1. Definitions. (Arithmetic mean, geometric mean and harmonic mean. )

Let n € N\{0}. Let ay,as,--- ,a, be n positive real numbers.

(a) The number
ai+agy+---+ay

n
is called the arithmetic mean of a, a9, - , ay,.
(b) The number
Jarag - ... - ap
is called the geometric mean of aj, ag, -+ , y.
(¢) The number
)]
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n\ar as U
is called the harmonic mean of ay, as, - , ay.
Remark. By definition, the harmonic mean of ay,ag, - ,a, is the reciprocal of

the arithmetic mean of the reciprocals of ay, a9, - - , a,.



2. Theorem (1). (Arithmetico-geometrical Inequality.)
Let m € N\{0}. Let ay,aq,- - ,a, be m posiitve real numbers.

The inequality
a1 +ag+ -+ ap

> waiay ... G
| m 2 Yanay ¢
holds. Equality holds iff a1 = as = - - - = .
3. Corollary (2).
Let m € N\{0}. Let ay,as, - ,a, be m positive real numbers.

The inequality

~1
1 /1 1 1 ar+as+---+a
[—<—+—+---+—>} < Warag o am < ——— m
m \a; Q9 QA m

holds.  Each equality holds iff a; = Qg =+ = Q-

4. Lemma (3). (‘Special case’ of Theorem (1): ‘for two positive numbers’.)

Let u,v be positive real numbers.

utrv > /uv holds. Equality holds iff u = v.

The inequality



5. Illustration of the key idea in the proof of Theorem (1).

(a) We prove the statement (f) below, which is the ‘inequality part’” of the ‘special case’

of Theorem (1) ‘for four positive numbers’:

b d
() Let a,b, c,d be positive real numbers. o Z cra > v abed.
Proof of the statement (f).
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Ilustration of the key idea in the proof of Theorem (1).
(a) We prove the statement (f) below:

b d
(#) Let a,b, c,d be positive real numbers. o Z cr > v/ abed.

(b) With the help of the statement (f), we deduce the statement (b) below, which is the
‘inequality part’ of the ‘special case’ of Theorem (1) ‘for three positive numbers’:

" r+s+1t
(b) Let r, s,t be positive real numbers. : > +/rst.

Proof of the statement (

&k v.s,t be Fm“&\r& bele wmbes .
De‘&l\’\ﬁ W = (roat q N3 ‘d\ﬁ\ nw O o«l&om])ﬂ«‘f\f{, reaQ WL@‘,

"
’Bj (__q:) / wl, L\Mﬂ V*S;frt'(—w > “FW |
N@{Q \_d’\;j ‘V‘*S"’tfb\ . xaSTLF ((’r&‘("ﬁ)/; B 'r_(.s-(-"t

—

Lf'_t ) b = = -2 =
Tll\ffw W = ”” ™ = ek = et = .

e k>0 Thoe () >4/ = “[rt

_ > N A £d
e =55 W[ > () R




.Lemma (4). (Many ‘special cases’ of Theorem (1):

numbers’.)

Let n € N. Let ay,as,--- ,asn be 2" positive real numbers.

> %/ajag - ... - agn holds.

ap+ ag + -+ 4 agn
- —
Equality holds iff a; = ag = - -+ = ag.
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.Lemma (5). (‘Backward Induction’ Lemma.)

The inequality

Denote by QQ(m) the proposition below:

e Suppose ai, as, - -, are positive real numbers.
L atat--+a
Then (aias « ... - apy) < LT =,
m
Equality holds iff a; = ag = -+ = Q.

Let p € N\{0}. Suppose Q(p + 1) is true. Then Q(p) is true.

‘for 2" positive
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.Lemma (6).

Let k € N\{0,1}. There exists some h € N so that 2" < k < .

N



9. Proof of Theorem (1).
- Denote by @(m) the proposition below:

e Suppose ap, as, - - - , Gy are positive real numbers.

& a1tas+---+a
Then (a1a9 - ... - am) < ! 2 i

m
Equality holds ift a; = a9 = - - - = anp,.
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10.

‘Backward induction’ method.

The argument above for the Arithmetico-geometrical Inequality is an example of ‘back-

ward induction’.

Recall this convention on notation:

e Let N € Z. [N, +o0) stands for the set {x € Z : x > N}.

Theorem (7). (‘Principle of “Backward induction”’.)

Let Q(n) be a predicate with variable n. Let {An};2, be a strictly increasing
sequence of integers.

Suppose that all of (1), (1), () are true:

(1) The statement QQ(Ay) is true.

(1) For any k € N, if the statement Q(Ay) is true then the statement Q(Axy1) is true.
(%) For any m € [Ag, +00), if the statement ¢)(m) is true then the statement Q(m — 1)

1S true.

Then the statement QQ(n) is true for any n € [Ag, +00).



Theorem (8). (Set-theoretic formulation of ‘Principle of “Backward
induction”’.)

Let T be a subset of [Ag, +00). Let {A,},°, be a strictly increasing sequence of
integers.

Suppose that all of (1), (1), (x) are true:

(T) AgeT.
(1) For any k € N, if Ay, € T' then Ay €T
(%) For any m € [Ag,+00),if m € T'then m —1 € 71"

Then T = [Ag, +0).

The proofs of Theorem (7), Theorem (8) are left as exercises.

As statements, Theorem (7) and Theorem (8) are logically equivalent.

Theorem (7) suggests a scheme in its application; write down the scheme as an exercise.

(A concrete example on how the scheme works is illustrated by the argument in Lemma
(4) and Lemma (5).)



