MATH1050 Exercise 2 (Answers and selected solution)

1. Solution.

Let a,b, c be numbers, with a # 0. Let a be a number. Let f(z) be the quadratic polynomial given by ax? + bx + c.

b
(a) Suppose « is a root of f(z). Let f=—— —a.
a

i. We have 0 = f(a) = aa® + ba + c¢. Then ¢ = —aa? — ba.
2

Therefore, as polynomials, f(z) = az? + bx + ¢ = az? + bz — aa® —ba? = a(z? — a?) +b(z — a) = (z — a)[a(z +
)+ b] =a(1;—o¢)(a:+oz—|—§) =a(zx — a)(z — F).
ii. We have f(8) = a(8 —a)(8 — ) =0. Then 8 is a root of f(x).
iii. As polynomials, az? + bx + ¢ = f(z) = a(z — a)(x — B) = ax® — a(a + B)x + aaB. By comparing coefficents,
we have ¢ = aaf8. Then aff = g.
(b) Define Ay = b* — 4ac.
i. As polynomials,
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ii. Suppose a, b, c are real numbers.

-b+ /A
A. Suppose Ay > 0. Define ay = 27]6 respectively.
a
b\ A
Note that f(ay) =a <a++2a> —ﬁ =...=0.
Then f(a4) is a root of f(x).
b
We have oy + - = ——. Then o = —— — a5
a a

By the result in part (a), a— is also a root of f(x), and f(z) = a(x — a4 )(x — o) as polynomials.
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L. Further define ¢ = L

B. Suppose suppose Ay < 0 instead. Define ¢ =
2a 2a

b\°  Af
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Then f(¢) is a root of f(x).

Note that f({) =a =-.-=0.

We have ¢ +( = —g. Then ¢ = —S — (.
By the result in part (a), ¢ is also a root of f(z), and f(x) = a(x — ¢)(x — ¢) as polynomials.

(¢) Now we no longer suppose ‘a, b, ¢ are real numbers’.

A b
i. Suppose Af # 0, and o is a square root of 4—’; in €. Define a4 = ~%4 =+ o respectively.
a a

2
Note that f(a+)al(a++b) 2;;1 —...=0.
Then f(ay) is a root of f(x).

b
We have oy +a- = ——. Thena_ = —— —ay.
a a

By the result in part (a), a_ is also a root of f(x), and f(z) = a(z — a4 )(z — @) as polynomials.

ii. Now suppose Ay = 0 instead.

As polynomials, f(z) =a




2. Solution.

Let a,b,c,r be numbers, with ¢ # 0 and ¢ # 0 and r # 0. Let f(z) be the quadratic polynomial given by f(z) =
ax? + bz + c. Suppose «, 3 are the roots of f(x). Further suppose o = rJ3.

Since a, 8 are the roots of f(z) , we have

a+pB = =b/a
af = c/a
b 9 c
Then we have (r+1)8=a+ 8= - and 782 = a8 = -
b2 1)2 1)2
Therefore — = (r + 1252 = r+1) rp? = (r+1) L&
a r r a
Hence 7b® = (r + 1)%ac.
3. Solution.
(a) We proceed to solve the inequality (x):
=3z < 10 — (%)

2?=3z-10 < 0
(x+2)(z—-5) < 0
(r+2<0and z—5>0) or (x4+2>0and 2 —5<0)
(x < —2and x > 5) or —-2<zx<h

(rejected)
—2<z < 5

(Every line is logically equivalent to the next. No checking of solution is needed.)

The solution of the inequality () is —2 < z < 5.
(b) We proceed to solve the system of inequalities (x):
(x+1)(z—6)>8 and 3x—1>5 — (%)
22 —br—14>0 and x>2
(4+2)(z—=7)>0 and x>2

(x<—-2o0rxz>7) and x> 2
(z<—-2and x<2) or (x>7and x >2)
(rejected)
T > 7

(Every line is logically equivalent to the next. No checking of solution is needed.)
The solution of the system of inequalities (%) is z > 7.

(c) We proceed to solve the system of inequalities (*):

(x+1)*>16 or 20+5>7 — (%)
(x+1l<—-4orz+1>4) or z>1
r<-=borz>3 or z>1
r<—-5 or x>1

(Every line is logically equivalent to the next. No checking of solution is needed.)
The solution of the system of inequalities (x) is © < =5 or z > 1.
(d) We proceed to solve the inequality (*):
@-1@=2)(z=3) = 0 ()
(z=1D(x—-2)<0andz—-3<0) or ((z—1)(x—2)>0andx—32>0)
(I1<z<2andz<3) or ((z<lorxz>2)andz>3)
1<z<2 or x2>3

(Every line is logically equivalent to the next. No checking of solution is needed.)
The solution of the inequality (x)is 1 <z <2 or x > 3.



(e) We proceed to solve the inequality (x):

—
8
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1 — ()
(3—2)* andz#3
0 andz#3

0 andx#3
x>3) andz#3
x> 3

(Every line is logically equivalent to the next. No checking of solution is needed.)

The solution of the inequality () is « <1 or = > 3.

(f) We proceed to solve the inequality (¥):

3
2 — —
T
213 — 3z

22% — 2% — 3z
x(x+1)(2x — 3)
(-1<x<0
-1<xz<0
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z2 andz #0

0 andx#0

0 andx#0
x>15) andx#0
r>1.5

(Every line is logically equivalent to the next. No checking of solution is needed.)

The solution of the inequality (x) is —1 <z < 0 or = > 1.5.

(g) We proceed to solve the inequality (x):

22 -1
2 —4
(2?2 —1)(2? — 4

3(z +2)(z 4+ V3)(z — V3)(z — 2
(72§m§7\/§or\/§§x§2)
72<x§7\/§0r\/§§1’<2
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—2(z%—4)? andz # —2and xz #2
0
0
0

and x # —2 and x # 2
and x # —2 and x # 2
and x # —2 and x # 2
and x # —2 and x # 2

(Every line is logically equivalent to the next. No checking of solution is needed.)

The solution of the inequality () is =2 < x < —vV3 or V3 < x < 2.

(h) We proceed to solve the inequality (*):

|z? — 5z

z? —5r > —6

a® =5 +6>0
(x—=2)(z—-3)>0
(r<2o0rz>3)

(r<2and —1<z<6)
-l<z<2

<

and
and
and
and
or

or

6 — ()

2® — 5z <6

22 —5x—6<0
(x4+1)(z—6)<0
-l1<x<6

(r>3and — 1<z <6)
3<zT <6

(Every line is logically equivalent to the next. No checking of solution is needed.)

The solution of the inequality (x)is —1 <z <2 or 3 <z <6.



(i) We proceed to solve the inequality (x):

3z +11

P — ™
|3z + 11| 5

|z + 2]

[Bx +11] < 2lz+2| andax# -2
(Br+11)? < 4(z+2)® and z # -2
922 +66x +121 < 42?4+ 162 +16 and x # —2

22 +1024+21 < 0 andaz# —2
(x4+3)(xz+7) < 0 andax# -2
—7T<zxz < =3 andax# -2
-T<z < -3

(Every line is logically equivalent to the next. No checking of solution is needed.)

The solution of the inequality () is =7 < z < —3.
(j) We proceed to solve the inequality (x):

|z -4 ] > 3 — (»
|z —4 < -3 or || —4 >3
lz] <1 or x| > 7
-1<zx<1 or r< =7 or x>T7

(Every line is logically equivalent to the next. No checking of solution is needed.)

The solution of the inequality (*)is — 1<z <loraxz < —Torz >7.

(k) We proceed to solve the inequality (x):

2? =3 < 2] — (%)
(x? —3)%2 < 4a?
2t —622+9 < 422
=102 +9 < 0
(2 —1)(x*-9) < 0
(+3)(z+1)(z—-1)(xz-3) < 0
—3<xr< -1 or 1<z<3

(Every line is logically equivalent to the next. No checking of solution is needed.)
The solution of the inequality (x)is —3 <ax < —lorl <z <3.
(1) We proceed to solve the inequality (*):
20 +1] < 3z-2 — (%)

0<2x+1<3r—2 or 0<-2r—-1<3zx-—-2
(x>—-05andz>3) or (z<-0.5andz>0.2)

(rejected)

>3

(Every line is logically equivalent to the next. No checking of solution is needed.)

The solution of the inequality (%) is > 3.

4. Solution.

Let p be a real number. Let f(x) be the quadratic polynomial given by f(x) = 22+ (p+ 1)z + (p — 1). Suppose a, 3 are
the roots of f(z).

(a) The discriminant Ay of the polynomial f(x) is given by Ay = (p+1)> —4-1-(p—1).
We have Ay = (p+1)2—4-1-(p—1)=p*—2p+5=(p—1)2+4>4>0.

Therefore the roots of f(x), which are a, 8, are real and distinct.



(b) (@a=2)(B=2)=aB-2(a+p)+4=(p—1) =2[-(p+1)]+4=3p+5.
(¢) Suppose <2 < a.

i. Since f <2 < a, we have  —2<0and « —2>0. Then 3p+5=(a—2)(5—2) <0. Thereforep<—g.

ii. Further suppose (a — 3)? < 20.
Note that (o — 8)? = (a+ B)? —4aBf =Ar = (p—1)? + 4.
Since (a — B)? < 20, we have (p — 1) +4 < 20. Then (p — 1)? < 16. Therefore —4 < p —1 < 4. Hence
-5 <p<3.
) 5
Recall that p < —3 Therefore p < —3 and —3 < p < 5.

Hence -3 <p < —g.

5., ——

6. Answer.

(a) (I) Suppose z+y >1land z >y
(IT) Since
(I) z >y
V) (z=y)z+y) —(z—y)=(@—y)lz+y—-1)
(V) 2?—y* >z —y
(b) (I) Let z,y € IR. Suppose z > 0 and y > 0.
(ID) (z+y)(@® —2y +3°) —ay(z +y) = (¢ +y)(@® - 2zy +y*) = (2 + y)(@ —y)* 2 0

Suppose y >z > 0 and z > —y

)
(I z> —y
(II1) >0
(IV) Suppose
(V) zy > zx
wp £z @ _letey-ayte)
y+z oy y(y +2)
r+z
VII) S —
(VII) uppose - —— > -
T+z T
VIII . — -
( )y+z y(y+2)>y y(y + 2)
(IX) Therefore z(y — z) = zy — zx > 0. Since y > z, we have y —z > 0.
X) EEE S TS0
y+z oy

8. Hint. The key is this ‘factorization’:

I S S O N o [ CAn V)
xrm xrn mern

9. Solution.
(a) Let u,v,z,y € R.
We have (ux + vy)? = u?2? + 2uzvy + v2y2.
Also, we have (u? + v?)(2? + y?) = u?2? + v?y? + v%2? + v%y%
Then (u? + v?) (2% + 3?) — (ux + vy)? = v?y? + v22? — 2uzvy = (uy — vz)? > 0.
Therefore (uz + vy)? < (u? +v?) (22 + y?).
(b) Let s,t be positive real numbers. /s, v/t are well-defined as real numbers, and s = (v/5)?, t = (V1)2.

(s+t)(i+1> = [(\/5)2)+(\/i)2][(\}§>2+ (\2)21 > <\/§-\}§+x/i- %)2 = (1+1)2 =4



10. (a) Hint. Repeatedly apply the inequality for real numbers ‘u? + v? > 2uv’.

r+s+t

(b) Hint. Takea=r,b=s,c=td= 3

. An alternative istotake a =7, b=s, c =t d = V/rst.

11. Solution.
Let c, € be positive real numbers. Define § = /¢ +¢ —c.

(a) Note that ¢ +& > ¢? > 0. Then v/c2 + ¢ > ¢. Therefore § = /2 + ¢ —¢ > 0.
(b) Let z be a real number. Suppose |z — ¢| < 0.
i. Wehave |x+c|=|(x —c)+ 2| < |z —¢| +2c<5+2c =V +e+e.
ii. Wehave [22 = | =z —c| |z +¢|<d- (VE+e+c)= (V2 +e—c)(VZ+e+e)=ct+e—ct ==

12, ——



