MATH1050 Exercise 6 Supplement (Answers)

1.

2.

(a) Let P,Q be statements.
[(P = Q) A P] = Q is true irrespective of the truth values of P, Q. Hence it is a tautology.
This is a truth table displaying the truth values of P, @, ..., [([P — Q) A P] = Q:
PlQIP>Q|(P=QAP[[(P=QANP—=Q

T|T T T T

T|F F F T

FI|T T F T

FIF T F T
Remark.  For this reason, [(P — Q) A P] — @ is a rule of inference. We often use it in arguments, for
example:

o If it is Sunday, John goes hiking. It is Sunday. Therefore John goes hiking.

(b) Let P,Q be statements. [(P — Q) A Q] — P is a contingent statement. It is true when P, @ are both true. It is
false when P is false and Q@ is true.
This is the truth table displaying the truth values of P, @, ..., [([P — Q) A Q] — P:
PlQIPoQ|(PoQQNQ[[(P=Q)AQ =P

T|T|] T T T
T|F| F F T
FIT] T T F
FIFI T F T

Remark. Is there something wrong in the following argument?
e If it is Sunday, John goes hiking. John goes hiking. Therefore it is Sunday.
Let P,Q be statements. The statements P < (~Q), (~P) < Q, (PV Q) A [~(PAQ)], [PAN (~Q)] V [(~P) A Q] are
logically equivalent to each other.
Here are two truth tables which display the truth values of P,@ and the statements P «+ (~Q), (~P) + Q,
(PVR)N[~PAQ) [PA(~Q)]VI[(~P) AQJ:

PlQI~P|~Q| P& (~Q) | (~P) Q| PVQ | PAQ | ~(PAQ) | (PVQ) N[~(PAQ)]
T(T]F|F F F T T F F
T|F| F T T T T F T T
FIT] T F T T T F T T
FIFITIT F F F |l F T F
PlQ|~P|~Q|PACQ) | (~P)AQ[[PA(~Q]V(~P)AQL| P (~Q)
TIT]F|F F F F F
T|F| F T T F T T
F|T| T F F T T T
FIFITI T F F F F
(a) The statements P — (Q A R), (P — Q) A (P — R) are logically equivalent.

PIQ|R|QAR|P—-(QAR)|P>Q|P—>R|(P=>Q AN(P—=R)

T|T|T T T T T T

TIT|F| F F T F F

TIF|[T| F F F T F

TIF|F| F F F F F

F|T|T T T T T T

FIT|F F T T T T

FIF|T F T T T T

FIFIF] F T T T T

Remark. This logical equivalence is used so frequently that we are not even aware of it when using it. For
intance, compare the statements (A), (B) below:
(A) Let n € Z. Suppose n is divisible by 6. Then (n is divisible by 2 and n is divisible by 3).
(B) Let n € Z. The following statements hold:
e Suppose n is divisible by 6. Then n is divisible by 2.
e Suppose n is divisible by 6. Then n is divisible by 3.
(b) The statements P — (@ — R), (P A Q) — R are logically equivalent.

PIQ|R|Q—=R|P—=(Q—=R)|PANQ|(PNQ)—=R
T|T|T T T T T
T|T|F F F T F
TIF|T T T F T
T|F|F T T F T
F|T|T T T F T
F|T|F F T F T
FIF|T T T F T
FIFIF T T F T




Remark. This logical equivalence is also used so frequently that we are not even aware of it when using it.
For intance, compare the statements (A), (B) below:

(A) Let n € Z. Suppose n is divisible by 2. Further suppose n is divisible by 3. Then n is divisible by 6.
(B) Let n € Z. Suppose (n is divisible by 2 and n is divisible by 3). Then n is divisible by 6.
(¢) The statements P — (Q V R), (P — Q) V (P — R) are logically equivalent.
RI|QVR|P—-(QVR)|P>Q|P—R|(P—=QV(P—=R)

BBl e I R R B )
T4 4O
e M B B B B n B
e e i e

)
TAAAAA4A4-d< ~ 444"+
o U

"~
A4 AT AT A0 5 Ad44 4444
o
44444714l > A4 4414
A4 AA44T 4]l T 44447147

(d) The statements (PV Q) — R, (P — R) A (Q — R) are logically equivalent.
P|Q|R V@)= R R|Q—R|(P—>R)AN(Q—R)
T|T|T T
T|T|F F
T|IF|T T
T|F|F F
FIT|T T
F|T|F F
FIF|T T
FIFIF T

Remark. To prove a statement of the form ‘if (blah-blah-blah or bleh-bleh-bleh) then blih-blih-blih’, we can
prove the statements ‘if blah-blah-blah then blih-blih-blih’; ‘if bleh-bleh-bleh then blih-blih-blih’ separately.

(e) The statements (P — Q) — R, P — (Q — R) are not logically equivalent.
RIP=Q|(P=-Q) —+R|Q—=>R|P—(Q—R)

e B I I I I R
MTHAAT T A4

B B M B By e B n B
4444744
i B e B B B B |
A4 444714
o B B B e B M B |

Remark. In general, the statements (1), (1) are distinct:

(f) Suppose that if blah-blah-blah then bleh-bleh-bleh. Then blih-blih-blih.
(f) Suppose blah-blah-blah. Then, if bleh-bleh-bleh then blih-blih-blih.

(f) The statements P — (Q V R), [P A (~Q)] — R are logically equivalent.

P|Q|R|QVR|P—- QAR |~Q|PA(~Q)|[PN(~Q)] =R
T|T|T T T F F T
T|T|F T T F F T
TIF|T T T T T T
T|F|F F F T T F
F|T|T T T F F T
F|IT|F T T F F T
FIF|T T T T F T
FIFIF F T T F T
(a) The statement [P — (P — Q)] — (P — Q) is a tautology.

PIQIP5Q|P=(P5Q) [P (PoQl> (PQ)
T|T T T T

T|F F F T

F|T T T T

FIF T T T

Remark. When we try to arrive at the conclusion @) from the assumption P, we are allowed to apply P more
than once in our argument. We can apply it twice, thrice ... and the deduction is not falsified.

(b) The statement (P — R) — [(P A Q) — R)] is a tautology.
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Remark. When the conclusion Q can be deduced from the assumption P, the conclusion () can also be
deduced from the assumptions P and R.

(¢) The statement [(P — Q) A (Q — R)] — (P — R) is a tautology.
R|P=Q|Q—=R|P=R|(P=>QNQ—=R) | [(P=QANQ—=R)] = (P—R)

B B I I I R v
THAAAT T AR

e B B B n B e B |
o B B e e W R B
e e B e B B B |
b e e e M n B B |
e e B B B e a B B
444444444

Remark. This is known as hypothetical syllogism. From ‘if it is Saturday, John watches football’ and ‘if John
watches football, John goes to bed late’, we deduce ‘if it is Saturday, John goes to bed late’.

(d) The statement [(P — Q) A (Q — R) A (R — P)] — (Q — P) is a tautology.
Write P—>Qas S,QQ >RasT,R— PasU,and Q —» PasV

PlQ|R|S|T|U|V|SATANU|(SATANU)—=V
T|T|T|T|T|T|T T T
T|T|F|T|F|T|T F T
T|IF|T|F|T|T|T F T
TIF|F|F|T|T|T F T
FIT|T|T|T|F|F F T
FIT|F|IT|F|T|F F T
FIF|T|T|T|F|T F T
FIFIFITITITIT T T
(e) The statement (P — R) — [(P — Q) V (Q — R)] is a tautology.
PIQ|R|P=Q|Q—=R|P—-R|(P=Q)VQ@—=R)|(P=R)—=[(P=Q)V(Q—R)
T|T|T T T T T T
T|T|F T F F T T
TIF|T F T T T T
T|F|F F T F T T
F|T|T T T T T T
FIT|F T F T T T
FIF|T T T T T T
FIFIF T T T T T
(f) The statement (P — Q) — [(Q — R) V (P A R)] is neither a tautology nor a contradiction; it is a contingent
statement.
P|Q|R|P—=Q|Q—=R|PAR|(Q—=R)V(PAR) | (P=Q)— [(Q—R)V(PAR)]
T|T|T T T T T T
T|T|F T F F F F
TIF|T F T T T T
TIF|F| F T F T T
FlT|T| T T F T T
FITIF| T F F F F
FIF|T| T T F T T
FIFIF] T T F T T

5. (a) 0,1,2,3. (d) 0,1,{0,1}.

(b) 0,1,2,3,4. (e) 0,1,{0,1},{{0,1}}.
(c) 0,1,2,{0}, {1}.

6. (a) 0,1,2,3. () 0,1,2,3,{1,2}, {3}.
(b 0.1,2 (5) 1,2.3.1.2}. {3},
(c) 0,1,3
() 0 (b) 2
(e) 0.1,2,3 {1},{2,3}. (i) {2,3}.



10.

11.

12.

13.

14.
15.
16.

17.

(@ {2} {3} M0, {0}, {2}, {{1}}, {02}, {o.{1}}, {2,{1}},
(k) {1,2}. {0,2,{1}}.

(a) 0,1,2,3,4. (d) 0,1,2,3,4,{1,2,3},{{3},4}. (g) 0,1,2,{1,2,3}, {{3},4}.
(b) 0,1,{1,2,3},{{3},4}. (e) 0,1,2.

(c) 0,1. (f) {1,2,3}, {{3},4}. (h) 0, {0}, {1}, {0, 1},

(a) {3,5}. (c) {57}

(b) {3,5},{5,7}, 1, {5} (d) 0,{{3,5}},{{5,7}}, {{3,5}, {5, 7}}.

(a) {n};{n}. (c) {e}, {o,v}, {n}.

(b) {b.e}, feb {2}, (B}, {0, v}, {n {a, 9, d} (@) 0, {{m, ob}, ({2, 11}, {{m, o}, {2, a,m 81},
(a) TEN. (d) a,t

(b) TWO.

(c) ONE. (e) 0, {a}, {t}, {a,t}.

(a) Seven (d) Seven (g) s,u

(b) Nine (e) Two

(¢) Four (f) One (h) 0,{s},{u}, {s,u}

(a) Ten. (e) u,o,d.

ib; I?ne' (£) 0, {u}, {0}, {d},{u, 0}, {0, d}, {u,d},{u,0,d}.
(d) One

(a) Two (e) N

(b) Four () {03}, {N}, G-

(¢) Three

(d) 0

(a) A=0. (b) B # (; 8 is an element of B.

(a) A=0. (b) B # 0; 8 is an element of B.

(a) True. (b) False. (c) False. (d) True. (e) False. (f) True.

(a)

(d)

{xelR:x—lforsomeném}.
27L

1 1
Alternative answers: {x € Q : x = — for some n € N}, {x eC:x= on for some n € N},

2n
{o

Also acceptable: {

1
a:forsomenGN},...
27’L

1

3

1
Remark. In the expression ‘Sx € R:x = on for some n € N }’, the left-hand-side of the colon tells us from

which ‘larger set’ IR the elements of the constructed set are to be taken, while the right-hand-side of the colon
tells us the ‘condition’ which the x’s to be ‘put inside’ the constructed set has to satisfy exactly. This ‘condition’
is a ‘predicate with variable 2, so that whenever x is fixed it becomes a (mathematical) statement for which it
makes sense to tell whether it is true or false.

1
It is wrong to write this expression as ‘{x = for somen e N:zx € IR}’.

Each of the following is also wrong:

1 1 1 1
{:cxanoranynel}\l},{x|xtherenel}\l},{:ﬂzTlandnél\l},{:r|o:2n,n€h\|}

37L
{xEIR:x:mforsomenEN}.

2m
{xEIR:xSnforsomem,néN}.

2m 2m
Alternative answers: {m EQ:x= Ty for some m,n € N}, {?)n méeNand n € N},

{x eR:2z=7n"—¢€" for some m,n € N}.



18. (a) The general solution of the equation is given by = = g + K -m where K € Z, or z = (—-1)M . (—%) + M7 where

MeZ.
Define
A = {xeIR:x:g—i—K-wforsomeKeZ},
B = {xeIR:x:(—1)M-(—%)—l—MﬂforsomeMGZ}.

The solution set of (1) is given by AU B.

(b) The general solution of the equation is given by x = % + K -m where K € Z, or x = 72 + Mm where M € Z.
Define

A = {xeIR:x:%—l—K-WforsomeKEZ},
B = {meIR:x:—%—&—Mﬂ'forsomeMeZ}.

The solution set of the equation is given by AU B.

K-
(¢) The general solution of the equation is given by x = Tﬂ where K € Z.

K-z

The solution set of the equation is given by {x eR:z= for some K € Z}

K-
(d) The general solution of the equation is given by x = Tﬂ where K € Z, or x = ig 4+ 2Mm, where M € Z.

Define
A = {xEIR:széﬂforsomeKEZ},
B = {xeIR:x:g+2Mﬂf0rsomeMEZ},
Cc = {:ceIR:xz—%+2M7rforsomeM€Z}

The solution set of the equation is given by AU BUC.

(e) The general solution of the equation is given by z = (—1)% - z + K- T Where K € Z,orz= g + M7 where

18 3
MeZ.
Define
A = {xeIR:x:(—l)K~17r—8+K-gforsomeKGZ},
B = {erR:x:g—i—waorsomeMEZ}.

The solution set of the equation is given by AU B.

2
(f) The general solution of the equation is given by x = +7 + K- % where K € Z, or x = g + M7 where M € Z.

9
Define
A = {xGIR:ngrKoQ;forsomeKGZ},
T 27
B = {xelR:x:—g—l—L-gforsomeLEZ},
C = {xelR:x:g+M7rforsomeM€Z}

The solution set of the equation is given by AU BUC.

1
(g) Denote by a the number given by o = arcsin(z).

The general solution of the equation is given by z = (fl)Ka + K -7 where K € Z, or x = g + M - 2w where

MeZ.
Define

A = {zeR:z=(-1)a+ K 7 for some K € Z},
B = {xeIR:J::%—&-M-QﬂforsomeMEZ}

The solution set of the equation is given by AU B.



(h)

The general solution of the equation is given by z = (—1) + K- — Where KeZ, orx= 5 + M7 where

24
MeZ.
Define

A

{xelR:x— 1k

(— "L K- fforsomeKEZ}
T
2

24

B + M for someMEZ}

{xEIR:x—

The solution set of the equation is given by AU B.

Denote by a the number given by a = arcsin(l—?)).

2
The general solution of the equation is given by x = —% + N - ?ﬂ' where N € Z.

The solution set of the equation is given by {a? eER:z= _§ + N - ? for some N € Z}.

1
Denote by a the number given by o = arcsin(z).

The general solution of the equation is given by x = —(—1)N . % + N - % where N € Z.
The solution set of the equation is given by {x ER:z=—(—1)N. % +N - % for some N € Z}.

T 27 s
The general solution of the equation is given by x = 9 +M- 5 where M is an arbitrary integer, or z = 5 +N-7,

where N is an arbitrary integer.
Define

A = {xGIR m—ngM 3forsomeM€Z}
B = {xGIR:x:g+N~7rf0rsomeN€Z}

The solution set of the equation is given by AU B.

12 1
6N + (—)N
12
6N + (—1)N

The general solution of the equation is given by x = where N is an integer.

1
The solution set of the equation is given by {a: eR:z= - — for some N € Z}.
Y

e
The general solution of the equation is given by x = ¢ 5 + N - 37w, where N is an integer.

The solution set of the equation is given by {a? eER:z= f/g + N - 37 for some N € Z}.

\F

The general solution of the equation is given by x = +vN - XY= where N € N.
Define

A = {xGIR:x—\/JV~\g7?forsomeN€N},

B = {xEIR z=—VN- fforsomeNGN}

The solution set of the equation is given by AU B.

where K € N\{0}, or « = £V M - /7 where

1
The general solution of the equation is given by © = ———
K?.xn2

M e N\{0}.
Define

A = {xGIR:x— forsomeKGN\{O}},

K2 .72
B = {xelR:x:m~ﬁforsomeM€N\{0}}
c = {xe R:z=—VM -/ for some M € N\{O}}

The solution set of the equation is given by AU BUC.



19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

1 1
(p) The general solution of the equation is given by x = X where K € Z\{0}, or 2 = - — where M € Z.
- ™

6M +1
Define
1
A = {xGIR:x T forsomeKGZ\{O}},
B €R 5 ! f MeZ
= : = - — T 11
x T =G 1. or some ,
Cc = eER:z= 5 1 f MeZ
= qz 1@ = o - for some .
The solution set of the equation is given by AU B U C.
2m
The general solution of the equation is given by = = 17T0 + K- = where K € Z, or xt = Mm where M € Z.
. L 3m s T
The general solution of the equation is given by x = 20 + K- 5 where K € Z, or x = 5 + Mm where M € Z.

2
The general solution of the equation is given by x = 2K7 where K € Z, or z = g + L - % where L € Z, or

x:g+M7rWhereM€Z.

2
The general solution of the equationis given by = = +7 + K- ?ﬂ- where K € Z, or x = Mx where M € Z.

9
(@) 1
b) i

ii. kg%orkz?).

(¢) The general solution of the equation is given by z = 316 + (=1)Npu 4 N7, where N € Z.

= cos(%) +isin(%)-

arg(z*01%) = g

(@) 3o ) +isin(), Yoon(=50) +isin )

(b) {3/5(00s(12) +Zsm(1%))7 \6/5(003(?%) +ism(%ﬁ))’ %(COS(_%> +isin(—%))~

(c) f/i(cos(;;)+zsm(f6))7 \%(Cob(?@*‘lsm(;)) %(Cos(_%)JriSin(_llﬁ%))’ %(COS(_%)+Z.S1H(_%)).

(cos(—%) +isin(—1£8)), (cos(lll—;) +isin(111—;r)), (cos(—l%r) + isin(—T;)).

1
(a) The general solution of the equation cos(z) = 7 isx = i% + 2N, where N is an integer.
(b) i
<1 + i)m + (1 — i>m =™+ (™ = 2r™ cos(mb) = 2 cos(mb)
V2 V2 V2 V2 '
1 i\ 1 i\
=+ —= +|l—=—-——F =V2iff = £1 4 8N for some integer N).
i () +(amvs) - ¢ some futeger )
(a) (144¢)P —(1—4)?P =0iff (p =4N for some N € Z).
(b) 2
2 2
(a) w=cos( )—l—zsm(g) or w = cos( ) + i sin( ?ﬂ)
(b) i
i. a®=1=p3
iii. 1,—-1,2

271 2y + .
ii. W\/ﬁiff(ziM (?wL;) for some M € Z).

(b) i Cos(g)—i—isin(g), cos(—g)—i—isin(—g).



A 2?2 —2z+ 1. B. 22+ x+1. C. 22+xz+1.

31. (a)

(b) i. cos”(#) = %(cos(?@) + 7cos(58) + 21 cos(36) + 35 cos(h)).
sin’(0) = ?16(— sin(76) + 7sin(50) — 21 sin(36) + 35sin(9)).
ii. cos®(f) = %(005(89) + 8 cos(66) + 28 cos(40) + 56 cos(26) + 35).

1
sin®(0) = ?(cos@e) — 8cos(66) 4 28 cos(46) — 56 cos(20) + 35).

32. —
33. (a) —
(b) —
() i w= _11—\/5—1— Wz
i w? = 71;\/5+ " 10;2\/52'.
fii. w3 =w?= “1oVh 10_2‘/52', and wt =@ = “1EVE 10+2‘/5¢.
4 4 4 4

34, —
35, ——
36. ——
37 ——
38, ——
39. —
40. ——
41. —
42, —
43. (a) i ACQ (b) i. BCA. () i. CCA. (d) i DcA.

i. Q ¢ A i. A ¢ B. i. A ¢ C. i. A ¢ D.
44. (a) Tt is not true that B C A. (b) It is not true that A C B.
45, ——
46. ——
47 ——
48. ——



