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Solution 5

Section 7.1
L (a) [Pl = 2.

2 (a) S(z%,Py) =09.
(b) S(z%,P1) = 37.

1

1
14. (a) g(xz?—l iz ) < qf = g(wf + @i + 7)) < (27 + s + @)

Lo =

= 0§$22_1§qi2§$@2 = 0<zi1 <¢q <.

(b) Qgi)(zi —zi-1) = %(%2 @i+ 0 ) (@ — 1) = %(x? -z} ).

n n

(©) S(@: Q) = Qe — i) = 3 S (o — b)) = L0 o)

i=1 =1

(d) Let e > 0, and P i= {([zi-1, 2], t:) }/=1 be a tagged partition of [a, b] with | Pl <é.
By (a) and since Q has the same partition points, ¢;,t; € [x;—1,2;] = |ti — ¢ < 0.

| S(Q;P) = S(Q; Q) |
> QAT =Y Q) A
=1 =1

n

Z(tzz - qz'2>A$z'

i=1

n n
SZH?—Q? \Al’i:ZHi—qz‘ | |t +qi |Ax;
1=1 i=1

<O (It [+ g DAz <208 ) Ax; = 2b(b — a)s.
i=1 i=1
Choose 6 := ¢/(2b(b — a)). Then | S(Q;P) — S(Q; Q) | < e.
1

b b _
Hence @ € R]a,b] and / Q= / 22de = S(Q; Q) = §(b3 —a?).
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Section 7.2

2. LetPn:x0:0<a:1:%<x2:%< <xn—1bepart1t10nof[01] and tag t; = x;.
Then the Riemann sum S(h, Py) Z Lt y1y=1ntl 41,
Let n — oo, then lim, o S(h, Py) = 5

On the other hand, let Q, : xp =0 < z1 = % < T = % < -+ < xp, = 1 be partition of
[0,1] and tag ¢; be irrational number € (z;_1,x;y1).

Then the Riemann sum S(h, Q,) = 0, thus lim,,_, S(h, Q,) = 0.
Hence, h ¢ RI0, 1].

12. Given e > 0, let h. be the restriction of g(z) = sin1/x on [e, 1]. Then since h, is continuous
on [g,1] (which in particular implies h. is Riemann integrable on [g,1]), there exists a
partition @ of [, 1] such that

(h€7 Q) (h67 Q)
Now let P be the partition of [0, 1] defined by P = {0} U Q. Then
S(g,P) — S(g,P) = (osc[o E]g) e+ S(he, Q) — S(he,Q) < 1-e+e=2e.

Hence g is Riemann integrable on [0, 1].

Section 7.4

12. Let f(z) = 2% for € [0,1], and P, = {0,1/n,2/n,...,(n —1)/n,1}. Then

(i1 23_12+22+---+(n—1)2 nin—1)2n—-1)  (n—1)(2n—1)
N n o ns3 6n3 N 6n2 '

n

(i1 124224402 a(n+1)(2n+1)  (n+1)(2n+1)
n o n3 6n3 6n2 '

LU = sup L(f. Pa) = 5.

and

Since U(f) > L(f), this forces L(f) = U(f) = 1.
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Supplementary Exercises

4
1. (a) S(f,P) = Zsupf Az;

j=1 L

B (we[—sﬁl—)l/zl _:U) <_; ) (_1)> ! (m[s—l??z,m _x> <0_ <_;>>
! (zes[él,lf/sl o 1) <i1)> - 0> * <xesﬁl/p3,1] o 1) (1 N zla)
(e (D)) -

95

36
4

S(f,P)= Zlnff Az;

=1

N (a:e[—if{l/z} x) <; - (1)) " (we[i—qizm x> (0 - (i»
(e ) (50)+ Can =) (03)
=(3) (2= cm)ro(o-(-3)) + (5) (5-0) o (1-3)

_u
36

The Darboux upper sum is not a Riemann sum because sup f = 1 but we can’t find
(0,1/3]
any tag z € [0,1/3] so that f(z) = 1, because of the definition of f.

. N 2n
(b) Take P, := {m = —1+ Z} , hence || Py || = 0.
nJi=o

Then S(f) = lim S(f,P,) = lim (Z( zi—1) Az + Z —xi—1+ 1) A:cz>

=1 i=n+1
2n
= lim (Z( xi—1) Az + Z Axl>
=1 i=n+1
2n . 2n 2n
. 1—1 1 1 o1 .
:hm<Z(1— - )(n)—l—z <n>>:2_han, (t—1)+1
=1 1=n+1 =1
1 2n —1))2 2n —1
—3—lim2(0+(n2 DL T
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n

and S(f) =lmS(f,P,) =lim (Z —x;) Az; + Z —x; + 1) Amz>

=1 i=n+1
2n 2n
= lim (Z (—x;) Azm; + Z Ax,-)
i=1 i=n+1
2n i 1 2n 1 1 2n
= lim <Z (1—n> (n> +4Z <n>) :2—1imﬁz i+1
i=1 1=n—+2 =1
1 (142n)2 1+2
PN G L LR S R L S
n 2

1
Hence S(f) = 1 = S(f), by integrability criterion, f € R[—1,1] and / f=1
-1

2. Since f is Riemann integrable on [a, b], given £ > 0, there exist a partition Py of [a, b] such
that B
S(f7P0) _ﬁ(fap()) <Ee.

Let P; be a refinement of Py with P, = Py U {c,d}. Then
g(prl)_ﬁ(f)Pl) Sg(fwPO)_ﬁ(fvPO) <e

Let P be a partition of [c,d] given by P = P; N [c,d]. Then

S(f,P)—S(f,P) <S(f,P1) - S(f,Pr) <e
here the first inequality follows, since if P, = {a =20 < -+ < x4y =c < -+ < x5, =d <
.. Ty = b}, then

n

(f’ Z OSClg; _ 1$1]f ( —1’1;1)
=1

i1

= Z (OSC[Iifl,Ii]f) (i —xi1)

i=i0+1

=S(f,P1) - 5(f, Pr).

Since this is true for any € > 0, we have f € R]c,d].

3. Since f is integrable, given ¢ > 0, then there exists partition P = {I;} of [a,b] such that
Z oscr, | < e.
J
By triangle inequality, oscy;|f| < oscy, f, then

Zosclj|f\ < Zoscljf <e.
J J

Hence |f| is Riemann integrable.

The converse is not true. For example, taking function f to be 1 when x is rational number
in [0,1] and be —1 when x is irrational number in [0,1]. Then |f|(x) = 1 for each point,
so | f| is integrable. However, f is not integrable for the following reason:
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4.

5.

Let Pp:axpg=0< 21 = % <9 == < .- <z, =1 be partition of [0,1] and tag t; = z;.
Then the Riemann sum S(f,P,) = 1.

However, let Q, 120 =0<z1 =2 <ay=2<... <z, =1bhe partltlon of [0,1] and tag
t; be irrational number . Then the Rlemann sum S(f ( ) =—

S

Hence, f is not integrable.

(a) Since f,g are Riemann integrable, given € > 0 , there exists 6 > 0 such that for any
tagged partition P with ||P|| < ¢, then

b
r/ f-S(P) <,

I/g S(g,P)| <e.

Since f < g, thus S(f,P) < S(g,P). Therefore,

b b
/fsS<f,P>+e§8<g,P>+as/ g+ 2.

Let ¢ — 0%, then f;f < f:g.
(b) Since —|f| < f < |f|, by (a), we have — [’ |f| < [ f < [} |f]. Hence,

I/abflé/ablfl-
/ab!f\ﬁ/:M=M(b—a)-

It suffices to show that % is Riemann integrable. Since g is integrable, given € > 0, then
there exists partition P = I; of [a, b] such that

Z oscr;g < E.

J

If[f] <M,

1

. 1 e 1 - . .
Since |g| > ¢, thus oscr; 5 < zoscr;g < - Hence, 7 s Riemann integrable.

. Since inf f +inf g < inf(f + g), thus the Darboux sum S(f, P) + S(g, P) < S(f +g, P) for

any partition P. For any ¢ > 0, by definition of supermen, there exists partition P, and
P, such that

S(f) —e <S5(f, P),
S(g9) —e < S(g, P»).
Let P be the refinement of P; and P», by Proposition 2.1 in lecture note, then
S(f) —e < S(f,P),
S(g) — < S(g, P).

Therefore, we have

S(f)+5(g9) —2e <S5(f, P)+5(9,P) < S5(f + 9, P) <S(f +9).
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Let ¢ — 07 , we obtain the result.

Taking function f to be 1 when x is rational number in [0, 1] and be —1 when z is irrational
number in [0,1] and g = —f. So S(f +¢) = S(0) = 0. By the calculation in exercise 3,
we know that S(f) = —1. Using the same argument we can get S(g) = —1. Hence,

0=25(f+g)>S(f)+S(g) = -2



