _2m—1—|—7—7
22 4+6x+11 22+ 6x+ 11
2+ 6 7

2246z +11 22+6x+ 11

We can now integrate the first term with substitution, leading to
a In|z? + 6z + 11] term. The final term can be integrated using
arctangent. First, complete the square in the denominator:
7 B 7
22+ 6x+11  (z+3)2+2°

An antiderivative of the latter term can be found by using trigono-
metric substitution:

7 7 r+3
— dr=—tan ' | =¥——= C.
/x2+6:c+11 v \/ian <\/§)+

Let’s start at the beginning and put all of the steps together.

/ 72® + 31z + 54 dm_/ 5, 2w—1 i
(x4 1) (22 4+ 6z +11) z+1  22+6x+11
20 +6 7
o m+1dx+/m2+6x+11 dx_/x2+6:c+11 du

7 —1 $+3
=5ln|zx+ 1| +1In|z? + 6z + 11| — — tan ( )—l—C.
o+ 1]+ In] -7 7

Example 1.7. Compute
/ (x+2)dx
xt—1

Answer.

' 1= -1)2*+1) = (v - Dz +1)(2* +1).
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By partial fraction decomposition
T+ 2 A B Cx+ D

334—1_x—1+:c+1+ 2 +1°
Multiplying both sides by % — 1,
242 =Alz+1)(2*+1)+ Bz —1)(z*+ 1)+ (Cz+D)(z —1)(z+1).
Substitute x =1

3=4A
A3
4
Substitute z = —1
1=-4B
1
B=—-.
4
Substitute £ =0
2=A—-B-D
D:A—B—2:§—1—2:—1
4 4

Substitute z = 2

4=15A+5B +6C + 3D
4-15A-5B—-3D 1

S0
r+2 3 B 1 n —x — 2
wt—1 4x—1) 4x+1) 2@@2+1)
/ —r—2 1/d(x2+1) / dx
—d'r — - @@ 7
2(z2 4+ 1) 4 2?2 +1 22 +1
1
=—7 In(2? +1) — tan™' 2.
Thus

/(x—l-Z)dx_/ 3dx _/ dx +/<—l‘—2)dl’
-1 ) Az -1) 4(z +1) 2 (22 +1)
1 1
:Zln|x—1|—Zln|x+1|—Zln(x2+1)—tan_1x+0

11



2 Integration of m

d
In this section we will derive a reduction formula for / @
(14 a2)n
Let d'U = dl‘, u = m
Then v = z,
p 2nxdx
U= ——
(1 + 22)n+1
Hence
/ dx T i / x2dx
pr— n e —
(1+22) (14 22)" (14 22)n+t
2 _
_ x +2n/(:v +1-1)dz
(1 +:L‘2)n (1 +x2)n+1
T ) / dx 5 / dx
(14 22)n (14 22)n (14 22)nt1
Therefore

/ dx 1 x L 2n — 1 / dx
(1422t 2n (1 + 22)n 2n (1+ a22)n

Replace n by n — 1

/ dx B 1 T n 2n — 3 / dx
(T+a22)n  2n—1)(1+a22)"1  2n—2 ) (1+a2)""

So we have p
T 1
/ 22 =tan "z +C
/ dx B 1 T 1 / dx
(14+22)2 2(1+2%) 2) 1422

_ X L 1

S 1) + 2tan (x)+C
/ dx B 1 T 3/ dx
(I+22)3 4(1+22)2 4 ) (1+2x?)?
5x 323

1



Example 2.1. Fvaluate

/ dx
(x+1) (x2+43:+5)2'

Answer. By partial fraction decomposition

1 _ —x—3 n —r—3 N 1
(x+1) (22 +42+5)> 4@2+42+5) 22 +4x+5)° 4=+1)
Next

2 +dr+5=(z+2)*+ 1.

Letu=2+2
—x—3 —u—1

4(x2+4245)  4wr+1)

Hence
/ (—x—3)dz 1 / udu 1 / du
4(x2+4x+5) 4) w2+l 4 ) u+1
1 / du*+1) 1 / du
8 u? 41 4 ) w41

1 1
=3 In(u? +1) — Ztan_l u

1 1
= —glog (x2 + 4z + 5) — Z—ltan’l(x +2)

(Let’s ignore the constant for now.) Again let u = x + 2,

—x—3 o —u—1
2 (2 —1—41,‘—1-5)2 2(u? +1)2

Hence

/ —r—3 __1/dm%HJ_1/ du
222 +4x+5)7 4 W+1)?2 2/ (u¥+1)?
1 U

D an 1 (w)
= — — —tan™ (u
A2+1) 4(2+1) 4

rx+1

L ian—l(z +2)
=— — —tan"(z
4(x2+4x+5) 4
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So

/ e S ek S O P
(z+1) (2% +42+5)>  4(@>+42+5) 8 &

1 1
—§mw%x+m+zng+w+c
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