1. Statements.

A (mathematical) statement is a sentence, or a number of carefully worded inter-
related sentences, (with mathematical content,) for which it is meaningful to say it is
true or it is false.

All statements are placed on equal footing:

* No prejudice towards any statement, whether true or false.
(Example: ‘1+1=2", 1+ 1 =3 are on equal footing as statements.)

Aristotle’s Law of the Excluded Middle:

e cach statement is true or false, but not both.

Truth values: T, F.

* A statement known to be true is assigned T (for ‘truth’).

x A statement known to be false is assigned F (for ‘falsity’).



2. Decomposition of statements into blocks.

Delete words indicating ‘logical relations’ in any given statement, such as .
‘and’, ‘or’, ‘if’, ‘then’, ‘suppose’, ‘assume’, ‘let’,
and we will obtain ‘simpler blocks” which are also statements.

Examples.

(a)AABC be a triangle. @AACB is a right angle. @AEQ = AC*+BC”.

(1) AABC is a triangle.  (2) ZACB is a right angle. (3) AB* = AC? + BC?.
(b) @x, y e . lS{lpposeia: is divisible by y @y is divisible by z. x| = |y|.
(Y =<l (3) = s Avisible by . (5) X2 1l

(c)[Let|A, B be sets. A ¢ B\(B\A)|iff]A c B.
(D Ao s ) A< BN(BNA) .
) B i o oK. ) A<



This process can be reversed:

% Join statements with words indicating ‘logical relations’, such as
‘and’, ‘or’, ‘if’, ‘then’, ‘suppose’, ‘assume’, ‘let’,

)

and we will obtain more complicated statements.

Hence we have these notions:
+ Logical Connectives:
‘and’, ‘or’, ‘if’, ‘then’, ‘suppose’, ‘assume’ et cetera
+* Compound statements are:

x statements obtained by joining several ‘shorter’ statements with 10gical connec-
tives.



3. Negation of a statement.

Civen a statement P, we may form these statements:

* ‘the statement P is true’,

* ‘the statement P is not true’.

Regarded to be the same: =3 Regovvo\e I
P, ‘the statement P is true’. “I41:2 5 e j;i L:“ ,
e sami .
Reason: they are either true together, or false together.
How about ‘the statement P is not true’? D e
: Off‘)ﬁ(‘e to eack og/ :
x True exactly when P is false * gl 2’
x False exactly when P is true. e 1" s trwe )

[t is called the negation of P.

Notation: ~P. W%\\q‘wwtm vﬁcﬁ’m\ "
Pronounciation: ‘not P’. 1 1 ‘1=



Examples.

(2)

P 14+1=2 true statement

‘Pistrue’ | ‘1+1=21is true’ true statement

~P ‘1 4+ 1 = 2 is not true’ | false statement
(b)

Q) ] =2 false statement

‘¢ is true’ | ‘1 = 2 is true’ false statement

~() ‘1 = 2 is not true’ | true statement

The relation between P and ~ P, summarized in a table:

LPi~P
T| F
FIT




4. Conjunctions and disjunctions of two statements. |

Given two statements P, @), we may form the compound statements using ‘and’, ‘or’:

‘P and (), ‘Por Q.

/

Pl
Qi t3asT
P ok & H=2ad BH:T
P oo & “ltl=2 oy 3*2&7'

Conjunction of P, Q:

‘P and )’

Notation: P A Q.
Pronunciation: ‘P wedge @', ‘P and @)’

Truth values?

* P A (@ is true exactly when both P, Q) are true.
WV‘N\A’WWW

The relation amongst P, @), P A () is summarized in a table:

PAQ

m T 44 4|
m =4 T 4O

oAy



Disjunction of P, Q:
‘Por ()
Notation: PV Q.
Pronunciation: ‘P vee ()’, ‘P or Q"
Truth values?

* PV () is true exactly when at least one of P, Q) is true.
g B e e Tk T e B2

The relation amongst P, ), PV ) is summarized in a table:

PlQ|PVQ
T|T| T
T|F| T
FIT| T
FIF| F

Beware! This ‘or’ here is different from that ‘or’ in daily language.



5. Truth table, and logical equivalence.

A table such as the one relating P,Q, P A @ gt GAR) VA PAY(PAQ) \/&]
PlOIPAQ | PAVA. | PALGAQ)VE]
TIT| T T T
TIF| F T F
FIT| F T 3
FlF| T F F

is called a truth table.

How to read a truth table?

* Read row-by-row.

+ ‘Simpler blocks” put on the left-hand-side (in this example P, Q)

* ‘Simplest ones’ on the extreme left.

+ Compound statements (in this example P A @): put on the right-hand-side.

* ach new column corresponds to a new compound statement formed by joining

‘simpler ones’ on its left by a ‘logical connective’.



Examples.

(a) Truth table for ~(P V Q). (b) Truth table for (~P) A (~Q).
PlQIPVQ|~PVQ) P|Q|~P|~Q|(~P) N (~Q)
TIT, T F T|IT|F | F ™
TIF| T F TIFIF | T F
FIT| T F FIT|T|F F
FIF|F | T FIFITI|T| T

(¢) Truth table displaying ~(P V @), (~P) A (~Q) ‘Simultancously’.
~(PV&)  (PIACQ)

P|Q|PVQ|~PVQ)~P|~Q|(~P) A (~Q) e SIMJHMWS(»]

T|T| T F |F|F| F Tre v

TIF| T F F T F - "“jt”‘” (70?;?

FIT) T F |T|F| F rrespecve

e ® - 7|7 . frtl valles o) P4
q&& e S@ thak

~(VQ), +P)ACR)

o gl ot



(d) Truth table displaying the truth values of

~(PV Q), (~P)V (@ ‘simultaneously’.

¥ & |
P|Q|PVQ|~(PVQ)|~P|(~P)VQ ~(PvQ), P) V&
TIT| T F F T e, ik log
TIFf T | F | F| F e ﬁ?
FIT| T FoT T A
FIF| F T T T BenckBhs ore oot .
(e) Truth table displaying the truth values of ~(P A Q), (~P)V (~Q) ‘simultaneously’.
$ ¢
PIQIPAQ|~(PAQ)|~P|~Q|(~P)V(~Q) -
TIT| T = F | F F ~ (PASD | (~P)V(~R)
TIF| F T FIT T one: (3% ek
FIT| F T T | F T M% Q%
FIF| F T T| T T




Remarks.

(1) Refer to (c).
- ~(PVQ), (~P) A (~Q) are both true or both false, (irrespective of the respective
truth values of P, Q).
For this reason, these two statements are the same as each other.

Hence we say they are logically equivalent to each other.

(2) Rffer to (ci)); ’ N x> 2 ov x=3) 5 uncleor
~(PV Q), (~P)V Q are not logically equivalent. Doeo i mean “(NEx>2) gy x=y !

Beware! Brackets matter. Ov ko if meam “ NI (x>2 v x=3)" 7

(3) Refer to (e). ~(P AQ), (~P)V (~Q) are logically equivalent to each other.

~ De Morgan’s Laws in logic: the logical GW@&-

(4) Brackets indicate how a statement is supposed to be read.
Refer to (d). Does the chain of symbols ‘~P V )" mean

~(PVQ), o (~P)VQTY
How about the chain of symbols ‘~P A Q"7




Examples (Continued).
) (PAQ)V R, (PV R)A(QV R) are logically equivalent:

AR
PIQIRIPANQI(PAQ)VR|IPVR|QVR|(PVR)ANQVR)
TIT|T| T T T | T ‘
TITIF| T T T

T|F|IT| F T 1

T|F|F| F F T

FITIT| F T T

FITIF|F F F

FIFIT| F T T

FIF|F| F F F




() (PVQ)AR, (PAR)V(QA R) are logically equivalent:

Remark.

(5) logical equivalence in (f), (g):

PIQ|RIPVQ(PVQ)AR|IPANRIQANR|(PAR)V(QAR)
T|\T|T] T T T T T
TIT|F| T F F F F
TIF|T] T T T F T
TIF|F| T F F F F
FIT|T] T T F T T
FITIF| T F F F F
FIF|T| F F F F -
FIF|IF| F F F F F

Distributive Laws for conjunction and disjunction in logic.



Examples (Continued).

(h) (PAQ)V R, PA(QV R) are not logically equivalent:

Remark.

¥

b Y
P QIRIPANQI(PANQ)VR|QVR|PAQVR)
T|T|T| T T T T
TITIF| T T T T
TIF|T| F T T T
TIFIF| F F F F
FIT|T| F T T F
FIT|F| F F T F
FIF|T| F T T F
FIF|IF| F F F F

¥ Y

(6) Note that (PAQ)V R, PN\ (Q V R)Kare not

- Again beware! Brackets matter.

Example.

x Compare
(z>2and x <4)orxz > 1,

So

C x> ok x<f o x> [

logically equivalent.

PAAVR gt i meke §omie

‘x >2and (x <4orzx>1).

S undes.



Examples of pairs of logically equivalent statements.

e De Morgan’s Laws:
~(PV Q), (~P) A (~Q) are logically equivalent.
~(P AQ), (~P)V (~Q) are logically equivalent.
e Distributive Laws for conjunction and disjunction:

(PVQ)AR, (PAR)V(QA R) are logically equivalent.
(PAQ)V R, (PV R)A(QV R) are logically equivalent.

e Law of Double Negative Elimination:
P, ~(~P) are logically equivalent.
e Law of Commutativity of Conjunction:
P AQ, QA P are logically equivalent.
e Law of Commutativity of Disjunction:
PV Q, QV P are logically equivalent.
e Law of Associativity of Conjunction:
(PAQ)AR, PA(QA R) are logically equivalent.
e Law of Associativity of Disjunction:
(PVQ)V R, PV (QV R) are logically equivalent.



6. Conditionals.

Given two statements P, (@, we may form the compound statement using ‘it’, ‘then’
simultaneously:

‘if P then @'

This is the conditional from the assumption P to the conclusion Q).
Notation: P — @) |
Pronounciation: ‘P arrow @)’, ‘if P then @)’

Truth values?
x P — () is true except when P is true and () is false.
g S il el iaplpe iivicogiveii, a=Sotcss sl

The relation amongst P, Q, P — (), summarized in a truth table:

PlQIP— Q

T|T T

\T[F| F| ¢—

T T
L

— — = A
MM%W T [ ’fo\l%/ ?——-)& ) —t/wﬁ :



Various ‘wordy’ formulations for P — Q:

(a) ‘P only if )",

(b) ‘Suppose P. Then Q).

) ‘@ is necessary for P’. ‘() is a necessary condition for P’.
(d) ‘P is sufficient for Q). ‘P is a sufficient condition for ).
(e) ‘Assuming/Given/Provided that P is true, ) is true’.



7. Another way to see what conditionals are.

Consider the statements

x P — Q,
* (~P)V @,
and the latter’s ‘double negation’
« P A (~Q)] _
Truth table showing truth values of P — @, (~P) V Q, ~[P A (~Q)] simultaneously:

PQ|P— Q|~P|~Q|(~P)VQ|PAN(~Q)|~[P A (~Q)
TIT| T F|F i F
TIFIF |F|\T| F T

FIT| 7T T |F T F

FIF| T T T T F

—

P8, PV, LA ] e ety %”‘N"M'

The rical eqpdvlerc bfwee P2Q" ond ‘~PAGCQN 1 the (o 1
D/gi JX\%‘\@ @LK?’V/&— L7/%—{'Yo\c>(ic‘('trm’ W\@H’\Wk[ ﬂ ) . | LSMQM -



8. Converse, contrapostive and inverse of a conditional.
Consider the statements P, Q, P — Q.

e The statement () — P is called the converse of the conditional P — ().

e The statement (~Q) — (~P) is called the contrapositive of the conditional
P — Q.
e The statement (~P) — (~Q) is called the inverse of the conditional P — Q).

Respective truth valu;s?/ /‘\UE{%@ZQ\/M ,

PlQ|P = Q|Q = P|~P|~Q|(~P) = (~Q)|(~Q) = (~P)
T|T T T
T|F @ F
FIT @ T
FIF T T




Therefore,
o P — Q, (~Q) — (~P) are logically equivalent,
o P — (), () — P are not logically equivalent,
o P — Q, (~P) — (~Q) are not logically equivalently, and
e () — P, (~P)— (~Q) are logically equivalent.

To justify one of P — @, (~Q) — (~P) is the same as to justify the other.

This is the logical foundation of the ‘contrapositive proot’.



A statement and its converse are not logically equivalent.

It can happen that both are true.
* It can happen that both are false.

* It can also happen that one is true while the other is false.

Examples.

(a) P: ‘the quadrilateral ABC'D is a square.’
(): ‘all angles of the quadrilateral ABC' D are right angles.’
P — Q is true. Q — P is false.
(b) P: ‘AABC'is equilateral.’
(): ‘all three angles in AABC are equal to each other.’
P — (@ is true. () — P is true.
(c) P: ‘AABC is an isosceles triangle’.
Q): ‘ANABC is a right-angle triangle’.
P — (@ is false. () — P is false.



In FEuclidean geometry, there are a lot of pairs of conditionals and converses which are
both true. Examples:

(a) Parallel Postulate and its converse (Fifth Postulate, and Proposition 27 of Book I,
Fuclid’s Elements).

(b) Pythagoras’ Theorem and its converse (Propositions 47, 48 of Book I, Euclid’s Ele-
ments).

(¢c) Thales” Theorem (Proposition 31 of Book III, Fuclid’s Elements) and 1ts converse.

In your analysis course, you will find a lot of conditionals which are true but whose
respective converses are false. These are the simplest examples:

(a) (...) Suppose f is differentiable at c. Then f is continuous at c.

(b) (...) Suppose f is continuous on [a, b]. Then f is integrable at |a, b].



9. Biconditionals.

Given two statements P, (), we may form the compound statement
‘P if and only if (),

using the phrase ‘if and only it’.

Short-hand: ‘P iff ()’

This is called the biconditional from P to ().
Notation: P <> Q).

Pronouciation: ‘P double-arrow )7, ‘P if and only if ()’
Truth values?

x The statement P <> () is true exactly when P, () are both true or both false.
Truth table: |

PIQ|P <« Q

T
-
é,//

—

n

—'/M@ 7

7

-



Various ‘wordy’ formulations for P <+ Q):

(a) ‘P is necessary and sufficient for ().

(b) ‘P is a necessary and sufficient condition for Q.

)
(c) ‘Q is a necessary and sufficient condition for P’.
)

(d) ‘P, Q are (logically) equivalent to each other’.

P+ Q,(P— Q)N (Q — P) are logically equivalent:
P|lQ|P+ Q|P —Q|Q— P|(P—=>Q)AN(Q — P)
T|T T T T T
TIF| F F T F
FIT| F T F F
FIF T T T T

So these are the same:

x ‘P <> () is true’

x* (P — Q)N (Q — P) is true/,
* both of ‘P — @ is true’,'() — P is true’.

To justify one of them is the same as to justify the other.



10. Tautologies, contradictions and contingent statements.

Consider a compound statement
E(P7Q7R7>

formed by ‘connecting’ a number of statements P, Q), R, - -

)

- with the ‘logical connectives

~ VN, =, 4

e The statement %(P,Q, R, - --) is called a tautology exactly when:

it is always true irrespective of the truth values of P, Q, R, - - -

;invplfj P [

(b) P — P. ; ff TT

() P & [~(~P)]

o P | & | P& | (Pag)—P

6) [PAQVR)] < [(PAQ)V(PAR). L A ;!
F T F T
FIF |F | T




e The statement %(P,Q, R, - - -) is called a contradiction exactly when:

it is always false irrespective of the truth values of P, Q, R, - - -.

Fxamples: P | ~P PA(~P)
(3) P A (~P). T F | F
(b) P <> (~P). F LT B

e The statement (P, @, R, - - - ) is called a contingent statement exactly when:

it is neither a tautology nor a contradiction.

Examples: ? N ]) () >p

F F
T T

~— /5_‘\/-\
o
>

OO
-

- PALL | P—=(PAA)

N THAd |
L T P | (/23
L i ¢
o o B



11. Another view on logical equivalence.

Given statements P, (), - - -, we form two compound statements

E(PaQa"')a ' E/(P7Q7'”>7

and then further form the compound statement

S(P,Q, ) < S(PQ, ).
In general such a statement needs not be a tautology:.

[t is a tautology exactly when:
Y(P,Q,---),X(P,Q,- ) are logically equivalent,.

Examples of logical equivalence.

(a) Law of Double Negation: P <> [~(~P)].

(b) Distributive Law:
(PAQ)VE] < [(PVR)ANQV R, [(PVQ)AR] < [(PAR)V(QAR).

(¢) De Morgan's Law: [~(P A Q)] ¢+ [(~P) V (~Q)), [~(PV Q)] + [(~P) A (~Q)].
(@) (P> Q) ¢ [(~P)V Q]

(©) (P = Q) ¢+ {~[P A (~Q)}.

() (P = Q) & [(~Q) = (~P)].



12. Rules of inference.
Given statements P, (), - - -, we form compound statements
21<P7 "R 2 )) . Zn<P7 .. .)’ Z’(P7 Ce )7
and then further form the compound statement

(S1(P, YA ASu(P,-+)) = (P, ).

In general such a statement needs not be a tautology.

[t is called a rule of inference exactly when it is a tautology. It is usually presented
in the table form

El(P7Q7"'>
EZ(PaQa"')
2n<P7Q7)

E’(P)Q)...)



Examples of rules of inference.

(a) Modus Ponens: [(P — Q) A P] — Q. | 4
(b) Modus Tollendo Ponens: [(P V Q) A(~P)] = Q, [(PVQ)A(~Q)] — P.
(¢) Modus Tollens: [(P — Q) A (~Q)] — (~P).

(d

(e) Biconditional-conditional: (P« Q) — (P — Q), (P + Q) — (Q — P).
(f) Conditional-biconditional: [(P — Q) A (Q — P)] — (P + Q).

Hypothetical syllogism: [(P — Q) A (Q — R)] — (P — R).

)
)
)
(g) Simplification: (PAQ) — P, (PAQ) — Q.
(h) Addition: P — (PVQ), Q — (PV Q).
(i) Repetition: P — P.
(j) Double negation: [~(~P)] — P.
(k) Adjunction: (P A Q) — (P AQ).
(1) Constructive dilemma: [(P — Q) A (R — S)A(PV R)] = (QVS).
(m) Idempotency of entailment: [P — (P — Q)] — (P — Q).
)

(n) Monotonicity of entailment: (P — Q) — [(P A R) — Q).



Mdun Ponoes ol the gkl ‘=7

gé‘mﬁ \/V\wi\v\?/v»j{]c:\%) (‘/LW_, to ,\okicdke, *CZ\E/ WL, O/A/

Modns  Tones with the help »’6 he Q\TWLA‘:):

Wit b mest by G 7 Wkt dee A shord Lov 7

v . TL@ QKDTAL@M&K ORI (‘:'hd\ﬁ\/am&ﬂ‘d to be ) Tree
he onditimdl G H s akye (keveo o be) trwe.

go L~) V\W?%M, Tt M

Pl QP> & | (-] |00 ]>Q
T | T T T R
T|F T F T

F T X - F T
FF T = T

So [Nt
(IS A\Aw( O '{'a,ud'o(057 ]
/ft\l) f“l?/ ”3/ f\]cw’/»\ce/
s bnovowan Ml foeny

E@QMLL&M ‘d\«jk 4{ W otvwe .

ek o meak by G S ST T Wkt doeo it Hond o
Nnswor,  The Frddemed Gy » (heam/ ameited 4o be )drae .
“The conditionals (= H\/ H3T owv sl (Eamon To be ) tvae

go L7 /(/m W@@Ww
Hat™ T iy tree,

a/()flicaim oaf Notwr Tmens i w»? be Coneluded



\/\& c@,@_M b ?1‘5‘0/<\/ - L,) Codindipn mekhel
- Sekemeh N, K ‘ ‘ .

‘%o‘?ﬁﬂ(ﬁ) Suﬂm& 4—\ > e ’Tl\@\ < » Hvue .

WM “Seppe KACKY D e ‘
Deduce o ogpAjnite PR
e e vkt C il > kot ke

o Ciliedidlin,
Her ce. Qm\du&z K \(ﬁ') | L\NL 3! ik -tLa Ji\(&' P(kce,

(\/\/\/\N\/\/\/\—/\/\/\/\/\/\/\/\J
Mechawion LR Y PR A~ G WO e a L\.
vt foble bo,%u 7 e ot e

4| v | ~k
HAG ) C [—H/\ ((v\()‘&_-; F

;a / ¢ 2 v ‘ ‘ = r
. V ¢ “
.




