MATH1050 Exercise 7

1. Consider each of the statements below. (Do not worry about the mathematical content.) Write down its negation in
such a way that the word ‘not’ does not explicitly appear.

a) For any x € R, there exist some s,t € Q such that for any n € Z, if s <n <t then |z —n| > |t — s|.

For any s,t € Q, there exists some p,q € IR such that for any n € Z, (if |s — t| < |q| then (t" < |p| and s"™ < |p|)).

(¢

(a)
(b) For any p € R, there exist some q € R, n € N such that for any s,t € R, if |s — t| < |q| then [s" —t"| < |p|.
)
(d)

There exists some n € N such that (for any € € (0, +00), there exists some 6 € (0,400) such that (for any u,v € C,
if |lu —v| < § then |[u™ —v"| < ¢)).
(e) For any p,q € Z, there exist some s,t € Z such that for any m,n € N, if |p+ q| > s™ then (|p"™ —¢q| < t or
lp—q"| <t).
(f) For any z € C, there exists some r € IR such that for any w € C, (if |z —w| < r then (z ¢ R and |w| > r)).
(¢) For any z,w € C, if |z — w| > |z + w| then (there exists some s € IR such that (for any t € R, (|]z — s —t| > |w| or
2| <1)))-
(h) For any ¢,«, 8 € C, if (there exist some s,t € R such that ( = sa+tf ) then (there exist some p,q € IR such that
¢ =pa+qp).
2. Prove each of the ‘existence statements’ below.
(a) There exists some n € N such that n,n + 2,n + 4 are prime numbers.
Remark. The proof is easy. Do not think too hard.
(b) There exists some x € R such that z? —2 = 0.

(c) There exists some z € C such that z* = —1.

3. (a) Prove each of the statements below:

i. There exists some x € Z such that x + 1 < 0.
ii. There exists some x € Z such that x — 1 > 0.

(b) Dis-prove the statement below:
o There exists some x € Z such that (x +1 <0 andz —1>0).
Remark. It can happen that [(3z)P(z)] A [(Jy)Q(y)] is true while (3z)(P(x) A Q(x)) is false. In general, [(Fz)P(z)] A
[(3y)Q(y)] does not imply (3z)(P(x) A Q(x)).
4. (a) Prove the statement below:
o For any z € C\{0}, (Re(z) # 0 or Im(z) #0).
(b) Dis-prove the statement below:
o (For any z € C\{0}, Re(z) # 0) or (for any w € C\{0}, Im(w) # 0).
Remark. It can happen that (Va)(P(x)VQ(x)) is true and [(Va) P(z)|V[(Vy)Q(y)] is false. In general, (Vz)(P(z)VQ(x))
does not imply [(Vz) P(z)] v [(Vy)Q(y)]
5. (a) Consider the statement (A):
(A) Let ¢ € C\IR. For any n € C, there is at most one a € R and at most one b € R satisfying n = a{ + b¢2.

Fill in the blanks in the block below, all labelled by capital-letter Roman numerals, with appropriate words so that
it gives a proof for the uniqueness statement (A). (The ‘underline’ for each blank bears no definite relation with the
length of the answer for that blank.)



Let ¢ € C\RR. Let n € C, and a,d’,b, b’ € R.
(I)  n=al+b?*and (IT)
Then a¢ + b¢% = a/¢ + b/ ¢2.
Since ¢ ¢ R, we have (III)  in particular. Then a + b¢ = a’ + V'C.
Therefore (b—V)( = (IV) .
We claim that b = b'. We justify this claim with a proof-by-contradiction argument:

* V)

Then b — V' # 0. Therefore ( = (VI) .

Since a,a’, b, b’ are real, ¢ would be real. Contradiction arises.

Now we have verified that b = b'. Then ¢’ —a = (b— ') = 0. Therefore (VII) also.

(b) Prove each of the statements below.

i. Let r be a real number. There is at most one rational number a and at most one rational number b satisfying
r=a+ b/2.

ii. Let p,q be real numbers. Suppose f(z) be the cubic polynomial given by f(x) = x4+ px + q. Then, for each
real number v, the equation f(u) = v with unknown u has at most one real solution.

(a) Consider the statement (B):

(B) Let x,y,z € Z. Suppose each of xy, xz is divisible by 4. Then xyz is divisible by 8.

Fill in the blanks in the block below, all labelled by capital-letter Roman numerals, with appropriate words so that
it gives a dis-proof against the statement (B). (The ‘underline’ for each blank bears no definite relation with the
length of the answer for that blank.)

The negation of the statement (B) reads:

. )

We verify the negation of the statement (B) below:

e Take z =4, (I1) . We have x,y,z € Z.
Note that zy = (III) ,and zz= (IV) .
Note that (V) . Then zy is divisible by 4.

By a similar argument, we also deduce that xz is divisible by 4.
Note that zyz =  (VI) | which is not divisible by 8.

Below is the justification of this claim:

% Suppose it were true that (VII)
Then there would exist some k € Z such that (VIII)
For the same k, we would have k = (IX) , which is not an integer. Contradiction
arises.

(b) Dis-prove each of the statements below. (It may help if you first find what the negation of the statement is.)

i. Let x,y,z € N. Suppose x + vy, y + z are divisible by 3. Then x + z is divisible by 3.

ii. Let z,y,z € N. Suppose xt —y > 0 and x — z > 0 and ¢ — z, y — z are divisible by 5. Then x + y + z is not
divisible by 5.

iii. Suppose x,y € N. Then /22 + y2 € N.
iv.¢ For any s,t € R, if both of s + t, st are rational, then at least one of s,t is rational.

v.® For any a,b,c € N, if ab is divisible by ¢ and ¢ < a and ¢ < b, then at least one of a,b is divisible by c.



7. (a) Consider the statement (C):
o There exist some u € R\{—1,0,1}, v € R such that u? + v? < 2u* and u% + 05 < 2v%.

Fill in the blanks in the block below, all labelled by capital-letter Roman numerals, with appropriate words so that
it gives a dis-proof against the statement (C). (The ‘underline’ for each blank bears no definite relation with the
length of the answer for that blank.)

(We dis-prove the statement (C') by obtaining a contradiction from it.)

(I)  there existed some (II) , v € R such that u? + v? < 2u* and (III)
For the same u, v, we would have u? + v% — 2u* < 0 and u® + v — 20v* < 0.
Then u?(u? —1)? + v?(v? — 1)? = (IV)
Since u,v are real, u?(u? — 1)2 > 0 and v?(v? — 1)2 > 0. Then u?(u? — 1) =0 and v?(v?2 = 1)2 =0
respectively.
In particular, (V) . Thenu=0o0ru=—1oru=1. But (VI)

Contradiction arises.

(b) Dis-prove each of the statements below. (Note that each of them is an ‘existence statement’.)

i. There exists some = € R such that 22 + 2z + 3 < 0.
ii. There exist some z,y € R\{0} such that (x + y)? = 2% + y°.
iii. There exists some x € R such that |x + 1| > |z| + 1.
iv.¢ There exists some z € € such that |z + 3 — 4i| > |z| + 5.
v.® There exists some x € R such that |z + 4| > 2|z + 1| + |z — 2|.

8. (a) Let s € Z. Apply the Division Algorithm for integers to prove that the statements (1), () are logically equivalent:
(f) s is not divisible by 2.
(f) There exists some k € Z such that s = 2k + 1.

Remark. Hence it makes to use any one of (), (1) to define odd-ness for integers, leaving the other as a
consequence of the definition.

(b) Prove the statements below:

e Let a,be€ Z. ab is an odd integer iff both of a,b are odd integers.

9. Let f(x) be the polynomial given by f(z) = 27 + 32® + 5 with indeterminate z.

(a) Let p € Z and ¢ € Z\{0}. Suppose p, ¢ have no common divisors. Prove that qf (p) is an odd integer.
q

(b) Hence, or otherwise, prove that no root of the polynomial f(z) is a rational number.

10.* Let p, m, n be positive integers. Suppose p > 1 and m > n > 1. Suppose 7 is the remainder in division of m by n. Prove
mo__ n o 1 T 1
that the remainder in the division of 2 by b is 2 .
p—1 p—1 p-1

Remark. It looks obvious that the result is a consequence of Division Algorithm. The question is: how do you apply

it in the argument?

11. Consider each of the pairs of integers below. Apply the Euclidean Algorithm to find their greatest common divisor.

(a) 14,35

(b) 11,15

(c) 180,252
(d) 1368,1278

12. (a)® Apply the Euclidean Algorithm to prove the statements below:
i. Let n € N\{0,1}. ged(n,n+1) =1.
ii. Let n € N\{0,1}. ged(2n —1,2n+1) = 1.



13.

14.

15.

16.

(b)* Conjecture what can be said about ged(3n — 1,3n + 1) for each n € N\{0,1}. Formulate your conjecture appro-
priately as a mathematical statement.
Prove your conjecture.

Let p be a positive prime number. Prove the statements below:

(a)®* For any r € [1,p — 1], < P ) is divisible by p.
r

(b) For any z,y € Z, (x + y)? = 2P + yP(mod p).
(c)® For any x € N\{0}, 27 = z(mod p).
(d)* For any = € Z, 2P = x(mod p).
Remark. In part (a), you may need Euclid’s Lemma at some stage of the argument. In part (b), apply the Binomial

Theorem. In part (c), apply mathematical induction. The statement in part (d) is a ‘generalization’ of the result in part
(c), and is known as Fermat’s Little Theorem. To prove it, make good use of part (c) where applicable.

Dis-prove each of the statements below by giving an appropriate argument. (It may help if you draw Venn diagrams to
investigate the respective statements first.)

a) Let A, B,C be sets. A\(C\B) C AnB.

b) Let A, B,C be non-empty sets. B\A C (C\A)\(C\B).

¢) Let A, B,C be non-empty sets. AU(BNC)cC (AuB)NnC.

d)® Let A, B,C are non-empty sets. BN C C [A\(B\C)]U [B\(C\A)].
)
)
)

~ o~~~

e)® Let A, B,C be sets. Suppose ANB C C. Then C C (ANC)U(BNC).
)¢ Let A, B,C be sets. Suppose A\B, A\C are non-empty. Then A\(BNC) C (A\B) N (A\C).
(g)¢ Let A, B,C, D be non-empty sets. Suppose A C C' and B C D. Further suppose C N\ D # (. Then AUB C CND.

—_—

We introduce the definition below:

e Let A, B be sets. A is said to be a proper subset of B if A C B and A # B. We write A g B.

Prove the statements below:
(a) Let A, B be sets. Then AG B iff (AC Band B ¢ A).
(b) Let A, B,C be sets. Suppose A C B and B C C. Further suppose AS B or BS C. Then AG C.
(a) Prove the statements below ‘from first principles’; using the definitions of set equality, subset relation, intersection,
union, complement, where appropriate.
i. Let E be a set, and A, B be subsets of E. Suppose A C B. Then E\B C E\A.
ii. Let E be a set, and A, B be subsets of E. Suppose A G B. Then E\B G E\A.

(b) Cousider each of the statements below. For each of them, determine whether it is true or false. Justify your answer
by giving a proof or constructing a counter-example where appropriate.
i. Let A, B, E be a set. Suppose A C B. Then E\B C E\A.
ii. Let A, B, E be a set. Suppose A ; B. Then E\B ;Cé E\A.

17. Let M be a set, and C be a subset of PB(M).

Defne I ={z e M:zecVforanyVeC},J={xeM:xeV forsomeV e C}.
Prove the statements below:

(a)® Let P be a subset of M. Suppose P CV for any V € C. Then P C I.

(b)® Let Q be a subset of M. Suppose V C Q for any V € C. Then J C Q.

(c)®* Let R be a subset of M. Suppose D = {VNR|V € C}, and K = {x € M : x € U for some U € D}. Then
K=JNR.



