MATH1050 Exercise 4 (Answers and solution)

1. Solution.
(a) Denote by P(n) the proposition
1-242-54+3-84---+n(3n—1)=n*(n+1).

o Note that 1-2=2=1%(1+ 1). Then P(1) is true.
e Let k be a positive integer. Suppose P(k) is true. Then

1-242-54+3-84 - +k(3k—1) = k*(k+ 1).

We verify that P(k + 1) is true:
We have
1-24+2-543-84+---+kBk—-1)+(k+1)[3(k+1)—1]
= FPh+D)+E+D)BE+2) =+ DE +Bk+2)] == (k+1)*(k+1)+1]

Hence P(k + 1) is true.
By the Principle of Mathematical Induction, P(n) is true for any positive integer n.
(b) Denote by P(n) the proposition
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e We have 1 > +/1. Hence P(1) is true.
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o Let k be a positive integer. Suppose P(k) is true. Then 1 + — 4+ — + - --

1

We verify that P(k + 1) is true:
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Hence P(k + 1) is true.
By the Principle of Mathematical Induction, P(n) is true whenever n is a positive integer.
(¢) Denote by P(n) the proposition
n? < 2nh
e We have 72 = 49 < 64 = 27 — 1. Then P(7) is true.
e Let k be an integer greater than 6. Suppose P(k) is true. Then k? < 2¢=1. Therefore 2¢~1 > 2F.
We have

okt D—1 _ (k4 1)2 2k — (k* + 2k +1)

> oF k2 2k —k
= 2F k2 3k
> k2 — k- k=221 k%) >>0.

Then (k 4+ 1)? < 2-+D=1 Hence P(k + 1) is true.
By the Principle of Mathematical Induction, P(n) is true whenever k is an integer greater than 6.
(d) Denote by P(n) the proposition that n(n? + 2) is divisible by 3.
e We have 0- (0> +2)=0=3-0and 0 € Z. Hence 0- (0% + 2) is divisible by 3.
Then P(0) is true.

e Let k be a positive integer. Suppose P(k) is true. Then k(k% + 2) is divisible by 3. Therefore there exists
some q € Z such that k(k? + 2) = 3q.
We verify that P(k + 1) is true:
We have

E4+D[k+1)2+2] =k +3k> + 5k +3 =k(k* +2) + 3k +3 =3¢+ 3k*> + 3 =3(¢ + k* + 1).

Note that g + k? + 1 € Z. Then (k + 1)[(k + 1)? + 2] is divisible by 3.
Hence P(k + 1) is true.



By the Principle of Mathematical Induction, P(n) is true for any n € N.
(e) Denote by P(n) the proposition that 7"(3n + 1) — 1 is divisible by 9.
o We have 7°(3-0+1) — 1 = 0. 0 is divisible by 9. Then P(0) is true.
e Let k € N. Suppose P(k) is true. Then 7%(3k + 1) — 1 is divisible by 9. Therefore there exists some ¢ € Z

such that 7%(3k +1) — 1 = 9q.
We verify that P(k+ 1) is true:

Bk +1)+1] — 1 7Bk +1)+3] -1
= 7-T"BEk+1)+3-7 -1

= 7-[7"Bk+1) -1 +3(7" 1 —1) 49

k k
= 7-9q—|—3(7—1)27j—|—9:9 7q+227j+1
=0 =0
k
Since ¢ € Z and k € N, we have 7q + 22 77 +1 € Z. Therefore 7*+1[3(k + 1) + 1] — 1 is divisible by 9.
=0

Hence P(k + 1) is true.
By the Principle of Mathematical Induction, P(n) is true for any n € N.

2. Solution.
Suppose {a,}22, is an infinite sequence of complex numbers. Apply mathematical induction to prove the statements
below:

(a) Denote by P(n) the proposition

n

Z(ak+1 — Q) = Gpt1 — Go-

k=0
0
¢« We have Z(ak+1 —ag) = a1 — ag = ag+1 — ag-
k=0
Therefore P(0) is true.
o Let m € N. Suppose P(m) is true. Then Z(akﬂ —ag) = Gmt1 — Qo-
k=0
We verify P(m + 1):
We have
m—+1 m
> (akpr—ar) = D (k41— ar) + (@my2 — Gmg)
k=0 k=0

- (am-‘rl - Clo) + (am+2 - am-‘rl) = Qm+2 — AaAg = a(m+1)+1 — ag.

Hence P(k + 1) is true.
By the Principle of Mathematical Induction, P(n) is true for any n € N.

(b) Further suppose a; # 0 for each j € N.
Denote by P(n) the proposition

n

Q.
1_[((1,%rl —ap) = =L

a
k=0 0

0
a1 ag+1
e We have H(akﬂ —ap)=— = t
faierd ag ag

Therefore P(0) is true.

m
e Let m € N. Suppose P(m) is true. Then H(ak+1 —ag) =
k=0

Am+1
ago

We verify P(m + 1):

We have
m—+1 m
H ap41 Z Q41 Am42  Om41 Om42  Om42  A(m+1)+1
a a a a a a a '
k=0 k k=0 k m+1 0 m-+1 0 0

Hence P(k + 1) is true.
By the Principle of Mathematical Induction, P(n) is true for any n € N.



3. Solution.
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(a) Denote by P(n) the proposition Z ’ Z -
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Hence P(1) is true.
e Let m be a positive integer. Suppose P(m) is true. We deduce that P(m + 1) is true:
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Hence P(m + 1) is true.

By the Principle of Mathematical Induction, P(n) is true for any positive integer n.
(b) i. Let x be a real number. Suppose z > 1.
1 Todt Todt
Wehavef:/ —</ zln(x)—ln(x—l)zln( ’ )
T -1 T o1 t x—1

1 wH gt a1
We also have In <x+ ) zln(x—i-l)—ln(:r):/ " </ — ==
z €T x

Therefore In (CM) < 1 < hl( x )
T x r—1

ii. Let n be a positive integer.

1 1
For each k=n+1,n+2,---,2n, we have In (kj;:) <—=<lIn <k>

k k—1

& k+1 k1 2 + 1

Then Z E> Z ln(k> :111( H k) :1n<n+1).
k=n+1 k=n-+1 k=n-+1
2n 1 2n k 2n k
k=n-+1 k=n-+1 k=n-+1
2n
2n+1 1
Therefore 1 — < In(2).
erefore n<n+1>< Z 5 < n(2)
k=n-+1
e . . 1 2n+1
iii. Let n be a positive integer. By the results in the previous parts, we have In | 2 — ] =In 1 <
n n
2n
-1 k+1

}:i—l—7<m@)

k
k=1

1
By the continuity of the logarithmic function, lim In (2 - > =1In(2). Also lim In(2) = In(2).
2n (71 k+1
By the Sandwich Rule, the limit lim Z % exists and is equal to In(2).
n—oo
k=1

4. Answer.

n 2
1+ay,
(I) Suppose E a; = ( —i—?a ) for each n € N.

j=0

(I1) a, =2n+ 1.

0 2

1 1

(IIT) We have ag = g a; = ( —;ao) = 1(1+2a0—|—a02). Then (ap — 1)? = a¢? — 2a9 + 1 = 0. Therefore
i=0

ap=1=2-0+1.
(IV) Let k € N. Suppose P(k) is true.



(V) We have

k1 k 2 2
T+ api ) 1+a 1+ (2k+1
) B M S G e

1
Then 1(1 + 20541 + arp1?) = (B + 1% 4+ apyq.

Therefore (ax1 — 1)? = apr1? — 2ap41 + 1 = (2k + 2)2.
Hence agy1 = 2k + 3 or a1 = —2k — 1. Since a1 > 0, we have apy1 =2k +3=2(k+1)+1
(VI) By the Principle of Mathematical Induction, P(n) is true for any n € N.

5. Answer.

MH1==(-1)=a+p
(ID) 3=[-(-D]* —=2(-1) = (a + B)* = 203 = a® + &
(III) Let k be a positive integer. Suppose P(k) is true.
(IV) k+1 + ﬂkJrl
(V) P(k)
(VI) apio2 = aps1 +ap = (@ + BEFY) 4 (oF + %) = aF(a+1) + BE(B+ 1) = ¥ - a? + BF - g2 = oFF2 4 ght2,
(VII) By the Principle of Mathematical Induction, P(n) is true for each positive integer n.

6. Solution.
Suppose a € (—1,400). Denote by P(n) the proposition (1 + a)” > 1 + na.

e Wehave (1+a)?=1+2a+a’>>1+2-a.
Hence P(2) is true.

e Let k € N\{0,1}. Suppose P(k) is true. Then (14 a)* > 1+ ka.
We verify that P(k + 1) is true:

1+a)** = (Q+4+a)*1+0a)

(14+ka)(1+a) Dbecause 1+a >0,
1+ (k+1)a+ ka?

1+ (k+1)a because ka? > 0.
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Hence P(k + 1) is true.
By the Principle of Mathematical Induction, P(n) is true for any n € N\{0, 1}.
7. Solution.

(a) (I) Suppose i1, -, ptn, € €. Then Z'“j < Z |11
Jj=1 j=1

(IT) Let p1, o be complex numbers.

2 2
> | =l + p2l < ll + g2l = ).
j=1 j=1
(III) Let k € N\{0,1}. Suppose P(k) is true.
(IV) Let vy,- -+, Vg, Vi1 be complex numbers. We have
k+1 k+1

ZVJ = ZVJ + Vkt1| < ZV] +|Vk+1|<Z\VJ|+|Vk+1|<Z|Vy\

(b) Let ¢ € €. Suppose 0 < [¢| < 1. Then we have

4060 4060 4060 3010 . |C‘3011 |<|1050
Dot X = Y KF =1 Z|<|’“ g2 e < T
k=1050 k=1050 k=1050

The first inequality is a consequence of Statement (7). The last inequality follows from [¢|!?% > 0 and 0 <
|<|3011 < 1.



8. (a) Hint. The appropriate proposition P(n) upon which mathematical induction is applied is:
Suppose by, b, - - - , by, are positive real numbers. Then (1+b1)(14+b2) ... (14+b,) > 1+ (b1 +ba+---+by).
(b) Hint. Be aware that whenever 0 < p < 1, the inequalities 0 <1 —p <1 and 0 < (1 —p)(1+p) <1 hold.
9. Solution.
(a) Let a,b,u,v be positive real numbers. Suppose u + v = 1.
We have
a®u+b*v — (au+b)? = a®u+ b’ — a*u® — b*v? — 2abuv
= a*u(l —u) + b*v(1 — v) — 2abuv = a*uv + b*uv — 2abuv = (a — b)%uv > 0.
Then a?u + b?v > (au + bv)?. Therefore vVa?u + b2v > au + bv.
(b) Denote by P(n) the statement below:

Suppose ¢1, €2, ,Cp, X1, T2, , Ty be positive real numbers. Further suppose 1 +x2+---+x, = 1. Then

Ver2my 4 eaxy + - + u2T, > 1 + oy + -+ Cu.

o By the result in part (a), P(2) is true.
o Let k € N\{0,1}. Suppose P(k) is true.
We verify that P(k + 1) is true:
Suppose ¢1,Ca, -+, Cly Cht1, 1,2, "+ , Tk, Tht1 be positive real numbers. Further suppose x1 + x5 +
ot xp+ TRy =1
Definet =21 + 29+ -+ + . We have t > 0 and t + zp41 = 1.
For each j = 1,2,--- k, define u; = x?] Note that wui,us, - ,u; are positive real numbers and

UL +usg + -+ up = 1.

Define d = \/c12u; + c22us + - - - + cx2ug. By definition, d2t = ¢1221 + c22@9 + -+ - + cxap,
By P(k), we have d > ciuy + coug + - -+ + cpug.

Now

\/012$1 +c%xo + -+ 2+ Cppr 2T = \/m

dt + cpr12641  (by P(2))

= (crur + coua + - - + CpuR)t + Crp1 T
€171 + CaT2 + * -+ + CkTk + Ch+1Tk+1

IV

Hence P(k + 1) is true.
By the Principle of Mathematical Induction, P(n) is true for any n € N\{0, 1}.

10. (a) Answer.
(I) z is an irrational number

(IT) it were true that /= was a rational number
(ITI) z is positive
(IV) /z was a rational number
(V) a rational number

(VI) an irrational number

(VII) assumption

(VIII) false
(b) Solution.

i. Let = be a positive real number, r be a positive rational number, and n be an integer greater than 1. Suppose
x is an irrational number.
Further suppose it were true that {/x 4+ r was a rational number.
Write y = {/z + r. Note that y"” —r = x.
Since y was a rational number, y™ would be a rational number. Moreover, since r is a rational number,
y™ — r would be a rational number.
Therefore x would be a rational number. But by assumption z is an irrational number. Contradiction arises.
Hence the assumption that {/x + r was rational is false. {/x + r is an irrational number in the first place.
ii. Let r,s,t € R. Suppose r is a non-zero rational number and s is an irrational number.
Further suppose it were true that both rs + t,rs — t were rational numbers.
Note that 2rs = (rs +t) + (rs — t). Then 2rs would be a rational number.
Since 2, r are non-zero rational numbers, 27 is a non-zero rational number.

2
Note that s = —;S. Then s would be a rational number.
r

But s is an irrational number.
Contradiction arises.
Hence at least one of rs + t,rs — t is irrational.



11.

12.

(a) Answer.

(1
(IT

Suppose it were true that \f 3 was not irrational
there would exist some m,n € Z

(111 n#Oandm—n V3

(
(

v
(V

m? would be divisible by 3
Euclid’s Lemma
there would exist some k € Z such that m = 3k

(VII) Note that 3k® was an integer. Then n? would be divisible by 3

(V
(

(b)

III
IX

)
)
)
)
)
V1)
)
)
)
(X)

3 is a prime number
n would be divisible by 3
m,n have no common factors other than —1,1

i. Solution.

ii.

Suppose it were true that ¥/7 was not irrational.
m
Then /7 would be a rational number. There would exist some m,n € Z such that n # 0 and V7 = —.
n

Without loss of generality, we may assume that m,n have no common factors other than 1, —1.

We would have m = ¥/7n. Then m® = 7n®.

Now m® was divisible by 7. Also note that 7 is a prime number. By Euclid’s Lemma, m would be divisible
by 7. Therefore there existed some k € Z such that m = 7k.

Then we would have 7°k® = (7k)® = m® = Tn5. Therefore n® = 74k5 = 7(73kP).

Now n® was divisible by 7. Also note that 7 is a prime number. By Euclid’s Lemma, n would be divisible
by 7.

Therefore both m,n would be divisible by 7. 7 would be a common factor of m,n. Recall that we assumed
that m,n have no common factors other than —1, 1.

Contradiction arises.

Therefore the assumption that /7 was not irrational is false. V/7 is irrational.




