








4. Here are some other examples of such statements in school mathematics.
(α) Let △ABC be a triangle.

∠ACB is a right angle iff AB2 = AC2 +BC2.

(β) Let △ABC be a triangle.
∠ACB is a right angle iff AB passes through the centre of the circumcircle of
△ABC.

(γ) Let f (z) be a polynomial with real/complex coefficients and indeterminate z, and
c be a real/complex number.
The polynomial z − c is a factor of the polynomial f (z) iff f (c) = 0.

(δ) Let {an}∞n=0 be an infinite sequence of complex numbers. The statements below
are logically equivalent:

(1) {an}∞n=0 is an arithmetic progression. (There exists some complex number d

such that for any n ∈ N, an = a0 + nd.)

(2) For any n ∈ N, an+1 =
an + an+2
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5. Many results in your linear algebra course are statements of this form. Here are
some examples.

(α) Let u1,u2, · · · ,un ∈ Rm. The statements below are logically equivalent:
(1) u1,u2, · · · ,un are linearly dependent.
(2) One of u1,u2, · · · ,un is a linear combination of the others.

(β) Let A be an (n × n)-square matrix with real entries. The statements below are
logically equivalent:

(1) A is non-singular. (The zerovector is the only element of the null space of A.)
(2) A is row-equivalent to the identity matrix In.
(3) A is invertible.
(4) For any b ∈ Rn, the system Ax = b has a unique solution.
(5) The columns of A constitute a basis for Rn.
(6) det(A) ̸= 0.
Watch out how these results are proved in your linear algebra course.

6


