1. ‘Concrete’ examples on image sets under a ‘nice’ function from R to R.
~ Let f : R — R be defined by f(z) = 2° — z for any z € R.

(a) o What are f({—1}), f({-1,1}), fF({-1,1,1.5})
e How to read off the answer using the ‘blobs-and-arrows diagram’?

e How to read off the answer using the ‘coordinate diagram’?
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(b) e What is f([0,1.5])7

e How to read off the answer using the ‘coordinate diagram’?
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(c) @ What is f((—1,1))?

e How to read off the answer using the ‘coordinate diagram’?




(d) e What is £((0.8,1.5])?

e How to read off the answer using the ‘coordinate diagram’?

Y

\Je Q/Kteﬁt the, «\mag« ek <

l
II

/

st 1
ot L&)

o €S |

1.875 @ — — — —

= 0.8

&

1.5 /

sevunds urdes f Yo he wtereds )

7z
0

I
I
I
I
% I
é
.2881> \—_:I/ L.
5\ min

‘%(" B te[g.%,l-ﬂ

4he, gl X og Aned 0k bowrded tevids Mw
./\L\1> P éwmfaeﬂk b~7 '(7[«.0/ -VL&W) /<\, (\,m\*.\r\u,«+7 -
—Themer (A) . | |
K D be o whih o) B pd T: DR be
—hen the Kekemoss bellno “Lad
Ht@ b o Nl @F T

St

I
$(sy=Contt 1875
o

£ 4o Lo olond ok hownded Morvinll

fiow

e«:f\*l? :\HAQ D . SV’FFO'\—Q« ]L B CFlhaows on 1
Jond ok bosded, thee £@ i clined od hoaled



(e) How to prove, say, f(]0,1.5]) = [%, 1.875:|?

First ask: what to prove?

This is a set equality:.

Then ask: what to do to prove such a set equality?

Prove both (1), (1) below:

(1) For any vy, ify € f(|0,1.5]) then y € [%, 1.875] .

(1) For any y, if y € {%, 1.875] then y € f([0,1.5]).

When appropriate we will freely use the continuity of the function f.



How to prove ()7

_9 |
reads: ‘For any v, if y € f([0,1.5]) theny € | ——=,1.875|.
() v, ify € F(0,15) theny € |2 1575

Inspect (1) carefully:
e ‘y € f([0,1.5]) reads: thoe oxiks some X € [o/\_ﬂ swd. 4hat &7;)[(@_

oy C {V 1875] reads: ?:é - o «7 < \,275 .
Argument for (T):

Pick any y € f([0, 1.5]). )

There exists some z € [0, 1.5] such that y = f(z). [\,\)ouwﬂ\ to CQ&&‘«C@ 3‘5 R Ry 5']
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How to prove ()7

—2
ads: ‘For any vy, if y € |——=,1.875| then y € f(|0,1.5]).
() re vy, iy L) 7 ] y € f([0,1.5])

| Inspect (1) carefully:

oy € {V 1875] reads: —2 < 1 £ |.875

EAR
o ‘y € f([0,1.5]) reads: T/]W TRy Seme X € [o/ (,S] yudl ok 7:‘&(@ _

Argument for (I):

—2 58 2 .
Pick 2 1.875]. B Wt -—=— <y <85
ick any y € [3\@, } By o% o =

[Objective. For this same y, we want to name an appropriate x € 0, 1.5] which satisfies
y = f(x). So we want to solve the equation y = f(u) with unknown u in [0, 1.5].]
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Remark.

This is the statement of the Intermediate Value Theorem:

Let a,b € R, with a < b.
Let h : |a,b] — R be a function.

Suppose h(a) # h(b).
Suppose h is continuous on [a, b)].

Then, for any v € R, if «y is strictly between h(a) and h(b) then there exists some
c € (a,b) such that h(c) = 7.

It is logically equivalent to Bolzano’s Intermediate Value Theorem:

Let a,b € R, with a < b.

Suppose f : [a,b] — R is a function which is continuous on |a, b|.

Suppose f(a)f(b) < 0.
Then there exists some g € (a,b) such that f(xo) = 0.

In the context of the statement of Bolzano’s Intermediate Value Theorem, g is called a
zero of f in (a,b).



2. ‘Concrete’ examples on pre-image sets under a ‘nice’ function from R to IR.

2
Let f: IR — IR be defined by f(x) = oo

() » What are £-1({2}), F1({1}), f1({2.25))?

e How to read off the answer using the ‘blobs-and-arrows diagram’?

for any =z € IR.

e How to interpret what we do in terms of solving equations?

e How to read off the answer using the ‘coordinate diagram’?
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Reminders.

(1) In general, the pre-image set of a non-empty set needs not be non-empty.

(2) In general, the pre-image set of a singleton needs not be a singleton.



(b) e What is £ ((1,2.25))?
e How to read off the answer using the ‘coordinate diagram’?

e How to interpret what we do in terms of solving equations/inequalities?

V= (1, 2.25)
(c) ® What is £+ ([-0.25,1])?
e How to read off the answer using the ‘coordinate diagram’?

e How to interpret what we do in terms of solving equations/inequalies?
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e How to read off the answer using the ‘coordinate diagram’?

e How to interpret what we do in terms of solving equations /inequalities?
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() How to prove, say, f ' ((1,2.25)) = (—1,1)?

First ask: what to prove?

This is a set equality.

Then ask: what to do to prove such a set equality?
Prove both (1), (1) below:

(1) For any z, if x € f~'((1,2.25)) then z € (—1,1).
(1) For any z, if x € (—1,1) then z € F71((1,2.25)).



How to prove ()7
(1) reads: ‘For any z, if x € f_1 ((1,2.25)) then x € (—1,1)

Inspect, () carefully:
oz [1((1,2.25)) reads: T,'\WL (/K'T&S Sone, je(\/z.m’) Qundl, e . :ﬁ(x) |

o ‘v € (—1,1) reads: —| < %< |

Argument for ():

Pick any z. Suppose z € f~*((1,2.25)). 7/\ %km s Some \)6(\/2‘75) Sudd t[o?& y fg(x),
[Ob]ect'we We Want to deduce that x € (—1,1).]
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How to prove (I)?
(1) reads: ‘For any z, if x € (—1,1) then z € £~ ((1,2.25)).

Inspect (1) carefully:
oz c(—1,1)reads: - 1< x< |-

oz c f1((1,2.25)) reads: thew RS Some q € (1, 2.25) sud. t[ai v ﬁ(x).

Argument for (I):
Pick any z. Suppose z € (—1,1). Tl\h -l «ex<|.
[Objective. We want to deduce that there exists some y € (1,2.25) such that y = f(z)]
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