MATH1050 Arithmetico-geometric Inequality

1.

Definitions. (Arithmetic mean, geometric mean and harmonic mean.)

Let n € N\{0}. Let ay,az, - ,a, be n positive real numbers.
(a) The number Gatozt ot an is called the arithmetic mean of ay,as, - ,a,.
n
(b) The number /ajas - ... a, Is called the geometric mean of a1, as, -+ ,ay,.
1/1 1 1\ " :
(¢) The number |— | —+ — 4+ -+ — is called the harmonic mean of a1, as, -+ ,ay,.
n al a9 Ay,
Remark. By definition, the harmonic mean of ay, as, - - - , a, is the reciprocal of the arithmetic mean of the reciprocals

of aj,ag, -+, ap.

Theorem (1). (Arithmetico-geometrical Inequality.)

Let m € N\{0}. Let ay,as,- - ,a,;, be m posiitve real numbers.
a a e
The inequality L+ azt + am > ®/ajas - ... - any holds. Equality holds iff a1 = ag = -+ = .
m

Remark. So the result says: the arithmetic mean of an arbitrary collection of ‘finitely many’ positive real numbers
is no less than the geometric mean of the same collection. There are many proofs for this result: one of them is given
below, as a consequence of Lemma(3), Lemma (4), Lemma (5) and Lemma (6) together.
Corollary (2).
Let m € N\{0}. Let ay,as, - ,a, be m positive real numbers.
The inequality
ap+az + -+ am
m

1 /1 1 1\1!
L I < wataz - am <

m \ a1 a2 am
holds. Each equality holds iff a1 = a3 = -+ = ay.
Remark. The proof is left as an exercise: it is a simple extension of the arithmetico-geometrical inequality.

. Lemma (3). (‘Special case’ of Theorem (1): ‘for two positive numbers’.)

Let u,v be positive real numbers. The inequality UT—H} > v/uv holds. Equality holds iff u = v.
Proof. Exercise.
Illustration of the key idea in the proof of Theorem (1).

(a) We prove the statement (f) below, which is the ‘inequality part’ of the ‘special case’ of Theorem (1) ‘for four
positive numbers’:

b d
(8) Let a,b,c,d be positive real numbers. % > Vabed.

Proof of the statement (#). Let a,b,c,d be positive real numbers.
Va, Vb, Vab are well-defined, and a = (\/a)?, b = (v/b)?, Vab = \/aV/b.
Then a + b = (Va)? + (\/5)2 > 2\/6\/5 = 2v/ab. Similarly, ¢ + d > 2v/cd.

Therefore, (once again applying the same argument,) we have

1 4T 4 4

(b) With the help of the statement (£), we deduce the statement (b) below, which is the ‘inequality part’ of the ‘special
case’ of Theorem (1) ‘for three positive numbers’:

.. r+s+t
(b) Let r,s,t be positive real numbers. 3 > V/rst.
Proof of the statement (b). Let r,s,t be positive real numbers.

r+s+t . .. r+s+it+u
Define u = ————. u is also a positive real number. By (f), we have —————— > V/rstu.

3 4
Notethatr+s+t+u:r+s+t+(r+s+t)/3:r+s+t:u

4 4 3

t
Thenu:yzx‘l/r‘stu:\[‘/rst-\4/5.
Note that « > 0, and /u > 0. Then (%)32\4/7"%.
r+s+t 31* s 4 4

Thereforegzuz{3 (\4/17)] Z( \4/rst> :(1\2/@) = Vrst.



6. Lemma (4). (Many ‘special cases’ of Theorem (1): ‘for 2" positive numbers’.)

Let n € N. Let ay,as, -+ ,asn be 2™ positive real numbers.

a1 +ag + -+ asn
Ltazt -4 a > 2/ajay - ... - agn holds.

27L
Equality holds iff a1 = as = -+ = agn.

The inequality

Proof of Lemma (4). Denote by P(n) the proposition below:

‘Suppose a1, as, - ,asn are positive real numbers. Then

2 _ar+as+-o+amm
(alag et agn) S o .

Equality holds iff a1 = as = +-- = agn.’

e P(0) is a trivially true statement. (Why?)
e Let k € N. Suppose P(k) is true. Then the statement below is true:

‘Suppose 1, ca, -+, Cor are positive real numbers. Then
1
oF cl14+cCo+---+c
(c1cg - - cor)” < L= ok 2
Equality holds iff ¢y = ¢y = -+ = cgr.’
We are going to verify that P(k 4 1) is true:
Suppose by, ba, -+ ,bgr, -+, bor+1 are positive real numbers.
1 1
Sk Sk
Write dy = (bibg - ... - box)”  and do = (box 1boxyg - oo - bors1)” . Then
(ble C et b2k+1) == (ble St bgk) (b2k+1b2k:+2 St b2k+1) = d1d2
di+d
< = —; 2 (by Lemma (2))
1 ok *
= 5 (b1b2b2k) +(b2k+1b2k+2'... -ka+1)
< 1 b1+b2+"'+b2k+b2k+1+b2k+2+"'+b2k+l
-2 2k 2k
- b1 + by + -+ bort1
- k41
* Suppose by =by=---= b2k+1. Then
ST by + by + -+ + boria
(bibg - o byrsn)” =by = ot 1 —
*x Suppose
JEFT by + by + -+ bokta
(bib + oo byesn)” = ——2 o1 :
Then g od
1 JQF 2 _ i,
by byt oot b =
L —gk' e = (bib2-...- bzk)2
ok b et Dok e
ok 11 T 2k+;k+ + Ogk+1 — (byryrbyrag e b2k+1)2
By the second and third equalities, we have by = by = -+ = box and bok ) = boryg = -+ = borss
respectively. Then d; = by and dy = bk 4.
di +d
Since —- —; Z v/ didg, we have by = d; = dy = bar, 1. Therefore by =by =+ = bgr+1.

Hence P(k + 1) is true.

By the Principle of Mathematical Induction, P(n) is true for any n € N.



7. Lemma (5). (‘Backward Induction’ Lemma.)

Denote by Q(m) the proposition below:

e Suppose ay,as,--- ,a,, are positive real numbers.
mo_ar+ax+---+a
Then (a1as - ... - ) < ! 2 m.
m
Equality holds iff a1 = ag = -+ - = ay,.

Let p € N\{0}. Suppose Q(p+ 1) is true. Then Q(p) is true.
Proof of Lemma (5). Denote by Q(m) the proposition below:

e Suppose ay,as,--- ,a,, are positive real numbers.
m o_a+a+---+a
Then (ajaz - ... am)" < ! 2 ULy
m
Equality holds iff a1 = as =+ = ap.

Let p € N\{0}. The statements Q(p + 1), Q(p) respectively read:

Q(p + 1): Suppose c1,¢,- -+ ,cpq1 are positive real numbers. Then (cica - ... cpp1

)ﬁ < c1+ca+ -+ Cpra

p
Equality holds iff ¢y = co = -+ - = ¢py1.

Sb1—|—bz-|—-~

Q(p): Suppose by, bs, -+ , b, are positive real numbers. Then (b1bs - ... - bp)5
p

by =by=---=b,.

Suppose the statement Q(p 4+ 1) holds. We proceed to deduce that the statement Q(p) holds:

+1

-+
+ o . Equality holds

* Suppose by, ba, -+, b, be positive real numbers.
b1+b2+"'+bp .. . ..
Define b,41 = » . By definition, b,41 is a positive real number. Then by Q(p + 1), we have
by +by 44Dy + by Eas
> (biba - ..o by - b
] > (b1b2 p bp+1)
Note that
by +ba+ - +by+byr b +bot b+ (b +bot 4+ by)/p bbbt 4D,
p+1 - p+1 - P oo
Then ) ) .
by +by+---4+b,+0 e T o
bpys = 2 L > (byby - oo oby - bpy1)” = (bibg - oo bp)” by
p+1
_1
Note that b,41 "™ > 0. Then
P 11 _1
bp—i—lp 1 _ bp+1 p+ > (b1b2 bp)p-H
Therefore .
by +by+---+b pp 'pr% %'pp %
— P L= bppr =bp1” > (biby - bp)” T = (baba - by)
* Suppose by = by = -+ = by,
Then )
» b1 +0 b
(biby - by)” =y = AT 2T O
p
* Suppose
3 bi+by+-+b
(biby - by)? = A2 F O
p
1
Then (byby - ... - b,)" = b,y by the definition of b, ;.
Therefore
1
T T bp+1+bpr1 b1 +ba+ -+ by, + by
biby by bpid) = (bpsn ) = by = P T Ol T Op
(b1b2 p - bp+1) (bp+1”") p+1 P P
Therefore by = by = --- = b, = bpy1. In particular, by = by =--- =b,,.

Hence the statement @(p) holds.



8.

10.

Lemma (6).

Let k € N\{0,1}. There exists some h € N so that 2" < k < 2h+1,

Proof of Lemma (6).

Let k € N\{0,1}. Note that 2*¥ > k. (Why?)

Define the set S = {z € N : 2 > k}. [Apply the Well-ordering Principle for integers on the set S.]

We have k € S. Then S is a non-empty subset of N. By the Well-ordering Principle for integers, S has a least element,
which we denote by A.

Since k > 2, we have A > 1.
Define h = A — 1. By definition, » € N and k < 2/+1,
We verify that 2" < k:
e Suppose it were true that 2" > k. Then h € S. But h < A. Contradiction arises.
Hence 2" < k in the first place.
The result follows.

Proof of Theorem (1).
Denote by Q(m) the proposition below:

P # a1 +ar+---+a .
e Suppose aj,ag, - ,a,, are positive real numbers. Then (ajasg - ... ay)" < ! 2 ™ Equality holds
m

iffag =as=---=an.
Q(1) is (trivially) true.
By Lemma (4), Q(2M) is true for any M € N.
Let k € N\{0,1}. By Lemma (6), there exists some h € N such that 2" < k < 2/+1,

By Lemma (5), since Q(2"1) is true, Q(2"*! — 1) is true as well. Then, repeatedly applying Lemma (5), we deduce
that Q(2"+! — 2) is true, Q(2"*! — 3) is true, ..., Q(k + 1) is true, and Q(k) is true.

It follows that Q(m) is true for any m € N\{0}.
‘Backward induction’ method.
The argument above for the Arithmetico-geometrical Inequality is an example of ‘backward induction’.

Recall this convention on notation:

e Let N € Z. [N, +o0) stands for the set {x € Z : x > N}.

Theorem (7). (‘Principle of “Backward induction”’.)
Let Q(n) be a predicate with variable n. Let {A,}52 be a strictly increasing sequence of integers.

Suppose that all of (1), (1), (x) are true:

() The statement Q(Ap) is true.
(1) For any k € N, if the statement Q(Ay) is true then the statement Q(Ay11) is true.
(%) For any m € [Ap, +00), if the statement Q(m) is true then the statement Q(m — 1) is true.

Then the statement Q(n) is true for any n € [Ag, +00).

Theorem (8). (Set-theoretic formulation of ‘Principle of “Backward induction”’.)
Let T be a subset of [Ag, +00). Let {A,}52, be a strictly increasing sequence of integers.
Suppose that all of (1), (1), (x) are true:

(t) Ao T.
(1) For any k € N, if Ay € T then Ay, € T.
(%) For any m € [Ag,+o00),if m € T thenm —1€T.

Then T = [Ap, +00).

The proofs of Theorem (7), Theorem (8) are left as exercises. As statements, Theorem (7) and Theorem (8) are
logically equivalent. Theorem (7) suggests a scheme in its application; write down the scheme as an exercise. (A
concrete example on how the scheme works is illustrated by the argument in Lemma (4) and Lemma (5).)



