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Solution 2

Section 6.2

2. Let f be defined on [a,b] and ¢ € [a,b]. Then

e c is a critical point of f if f’ exists at ¢ and f'(c) = 0.

e cis a relative maximum (or relative minimum) of f if 30 > 0 s.t. f(c) > f(z)

(or f(c) < f(x)) YV €la,bN(c—0d,c+9).

e A relative extremum is either a relative maximum or a relative minimum. Any

differentiable relative extremum must be a critical point.

To find relative extremum, there are 2 steps:

(1)
(2)

First, list all critical points, non-differentiable points, and endpoints. These are can-
didates for relative extrema.

Second, apply the first derivative test (Theorem 6.2.8) to the points in (1).

It is always helpful to plot a graph first.

(a)

For z # 0, f’(az)zl—%zo = x==l.

Hence z = —1,1 are thgcritical points of f.

Since any relative extremum must be a critical points when f is differentiable in its
domain, apply the 15¢ derivative test to —1 and 1, i.e. for z # 0,

Flz) = 1 { >0, forz>lorz<-1
22| <0, for —1<xz<1.

Hence, relative maximum = —1, relative minimum = 1.
The interval s.t. f is increasing = (—oo, —1] U [1, +00).
The interval s.t. f is decreasing = [—1,0) U (0, 1].

relative maximum = 1, relative minimum = —1.
The interval s.t. f is increasing = [—1, 1].
The interval s.t. f is decreasing = (—oo, —1] U [1, +00).

relative maximum = 2/3, no relative minimum.
The interval s.t. f is increasing = (0,2/3].
The interval s.t. f is decreasing = [2/3, +00).

no relative maximum, relative minimum = 1.
The interval s.t. f is increasing = [1, +00).
The interval s.t. f is decreasing = (—o0,0) U (0, 1].
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3.

D.

(a) For x # +1, f'(z) =2z sgn(z®? —1) =0 = =0
Hence x = 0 is the critical point of f.
— f(1 21
P 41, J@ = IED e 1]
x — (1) x — (£1)
= fi(£l)= lim |z +1sgnfz — (£1)] =2,
z—+1+
f(£1) = lim |z 4 1sgn[z — (£1)] = -2
z—+1—
Hence x = —1, 1 are the non-differentiable points of f.

And x = —4,4 are the endpoints. All possible relative extrema are 0,£1,+4. Apply
the 15 derivative test to 0,1, +4, i.e. for x # £1,

= |z £ 1|sgn[z — (£1)]

>0, forxr>1lor —1<xz<0

sgnf’(z) = sgn(x + 1) sgnxsgn(m—l){ <0. forz<—lor0<ux<l.

Hence, relative maximum = 0, +4, relative minimum = +1.

(b) no critical point, non-differentiable point = 1, endpoints = 0, 2.
relative maximum = 1, relative minimum = 0, 2.

(c) For x # £1/12, b'(x) = |2? — 12| + = sgn(z? — 12)(27) = 3 sgn(z? — 12)(2? — 4).
critical point = 2, non-differentiable points = ++1/12 ¢ [—2, 3], endpoints = —2, 3.
relative maximum = 2, relative minimum = —2, 3.

() Fora# 8 K(a) =z~ )"/ 4+ 5 (z —8)2/ = g(x _8)"23(z — ),
critical point = 6, non-differentiable point = 8, endpoints = 0, 9.
relative maximum = 0, 9, relative minimum = 6,

x = 8 is neither a relative maximum nor a relative minimum.

Let f(z):=a"/™ — (z — 1)'/", for & > 1.
Then f'(x) = lxl/”fl — l(37 — )Y for o > 1.
n n
1
Define g(t) := t/"" ! for t > 0, ¢'(t) = < — 1> 4772 < 0 since n > 2.
n
1 1
Then for z > 1, f'(z) = ﬁg(:r) - Eg(:z‘ — 1) < 0. Hence f is strictly decreasing for z > 1.
Note a > b > 0, then a/b > 1, hence f(a/b) < linll+ f(z) = f(1), by continuity,
T—
a a

1/n 1/n
..e. - — _ — — — — ln_b n< a—b ’VL'
' (b)/ (b 1)/ <1-(1-1)=1 = a/" ="/ < (a b)Y

. Note that the function f(t) := sint is differentiable on R, with f/(¢) = cost. In particular,

given any z,y € R with x < y, the function f(¢) is continuous on [z, y], and differentiable
on (z,y). Hence the mean-value theorem applies, from which we conclude that there exists
some ¢ € (x,y) such that

sinz —siny = (cosc) (x — y).

Now just put absolute values on both sides, and observe that | cosc| < 1. Then
|sinx —siny| < |z —yl,

as desired.
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7. Note that the function f(¢) := Int is differentiable on (0,00), with f’(¢t) = 1/t. In par-
ticular, given any x € (0,00) with > 1, the function f(¢) is continuous on [1,z], and
differentiable on (1,x). Hence the mean-value theorem applies, from which we conclude
that there exists some ¢ € (1,x) such that

-1
Inz—Inl= x .
c
Now just observe that
1 1
—< -<1,
T c

since ¢ € (1,z). Since x — 1 > 0, it follows that

r—1

<lhzx—-Inl<1l-(x—-1),
x

l.e.
r—1

| -1
. <lnz < (xr-1),

as desired.

1
9. For z #0, f(z) = 22t +atsin= >t —at =2t > 0= f(0)
x
Hence f has an absolute minimum at x = 0.

1 1 1 1 1
For z # 0, f'(x) = 823 + 423 sin — + 2% cos — <—2> =22 (832 + 42 sin — — cos )
x x\ =w x x

Define a,, := 1/2nm and b, := 1/(2n7 + 7/2) with lim a,, = limb,, = 0.

Then f'(a,) = L2 i—1 < LQ E—1 <0ifn>2
"\ 2nr 2nm 2nm 6n -
2

1 8 4
"(by) = - >0 Yon.
S {ba) <2n7r+7r/2> <2n7r+7r/2 2n7r+7r/2) "
Let € > 0. Then 3 N1, No € N s.t. |an,| < € and |by,| < €, i.e. an,,bn, € (—¢,¢).

WLOG assume Ny > 2 *. Hence f'(an,) <0, f'(bn,) > 0 with an,, by, € (—¢,¢) V e > 0.
Hence the derivative has both positive and negative values in every nbd of 0.

* Remark We can replace N1 by max (N1, 2). Or we can interpret N already chosen to
be > 2. This is a useful skill in analysis.

2 .
1. 90 =90) _wt2Tsin{l/z) o a0l L g0y =14 2 limasin t =14 2(0) = 1.
z—0 T x z—0 x
For z # 0,¢'(z) = 1+ 4asin() — 2cos(L). Define a,, := 1/2nm and b, = 1/(2n7 + 7/2)
with lim a,, = limb,, = 0.
Then ¢'(a,) =1—2cos2nm = —1 < 0, and

1
/ —_—
g@n_1+45;¢§)>a

Let € > 0. Then 3 N1, Ny € N s.t. |an,| < € and |an,| < €, i.e. an,,bn, € (—¢,¢).

Hence ¢'(an,) > 0,¢'(bn,) < 0 with an,,bn, € (—¢,e) Ve > 0.

Thus g cannot be monotonic on (—&,¢) V & > 0, (read Theorem 6.2.7 carefully), i.e. any
nbd of 0.
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11. Take f(z) := y/z is continuous on [0, 1] and hence uniformly continuous on [0, 1].

1
Forx > 0, f'(x) = is unbounded, which can be proved by putting z = z,, := — — 0.

PN 4n?

13. Let z,y € I s.t. x <y. By MVT, 3¢ € (x,y) s.t.
f(x)— f(y) = f'(¢)(z —y) <0, as in particular, f/(§) >0and z —y <0
= f(z) < fy).

Hence f is strictly increasing on I.

18. Let € > 0. Then 3 § s.t.
f(z) = f(c)

r —cC

—fl(o)f<e, VO<|z—c|<é.

For x < ¢ < y inside (¢ — d,c¢+§),

—e(y—c) < fly) = fle) = fl(e)(y —c) <ely—c)

f(y)_f(x) —f/(C) <e
y—x
Supplementary Exercise
1. Separating the whole interval into a sequence of finite intervals: (1,2),--- , (2F, 281 ...,

All of them satisfy the assumption of Mean Value Theorem. Hence we get:

f/(ivl) _ f(2)2_0f(1)
Flas) = f(4)2*1f(2)

' k+1y_ p(ok
f(sn) = HEIE)
|f!(wpyn| < 2M /28 = 27FFIM — 0 as k — oo

Since x41 > 2%, s0 2, — 00 as k — oo

So we have the sequence.



