MATH1050 Exercise 9 (Answers and selected solution)

1. Solution.

(a) M is formally formulated as: ‘For any set A, for any functions f,g: A — A, the equality go f = f o g as functions
holds’

Hence ~M reads: ‘There exist some set A, some functions f,g: A —> A such that go f # f o g as functions.
2

(b) Let f,g: R — R be functions defined by f(z) = o2 g
T

(x) =2 —1 for any = € R.

i. For any = € R, we have

(g0 N)x) = g(f(x) = g( o ): @ 1

1+ 22 1+ 22 1422’
fop)@) = flol@) = fo—1)= 21
(Fos)la) = Flo@) = fla=1) = o

i, We have (9o £)(0) = ~1 and (f 0)(0) = 5. Hence (g0 £)(0) # (f 0 )(0).

iii. There exists some zy € R, namely, g = 0, such that (g o f)(z9) # (f o g)(xo). Hence it is not true that
go f = fog as functions.

(c) Let A={0,1}.
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Therefore g o f # f o g as functions.

Remark. Let A be a set. (This set is fixed in our subsequent discussion.) Suppose f,g: A — A are two functions
from the set A to A itself.

e When we want to verify that g o f, f o g are the same function from A to A, we have to verify that for any x € A,
(go f)(x) = (fog)(@)

e To verify that go f, f o g are not the same function from A to A, we check that there exists some zy € A such that
(go f)(zo) # (f o g)(xo). Hence we have to name an appropriate zy and show that (g o f)(xzo) # (f o g)(z0o).

2. Answer.

(a) (I) Pick any
Alternative answer. Let
Alternative answer. Suppose
Alternative answer. Assume
Alternative answer. Take any
M) z=(y+1)

3
5

e

) fa) =t ~1= [+ ~1= G -1-y
(IV) f is surjective.
(b) (I) z,w e R
(IT) Suppose
Alternative answer. Assume
(I1I) f(z)+1= f(w)+1
(IV) (@ )° = w
(V) f is injective

3. Answer.



(a) (I) Take
Alternative answer. Let
Alternative answer. Define
Alternative answer. Pick
Alternative answer. Suppose
Alternative answer. Assume

(II) for any x € R
(IIT) Suppose
Alternative answer. Assume

(IV) there existed some g € R such that f(z¢) = yo.
(V)0
1\* 3 3
(VD) ($0—2> +ZZO+Z
(VII) f is not surjective.
(b) (I) wo = 2.

(II) ZTo 7é wo.
(M) flwo) = 3 = 2
(V) J(wo)

(V) f is not injective
4., ——
5. Answer.

(a) No. Note that f(0) = f(1).
(b) No. Note that f(z) # 1 for any = € R.

6. Solution.

(a) Let f:IR — R be the function defined by f(z) = 2% — 422 for any z € RR.
i. We verify that f is not injective:
e Take o = 0, wyg = 2. We have zg,wp € R and xg # wy. Also, f(zo) =0 = f(wo).
ii. We verify that f is not surjective:
e Take yp = —5.
Pick any = € R. We have f(z) = z* — 42? = (2% — 2)2 —4 > —4 > —5. Then f(z) # —5.
Hence, for any = € R, f(z) # yo.

(b) Let x € (v/2,+00). 2t — 422 = (22 —2)2 —4>0—4 = —4.
(c) Let g: (v/2,+00) — (—4, +00) be the function defined by g(z) = z* — 422 for any x € (v/2, +00).
i. Pick any z,w € (v/2,+00). Suppose g(z) = g(w). Then z* — 42? = w* — 4w?.
Therefore (x — w)(z + w)(z? + w?) = (22 — w?)(2? + w?) = 4(2? — w?) = 4(x — w)(x + w).
Then (x — w)(z + w)(z? + w? — 4) = 0.

Note that £ > v2 >0 and w > v/2 > 0. Then z +w > 0 and 22 + w2 — 4 > 0.
Then x = w.
It follows that g is injective.

ii. Pick any y € (—4,+00). Note that y +4 > 0. Then /y + 4 is well-defined and 2 + /4 +y > 2. Therefore
V24 VA+ y is well-defined and /2 + A+ y > V2.
Take 2 = /2 + v/ + y. Note that z € (v/2, +00).
We have g(z) = 2* — 42 = (vZ 4 VAT P — 4(y/ZF VITH) == 2+ VAT — 42+ yIFG) +4— 4 =

(2+VA+y) —2P>—4=(4+y) —4=y.
It follows that g is surjective.

iii. Since g is both injective and surjective, g is bijective. Its inverse function g=' : (=4, +o00) — (v/2,+00) is

given by g7 1(y) = /2 + A+ y for any y € (—4, +0).



Remark.  Although f and g have the same ‘formula of definition’, one is bijective and the other is not. So when
talking about a function, be aware of its domain and its range, and don’t just look at its ‘formula of definition’.

7. Answer.

(b) fly) = % (m (Z*D)Q for any y € J.

8. Answer.
(a) —
(b) No.

9. Answer.
(a) —

(b) The inverse function f~!: € — € of the function f is given by f~1(z) = z for any z € C.

Comment.  The conjugate of the conjugate of a complex number is the complex number itself.
10. Answer.
(a) No.
(b) No.

11. Answer.

iii. The ‘formula of definition’ for inverse function f=1' : C\{a/c} — C\{—d/c} of the function f is given by

1O = —chC_—i—ba for any ¢ € C\{a/c}.

12. (a) Hint. The crucial step is to apply Triangle Inequality to obtain

3 p. q T 3 Il lql  |r]

(b) Hint. For each v € R, apply the result in the previous to the function f, : IR — IR defined by f,(z) = SJ(I)% for
any = € IR.

13. Answer.

(a) 1,2. (d) 1,2. (g) 0,1,2,3,4.
(b) 0, 1. (e) 2,3,4. (h) 1,2.
(¢) It is the empty set. (f) 2. (i) 2,3,4.

14. Answer.

@) a=-1 0 v=-TJs L= —2=+1
45 (g)PZ—%—i—l,o:%—&-l.
(0)52—1,5:5 2 12 .
(@) C= V341 n=vatl (h) T:—\/§+1,@z—ﬁ+1,w:$+1,w=\/§+l.
(e)9:—\/§—|—1,K=—§+1,/\zg—i—l,ﬂzﬁ—&-l.

15. Answer.



(a) a=0,=3y=1,6 =—1. (b) e=-2,¢(=-025n=-1,0=0,x=1.

16. Answer.

(a) a=2b=3. (b) 1,4. () a=0,8=1y=26=4.

17. Answer.

(a) (I) Suppose y € f(S)

(IT) there exists some x € S such that y = f(x)
() y = f(z) =224 —4>2- 14 —4=—2
(IV) Since z < 2

(V) Take = =

<
N |+
W~

1
(VD) z = { %

Y

1

VII) Since y < 28, we have y+4 <16
( y

(VIIT) z = {22 <2

(

(I) Suppose x € f~1(U)
(IT) there exists some y € U such that y = f(x)
(Il y e U

(IV) 2zt —4=f(z) =y <4
(V) Suppose z € [—v/2, /2]
(
(
(
(
(

—

VI) Define y = f(z)

18. Answer.

(a) (p,q) =(0,0) or (p,q) = (0,1). (s,t) = (1,7), provided that —2 < 7 < 2.
(b) (p,q) = (1,1) and (s,¢t) = (2,1). Alternative answer: (p,q) = (1,2) and (s,t) = (2,2).
(c) (m,n) =(0,0). (p,q) = (1,1) or (p,q) = (1,2).



