MATH1050 Summation and Product

1. Convention on the summation symbol.

Suppose m,n are integers.

(a) Suppose m < n. Suppose am, Am41, Gmt2,°* »An—1, Gy are numbers.

n
We agree to write a,, + amy1 + Gma2 + -+ ap—1 + a, as E ak.
k=m
n

(b) Suppose m > n. Then we agree to read Z br as 0 no matter what the by ’s are.
k=m
n
Remark. The symbol k& in the expression Z ay, is called the dummy index in this expression.

k=m

2. Theorem (1). (Basic properties of the summation symbol.)

Let m,n,p, q be integers. Suppose m < n < p. Let apm, Gm+1, 5 0ny by by1, - -+, by, ¢ be numbers. The statements
below hold:
n n n n n n n
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(¢) Z ap = Z Ajtq- (f) Z cap =c Z ay.
k=m j=m—q k=m k=m

Remark. Do not be scared by the symbols. Many of these formulae are just ‘short-hand’ for what you are very
familiar. For instance:

n n
o g ap = E am+n—j7 is ‘am + @mgr + - Fap_1 +ap = ap +ap_1 + -+ amq1 + ay,’ in disguise.
k=m

j=m
n n
° E cay = c E ag’ i ‘Cap + Camy1 + - can = c(am + @my1 + -+ + ay)’ in disguise.
k=m k=m

Proof. Apply mathematical induction. (Hence they are postponed at this moment but will be left to you).

3. Some basic results on ‘double summation’.
The results stated below on ‘double summation’ are left as exercises. These results can be generalized to ‘triple
summation’ et cetera.

Theorem (2).
Let m,n, p,q be integers. Suppose m < n and p < q. Suppose

Am,p, Ay, p+-15 e Amy,qs
Um+1,p5  Am41,p+1, " Am+1,q5
Un,p, An p+1, o Qnyg
n q q n
are numbers. Then Z Z aj i = Z Z aj k-
j=m k=p k=p j=m

Corollary (3).

Let m,n be integers. Suppose m < n. Suppose

Am,my  Am,m+1, Am m+2 o Gmn—1 Qm,ny
am+1,m+17 am+1,m+2 e am+1,n71 aerl,na

a7rL+2,m+2 et a7n+2,n—1 a?n-ﬁ-Q,n;

Ap—1n—-1, QAn—1,n,

Qp.n

n

n n k
are numbers. Then E E aj g = g E aj k-

j=m k=j+1 k=m j=m



Theorem (4).

Let m,n, p, q be integers. Supposem < n andp < q. SUppose am,, Gm41;Gm+2, " sAn—1,0n; bp, bpt1,bp12, -+, bg—1, by
are numbers.

n q n q q n
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j=m k=p j=mk=p k=p j=m
. Convention on the product symbol.

Suppose m,n are integers.

(a) Suppose m < n. Suppose am, Am41, Gmt2,°* ,an—1, Gy are numbers.
We agree to write G, - Q41 - Q42 oo " Gp—1 - Ay @S H ar.

n

(b) Suppose m > n. Then we agree to read H br as 1 no matter what the by’s are.
k=m

n

Remark. The symbol k& in the expression H ay, is called the dummy index in this expression.

k=m

. Theorem (5). (Basic properties of the product symbol.)

Let m,n,p, q be integers. Suppose m < n < p. Let @y, Gmi1s 5 Any by b1, - -+, by, ¢ be numbers. The statements
below hold:
n n n n n n
(a) Hak—HaJ (d) Hak—Ham+n] (2) Hakbk (H“k)(ku>~
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(b) H ag = Qm. (e) H c=c"mth (h) H ap= ( H ak)( H ak>~
k=m k=m k=m k=m k=n+1
n n—q n n
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k=m Jj=m—q k=m k=m

Remark. Do not be scared by the symbols. Many of these formulae are just ‘short-hand’ for what you are very
familiar. For instance:

*’ H (akbk) = <H > (H bk>7 is ‘G bm am+1bm+1 . Gpby, = (am cQp41 et an)(bm : b7rz+1 Ceet bn)’ in

k=m k=m
disguise.

Proof. Apply mathematical induction. (Hence they are postponed at this moment but will be left to you).

. Telescopic method for sums and products.

Suppose we are given some ‘finite sequence’ of numbers by, byt1, bnt2, -+ ,bn, and we want to compute the sum
n

Z by. If it happens that there are some appropriate numbers am, , Gm+1; @m+2, 5 An, Gpyr for which by = a1 —a;

k=m

holds for each j, then we obtain the equality

n n
E by E (Akt1 — k) = Gpy1 — G
m

k=m k=
immediately. This method for computing/simplifying sums is referred to as the telescopic method for sums.

There is an analogous telescopic method for products; formulate it as an exercise.

. Theorem (6). (Mechanism behind the Telescopic Method.)

Let {a,}22, be an infinite sequence of numbers.

(a) Whenever m < n, the equality Z (ak+1 — ag) = apt1 — am holds.

k=m

n
(b) Further suppose a; # 0 for each j. Then whenever m < n, the equality H Lrtl _ Ontl polds.

a a
e k m

Proof. Apply mathematical induction. (Hence they are postponed at this moment but will be left to you).



