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Solution 8

Section 8.1

1. Since we are only concerned about pointwise convergence here for x > 0, let z > 0 be
fixed. Then as n — oo, we have

lim z ==z
n—oo

which is a finite real number, and

lim (z 4+ n) = +oo.

n—00

Hence .
lim =0,
n—oo r +n

as desired.
2. Let x > 0 be fixed. Then for all n € N, we have
e >14+nx >0.

(Why? Either show this by differentiation, or use the power series expansion

(n2)®  (nx)® >

—+

nr __
¢ _1+m+< 21 31

where the bracketed terms are non-negative since nax > 0.) This says

0<ze™<

for all n € N. Since

by Sandwich theorem, we see that

exists and is equal to 0.
8. Let z > 0 be fixed. Then for all n € N, we have
e >14+nx > 0.

(Why? Either show this by differentiation, or use the power series expansion

(ne)? | (na)? )

+ -+

nr __
e —1—|—mc+< o T

where the bracketed terms are non-negative since nx > 0.) This says
x
1+ nx

0<ze™<

for all n € N. Since .
lim =0,
n—oo 1 + nx

by Sandwich theorem, we see that
lim ze™ ™
n—oo

exists and is equal to 0.



2014-15 Second Term MAT2060B 2

11. Define the functions f, and f on [0,00) by fy(2) = ;7 and f(z) = 0. We already know

from Question 1 that f,, converges pointwisely to f on [0, c0).

Suppose first @ > 0 is given. To prove the uniform convergence of f,, to f on [0, al, simply
observe that the sup-norm of f,, — f over [0,q] is

T 1

[0,a] 1+ %’

r+n

which tends to 0 as n — co. Hence f,, converges to f uniformly on [0, a].

Next, to show that f,, does not converge to f uniformly on [0,c0), note that

T
[lfn = flljo,00) = sup =1,
x€[0,00) L tn

the last equality following since

for all z € [0, 00), and

lim
r—=oo L+ "N

Hence || fn, — f||(0,00) does not tend to 0 as n — oo (in fact it tends to 1 instead), and from
this we see that the convergence of f,, to f is not uniform on [0, c0).

12. Define the functions f,, and f on [0,00) by fn(x) = 25> and f(z) = 0. We already

1+n2x2
know from Question 2 that f,, converges pointwisely to f on [0, 00).

To prove that this convergence is uniform on [a, o) for all @ > 0, let a > 0 be given. Then
the sup-norm of f, — f over [a,0) is

1

nx

<

[a,00)

nx
14+ n2x2

[a,00)

which tends to 0 as n — oo. Hence f,, converges to f uniformly on [a, o).

To prove that the convergence of f,, to f is not uniform on [0, c0), note that for all n € N,

we have ) .

I = Moy = 300 1@l = £ (3) = 5

z€[0,00 n

Hence |[fn — flljo,00) does not tend to 0 as n — oo. This shows f, does not converge
uniformly to f on [0, 00).

18. Define the functions f, and f on [0,00) by fn(z) = ze ™ and f(z) = 0. We already
know from Question 8 that f,, converges pointwisely to f on [0,00). To prove that this
convergence is uniform on [0, 00), observe that the sup-norm of f, — f over [0, 00) is

_ 1 _
e~ 0y = e

because the maximum value of ze™* on [0,00) is attained when x = 1/n. (Check by
differentiation!) Since

. N S
S {1 = flljo,0) = Jim —e™ =0,

we see that f,, converges to f uniformly on [0, c0).
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22.

23.

Recall fn(z) =2+ 1 and f(z) = for all z € R, n € N. Thus

(3

which tends to 0 as n — oco. So f, converges to f uniformly on R.
On the other hand,
1\ 2
<Jc + ) — z?
n

for all n € N. So f2 does not converge uniformly to f2 on R.

| fn — fllr = sup
zeR

)

157 = f?lr = sup
zeR

Remark. Hence if f,, converges uniformly to f on a set A, and g,, converges uniformly to
g on the same set A, it is not necessarily true that f,,g, converges uniformly to fg. The
problem is that the functions involved could be unbounded. If we work only with bounded
functions, then the product will still uniformly converge, as we see in the next question.

Suppose f,, and g, are sequences of bounded functions that converge uniformly on A to f
and g respectively.

First we claim that there exists a constant M; € R, such that
| fnlla < M; foralln e N:

This is because using Cauchy’s criterion, taking ¢ = 1, we see that there exists N € N,
such that
lfn— fmlla <1 forall n,m >N,

which implies that
Ifnlla < ||fn|la+1 foralln>N.

Hence taking My = max{||filla,.-., || fv=1lla,|[f~]la + 1}, we get the desired claim. (Or
else: since the triangle inequality implies

W falla = fmllal < lfn = finlla,

which shows that {|| f.||a} is a Cauchy sequence of real numbers, we see that {||f.|la} is
a convergent sequence of real numbers, which in particular implies that it is a bounded
sequence of real numbers.) (We sometimes say that f,, is a sequence of uniformly bounded
functions.)

Similarly, there exists a number My € R, such that

gnlla < My for all n € N.

It follows that

1fngn = flla =[lfalgn — 9) + (fo — f)glla
<|[fallallgn — glla + 11 fa — fllallglla
<Millgn — glla + M| fn — flla
—0

as n — oo, by uniform convergence of f,, and g, to f and g respectively. Hence f,gn
converges uniformly to fg on A.
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24. Since ¢ is continuous on [—M, M|, we see that g is uniformly continuous on [—M, M].
Hence given € > 0, there exists § > 0, such that whenever y1,y2 € [—M, M| with |y —y2| <
0, we have

l9(y1) — 9(y2)| <e.

Now f, converges uniformly to f on A, and |f,(x)| < M for all z € A and n € N. Thus
|f(x)| < M for all z € A as well. In addition, uniform convergence of f,, to f implies that
there exists N € N, such that for all n > N, we have ||f,(x) — f(x)|la <9, i.e.

|fu(x) — f(z)] <6 for all z € A.

Hence using the earlier inequality for g with y1 = f,(x), y2 = f(z), we get

lg(fn(z)) —g(f(z))] <e forallxz € AandallneN.

Hence

lgofun—goflla<e,

and since this is true for all n > N, we see that g o f,, converges uniformly to g o f on A.

Supplementary Exercises

1.

(a)

Just note that

)
lim —27 — ¢
n—oo N + ,7;2
for all x € R, by sandwich theorem. Also,
cos b | cos bz | 1 1
2|l = 5 =su 2 =
n+r°|g  zerR P+ zeRM+ X n

cos Hx
n+x2

Fix z. Then 0 < cos? 7z < 1. If cos® 7z = 1, then cos

converges uniformly to 0 on R.
2

which tends to 0 as n — oco. Thus

2

"rr=1 = limcos®™ wx = 1.

Mrr=0.

1, if cos?mx =1 1, z€Z

0, o.w. :{ 0, ©¢7Z = f(=),
=1 < wx =kn, forsomek €Z & x €Z.

Otherwise, lim cos

Hence lim cos®” mx = {

since cos?

Now for any positive integer n, we have

2

HcosQ” T — f(m)HR > Hcos2” T — OH(O = lim cos“" mx =1,

z—07t

which does not converge to 0 as n — o0o. So (cos?®7z) does not converge to f
uniformly on R as n — oo.

x x x x
Now lim%:(), we have % = sup 2’ | s|= sup —H5—5-
n°+ n®+x*—0|p zer|N°+2x 2€[0,400) N7+ T
Hence we have
|| 0 T T x
—_ — = sup ————5< sup 5———= sup  ——5
n? + x? R z€[0,400) n? + 2 z€[0,n) n? + 2 z€[n,+o0) n? + x2
T T 2
< sup ) + sup -3 < — — 0
z€[0,n) T z€[n,+oo0) L n
x
Hence, the sequence 2] converges uniformly to 0 on R.
n? + z2



