












6. Appendix 1: The motivation in Cantor’s construction of the real number
system.

Theorem (IR1).
Let α be an irrational number.
Let {rn}∞n=0 be a strictly decreasing infinite sequence of rational numbers which converges
to 0. The statements below hold:

(a) For any n ∈ N, there exists some cn ∈ Q such that α− rn < cn < α + rn.
(b) {cn}∞n=0 is an infinite sequence of rational numbers which converges to α.
(c) For any positive rational number q, there exist some N ∈ N such that for any m,n ∈ N,

if m > N and n > N then |cm − cn| < q.

Statement (a) is an immediate consequence of Corollary (D2).
Statements (b), (c) are consequences of Statement (a) together with the definition for the
notion of limit of sequence.

Remark. What the above says, in plain words, is that it is possible to approximate the
irrational number α as accurately as we like with infinite sequences of rational numbers
which converges to α, such as {cn}∞n=0.
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7. Appendix 2: The motivation in Dedekind’s construction of the real num-
ber system.

Theorem (IR2).
Let α be an irrational number. Let Aα = (−∞, α) ∩ Q, Bα = (α,+∞) ∩ Q.
The statements below hold:

(a)(⋆) For any s ∈ Aα, for any t ∈ Bα, s < α < t.
(†) Aα ∩Bα = ∅.
(‡) Aα ∪Bα = Q.

(b) i. Aα is bounded above in R by every element of Bα.
ii. Aα has no greatest element.

(c) i. Bα is bounded below in R by every element of Aα.
ii. Bα has no least element.

(d) i. The supremum of Aα in R is α.
ii. The infimum of Bα in R is α.

The proofs for Statements (⋆), (†), (‡) are straightforward exercises in set language and
inequalities. Statements (b.i), (c.i) are immediate consequences of Statement (⋆).
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Definition. (Decimal representation of real numbers between 0 and 1.)
Let d ∈ R. Suppose 0 ≤ d < 1.
Let {dn}∞n=0 be an infinite sequence in J0, 9K.
Suppose the infinite sequence

{
p∑

k=0

dk
10k+1

}∞

p=0

converges to d.

Then we say
{

p∑
k=0

dk
10k+1

}∞

p=0

is a decimal representation of d.

As a convention, we write d = 0.d0d1d2d3d4 · · · .

Remarks.

(I) What we actually mean by ‘d = 0.d0d1d2d3d4 · · · ’ is ‘d = lim
p→∞

p∑
k=0

dk
10k+1

’. So, for instance, when we

write ‘1
3
= 0. 333333 · · ·︸ ︷︷ ︸

all 3’s

’, what we are actually saying is that 1

3
is the limit of the infinite sequence{

p∑
k=0

3

10k+1

}∞

p=0

.

(II) Some real numbers may admit distinct decimal representations.

For example, 1
2
= 0.5 000000 · · ·︸ ︷︷ ︸

all 0’s

and 1

2
= 0.4 999999 · · ·︸ ︷︷ ︸

all 9’s

. But this is natural in light of the definition of

decimal representation in terms of convergence of infinite sequences.
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That every real number between 0 and 1 admits a decimal representation is guaranteed by Theorem (DR).

Theorem (DR).
Let a ∈ R. Suppose 0 ≤ a < 1.

(a) For any n ∈ N, define ãn = ⌊10n+1a⌋.
{ãn}∞n=0 is an infinite sequence in N.

Moreover,
{

ãn
10n+1

}∞

n=0

is an increasing infinite sequence of real numbers and converges to a.

(b) Further define a0 = ã0. For any m ∈ N\{0}, further recursively define am = 10ãm−1 − ãm.
{am}∞m=0 is an infinite sequence in J0, 9K.
The infinite sequence

{
p∑

k=0

ak
10k+1

}∞

p=0

is the same as
{

ãn
10n+1

}∞

n=0

. It is a decimal representation of a.

The justification for the convergence of
{

ãn
10n+1

}∞

n=0

to a relies on the formal definition for the notion of

limit of sequence. The rest of the argument for Theorem (DR) is straightforward.
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Illustrations of the ideas in Theorem (DR).

(a) Let a =
1

3
.

ã0 =

⌊
10

3

⌋
= 3, ã1 =

⌊
100

3

⌋
= 33, ã2 =

⌊
1000

3

⌋
= 333, et cetera.

For each n ∈ N, an = 3.

A decimal representation for a is


n∑

j=0

3

10j+1


∞

n=0

, as expected.

(b) Let a =
1

5
.

ã0 =

⌊
10

5

⌋
= 2, ã1 =

⌊
100

5

⌋
= 20, ã2 =

⌊
1000

2

⌋
= 200, et cetera.

We have a0 = 2. For each n ∈ N\{0}, an = 0.

A decimal representation for a is

 2

10
+

n∑
j=1

0

10j+1


∞

n=0

, as expected.
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In the light of Theorem (DAR) and Theorem (DR), we may express each non-negative real number x as

x = N.a0a1a2a3a4 · · · ,

in which N is the integral part of x, and

0.a0a1a2a3a4 · · ·

is a decimal representation of the non-integral part of x.
We refer to N.a0a1a2a3a4 · · · as a decimal representation of the non-negative real number x.

When y is a negative real number, −y is a positive real number, and admits a decimal representation

−y = M.b0b1b2b3b4 · · · .

We may express y as
y = −M.b0b1b2b3b4 · · · .

We refer to −M.b0b1b2b3b4 · · · as a decimal representation of the negative real number y.

15


