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Solution 7

Supplementary Exercises

1 Let
f(xz) =Thomae’s function, which is integrable.
g(x) = L, z70 g is integrable
0, z=0 ’
Then

1, reQ
(gof)(x):{o , ze[0,1\Q

g o f is not integrable.

2 (a) When z >0, f\x\dx:fxdx:w;—l-a
When z <0, [ |z|dz = — [zdz = —%—i—C.
Hence,

22
—7"1'0 , <0

(b) When z >0, [z|z|dr = [2%dx = %3 +C.
When z <0, [z|z|de = — [2?dz = f’”—; +C.

Hence,
.1’3
J z|z|dx = Zg—i_c , 270
—7'{'0 , <0
(c) When z >0, [|sinz|dz = [sinzdz = —cosz + C.
When z <0, [|sinz|dz = — [sinazdr = cosz + C.

Hence,

_J —cosz+C , x#0
fx|x\d:z—{ cosx+C | x<0

n

1 1 1 I~ n 1 1
3. S I
<a)n+1+n+2+ +n+n n;n—i-j nél—kj/n

Let f(x) = T2 x € [0,1]. Since f € C[0,1], f € R[0,1].
TakePn:{]} , hence || Py, || = 0. Then
0
1 1 1 I~ 1
lim [ —— — lim — — lim S(f, P,
lm<n—|—1+n+2+ +n—|—n> lmnzl—i—j/n im S(f,Pn)

Jj=1
1

dx 1
1 = a1+ )l = log

1 n n
(w1 1 1 k
b) 1 = —Inn! -1 :—g Ink —1 :—El—
(b) In - ~lnnt—Inn nk:l(n nn) nk:lnn

1
Note that the improper integral / In zdz is convergent and equal to —1.
0
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Now consider the difference

N 1 1SNk 1
) —/ lnxda::Zhl—/ In zdz.
n 0 n n 0

k=1

We claim that it tends to zero as n tends to infinity.
But this is equal to

k1 1 ntl
Z/ (n—lnx) dx—/ lnxdas—l—/ In zdx,
0 1

the last two terms here obviously tends to 0 as n tends to infinity.
For the first term, by the mean-value theorem,

So

n k+1

1 | 1 n 1
==(1 <-(1 Zdr ) ==(1+1nn).
n<+zk>_n<+/1xx> n(+nn)

k=2

1
Since lim — (1 4+ Inn) = 0, we get the desired claim.
non

Hence
1 1
Nn Nn 1
lim (n)) = exp (lim In (n) ) = exp (/ In xdx) = exp(—1).
n n n n 0
4.
- )
/ &nﬁda: Lett=ao—m
o 1+cos?z
Tt int
— / wdt Let © = —t
0 1+ cos“t
/7r rsinx /_7r msint
= — —— dx + —_—
o 1+cos?z 0 1+coth
rsinx
———dcost
/0 14 cos?x / 1+002t o8
rsinz
/ T ool s / darctan cost
o 1-+cos
/ rsinz vt 2
1+cosz 2
Hence,

T rsinz 2
72(13:. = .
o l+cos®x 4
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d.

(f) The improper integral fol

(a) The improper integral fooo e *dx converges, since

c

lim e ¥dxr = lim [l —e ]
c—00 0 c— 00

exists and equals 1. Hence the value of the improper integral is fooo e Fdr = 1.

(b) The improper integral fooo xe Tdx converges, since (integrating by parts)

C
/ xe Ydr=1— (14 c)e
0

which converges to 1 as ¢ — 4+00. Hence the value of the improper integral is given
by fooo re dx = 1.

(¢) The improper integral fl 1 dac diverges, since

¢ 1
——dzx = 2v/c — 2,
|

which diverges as ¢ — 4o00.

(d) The improper integral fol ﬁdw converges, since

/ dr=2-2/e

which converges to 2 as ¢ — 0". Hence the value of the improper integral is given by
f L —=dr = 2.
0 =

(e) The improper integral fol %dm diverges, since

11
/ —dr=Inl—-1Inc=—Inc,
¢ T

which diverges as ¢ — 400.

m(ln 2 a)? dx converges, since (by substitution)

R R W
. :Jc(lnx)Zx_ Ini  Inc Inc’
e

which converges to 1 as ¢ — 0. Hence the value of the improper integral is given by

f(]l/e m(lr}x)Q dr =1.

. . 1 .
(g) The improper integral |, ﬁdm converges, since

1
———dzx = arcsinc,
/c V1= x?
which converges to m/2 as ¢ — 17. Hence the value of the improper integral is given

by fo ﬁd:v— z

6. Use Cauchy’s criterion: Suppose fab |f| exists. Then given € > 0, there exists 6 > 0 such

that for any c1,co with a < ¢; < ¢3 < a + 9, we have

c2
/ ] <e.
c1
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8.

But since

/Cij‘S/:IfI,
/CCQf’ <e

whenever a < ¢; < ¢2 < a + . Thus Cauchy’s criterion again implies f; f is convergent.

this implies

Again use Cauchy’s criteria: If the improper integral f:g converges, then € > 0, there
exists & > 0 such that for any ¢, co with a < ¢1 < ¢ < a + §, we have

Cc2
/g<5.
C1
c2 c2
OS/ fS/ 9
c1 c1
c2
/f’<s
C1

whenever a < ¢; < ¢co < a + 9. Thus Cauchy’s criterion again implies ff f is convergent.

But since

this implies

(a) Since
z+1 2x 2
S%S—?):—? whenever z > 1,
4+ T x

and since floo %dx is convergent, by the comparison test,
® xr+1
/ 3 : 5dr
1 >+
is convergent.

(b) Tt is easy to check, for instance, that Inx < /z for all > 1. Hence

0 < Inz 1 b > 1
—— < — = —— whenever =
=2 = 2 23/2 =5

B

and since floo wg—l/Qd:c is convergent, by the comparison test,

is convergent.

(c) First note that
1 e’

T z|lnz| T z[lnz|

for x € (0,1/e].

Next note that fol/ ¢ mdaj diverges: this is because

]./6 1
/C x\lnx|dm = (—lnllnx\)ﬁii/e =In|ln¢/—In|—1| =In|In¢|

which diverges as ¢ — 0. Hence by comparison test, |, e _e gy diverges.

0 z|lnz|
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(d) Since
i 1
0< |sin | < —  whenever z > 1,

ov/1+ a2~ zv/z2 a2

and since floo %d:p is convergent, by the comparison test,

*  |sinz|

——dx
1 V1422

is convergent. It follows that

*©  sinz

————dzr
1 oVl + 22
is also convergent.

(e) Note that for ¢ > 1,

C : C
sinx cosc CcoS T
de = — +cosl — 5 dz.
1 X C 1 X

sinz . sinz| prc . .
Now %%SC = 0 by sandwich theorem, and |x—‘ fl ©5"dx exists; the latter is
because
| cos |
2

1
0< <= for all x > 1,
T T

and floo x%dx converges. Hence altogether,

C : C
sinx cosc cosx
dr = — +cosl — 5 dzx
1 X C 1 X

. . O si
converges as ¢ — oo. Hence the improper integral [ = *dx converges.




