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Solution 11

Section 9.3
Then z, — 0, z2 > z1, (25 ) is not decreasing.

2/n, if n even;
3. Denote z, := { 1/(n+1), if nodd.
2k k
1 2 1 2 1 2 1 1 )
Sok = Z(—l)n+1zn = 5 — 5 + Z — Z 4+ -+ ﬁ — ﬂ = —5 Z E Hence (SQk ) leergeS.
n=1 n=1
Thus, Leibniz Test (alternating series test) fails.
1 C . .
5. Denote (x,, ) := | — |, which is decreasing and limz,, = 0, and (y, ) := (1,—-1,—-1,1,...)
& 1 if n odd
Then s, := Z Yp = (=1, 1 no is bounded. By Dirichlet’s test, we have
pt 0, if n even
11 1 >
1—5—5—1—14—5—6—?—1—4——— :;:L"nynconverges.
7. Let p, g be positive integer, we claim that
1 p
lim (log n) =
n—00 nd
By L Hospital Rule,
1 1 1
lim —2% = lim —2 = lim 7 =0.
T—00 CL‘E T—00 g‘rg— T—r00 qx;
p P
Moreover, for large = > 0,
d slogx —qlogx
cT( ; )Zp qﬂ+1g <0.
T\ raq prP

Therefore (loif ) i decreasing for large n. By alternating test, > (—1)"=27

10. By Abel’s lemma, we have
N . SN ey 1 SN .
an _ SN z n= — — T Y NeN
Zn N+n1(n n+1)8 N+nzln(n+1) <

n=1

M
SN’S——)O as N — oo.

Now by hypothesis, 3 M > 0s.t. |sy| <M =

Sn M M Sn
M < <— = —
oreover, n(n+1) ‘ “n(n+1) ~ n? Z n(n+1)

[o.¢] [o¢]
. . Qn 2 : Sn
Lettlng N — o0 in (1), we have ngl ; = Z m

< 00, by Comparison test.

] P
n (logn) converges.
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11. Define (y,):= (1, =1, —1, 1, 1, 1, ...), and denote by s,, its n'" partial sum.

Claim $nmtny = (—1)n+1
p

1
[”‘2" ]‘ If the claim is true, (s, ) is unbounded.

[1+1

NOW S1(141) = 1= (—1>1+1
3 2

}‘ Assume it is true for n = k. Then for n = k + 1,

k+2 k+2
S (k+1)(k+2) — Sk(k+1 = Skt + (—1 + -4+ (=1
( )2( ) (2 )+(k+1) (2 ) ( ) ( )

k+1terms
k‘ 1
= (—1)k*! i ]' +(=1)**2(k + 1), by induction hypothesis
1 1

k+ —(k+1), if kodd CEEL ik odd s

_ Lo e
P 2
—7+—k+D if k£ even Eg—, if k even

By M.L, (s, ) is unbounded. Hence Dirichlet’s test cannot directly apply.

1
Now define f(x) := (:U;), Vao>1 Thenf’(x):x+§>0, Vao>1 LetneN.
1 -14++v1
Iff(m):x(x;):n,x:—kz—i_&lZI. Denote k :=[z]| <z, and k > 1.

Now s, lies between Sxw+1), S@®+1)(k+2), hence we have
2 2

k+2 < 2k + 2k

< =2k < —1++VI+8n<+vn+8n=3n"2

‘5n|§

By result in Question 14, the series converges.

14. By Abel’s lemma, we have

N g s = 1 s =
n N N n
— - = —— V NeN. 2
n A7+§:<n n+1>&l N’+§:nm+1) @)
n=1 n=1 n=1
< T
By hypothesis, 3 M > 0s.t. |sy| < MN" = ‘N _Nlr—>0 as N — oo.

Sn Mn" M Sn .
= < = —F < by C test
n(n+ 1) ‘ o n(n-i- 1) - p2-r Z n(n_|_ 1) o0, by Lomparison test,

1
since Z " <ooas2—r>1 < r <1, by integral test.

Moreover,

Letting N — oo in (2), we have Z Z 74_1)
(n

converges.

n=1

15. (b) By Cauchy-Schwarz inequality, we have ¥V N € N,

s (Be) (B2) <(3)(2)

n=1 n=1 n=1 n=1

N 00
Van . . .
Hence as N — g ~—— is increasing, E b, converges.
n

n=1 n=1
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1 *©  dx *d(lnz) —11% 1
d) Defi := ———. Not = = | = )
(d) Define a, n(lnn)? © e/2 z(lnx)? /2 (nz)2 Inz|, In2 =0
By integral test, Z a, converges.
1 * d % d(l o
Now b,, = dn _ . Note/ v :/ (nx):lnlnx = 00.
n nlon 3 xlnzx 3 In 3
By integral test, Z b, diverges.
Section 9.4
. 1 1 ) 1
1. (a) Now | fp(z) ]| := P < ol vV x € R. Since Zﬁ < 00, by M-Test,
Z fn converges uniformly on R.
(¢) Now | fn(x)]:= ‘ sin % ‘ < ‘ % ‘, vV x € R. Since Z |;LU2| < 00, by Comparison test,
M
an converges absolutely on R. Let M > 0. ThenV |z | < M, | fu(x)] < 3

Hence, by M-Test, it converges uniformly on [—M, M].

(e) First we note when x = 0, the series converges. Then we rewrite f,(x) in following

way,
T

(z"+1) 1+1/zn

n

1
(x > 0), set t = —, we have,
T

t) = t>0
falt) = 1 (£ 0)
1
For t <1, fu(t) > 3 hence the series diverges.
1
Fort > 1, f,(t) < ey by M-test, f,(t) absolutely converges.

1
However, since sup;~; fn4+1(t) = 2 by Cauchy Criterion, f,(¢) does not uniformly

converges on (1,00)

As a conclusion, the series ) f,, converges absolutely but not uniformly on [0, 1).

2. Using Weierstrass M-test, we know
lan sinnz| < |ay],
so the conclusion follows.

an+1$n+1

:L-n

Qn

5. Let L :=lim = lim

€ (0,00). If |z | < L, lim

An+1

By ratio test, Z anz™ converges absolutely if |z | < L.

1
a1zt Ant1

1
If |z| > L, hm‘ = lim -|:L'\>Z-L:1.

anx™ n

an+1

an

'.\x\<

1
— . L=
L

—_
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6.

11.

By ratio test, Z anz"™ diverges if |z | > L. By Cauchy-Hadamard theorem, R = L.

a1zt a a
If L =0, then for [z| >0, lim InHl® | i | 2L n+1

x| =]x|lim

anx™ n

By ratio test, Z anz™ diverges if | x| > 0. By Cauchy-Hadamard theorem, R = 0 = L.

n

an+1$n+1

anx™

an+1 an+41

If L = oo, then for z € R, lim = lim x| =]x|lim = 0.

n n

By ratio test, Z anz™ converges if | | < co. By Cauchy-Hadamard theorem, R = co = L.

Example: Consider the power series 1 + 22+ 2* + ... Here ay, = 1 but asn+1 = 0, so
limy, o0 |@n /@ny1| does not exist but p = limsup,, ,.(|an|"/") =1 and R = 1.

. 1 o1 . .
(a) lim |ap|» = lim — = 0. Hence the radius of convergence is co.
n—00 n—oo N

an

(b) lim

1 —
= lim(n + 1) <1 + ) = 00, which diverges properly.
n

an+1
Hence the radius of convergence is oo.

" 1)! 1\ -
(c) lim | = lim 2 (n+ 1) = lim (1 + —) " — ¢~ Hence the radius of conver-
Apt1 (n+ 1)nt+inl n
gence is e
1 ! 1 1
(@) Tim | 20| 2 g B (et L)
41 [In(n+ 1)]~! Inn
1 1 1 1
Now lim n@+1) =1l M = lim =1, by L’Ho6pital’s rule.
z—oo  Inz z—oo  1/x a—oo 1+ 1/x
1 1
By sequential criterion, we have lim 9 |~ lim m =1
Gnt1 Inn
Hence the radius of convergence is 1.
(f) Now | ay |"/™ = n~Y/V™. Define f(z) := 2~ 2/*, > 1. Then
O e I L EIRR WL Lk S N

2 2

By sequential criterion, n — n~ UV g increasing for n > 3, we have
sup|an | = limn =YV Vv k> 3.

n>k

2/a —2Inz lim —2hne lim =

=2
Now lim 272/% = lim e = =esvo = =eavm = =¥ =1 by L’Hopital’s rule.
T—00 T—00

By sequential criterion, we have p := limsup | a,, | = lim A

Hence the radius of convergence = 1/p = 1.

Use Taylor expansion at point x = 0, we have

(k) (n+1)
f(z) = Z / k'(o)xk + f(n+ 1()0')1:(71 +1)
prt ! !
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12.

16.

for |z| < rand 0 < |¢| < ||

f(n+1) (C) x(n+1) B n+1

(n+1)! < "

| (n+1)!

n+1 (n)
Since ———— — 0 as n — co. So > ! n'(0>

(n+1)!

x" converges to f(x) for |z| < r.

e—1/h?
11(0) = limy_y 5 set t = 1/h, we have,

t
/ _ .
FO=Mn e
Applying L’Hospital Rule we get f'(0) = lim¢ oo el 0.
e

Assume that f*)(0) = 0, we want to show that f*+1(0) =0

2 1

We note that f/(z) = —36_1/9&2 = Pg(—)e_l/w2 for x # 0, where P5 is a polynomial with
x x

highest order 3.

1

We want to show that £ (z) = Pym(—)e_l/m2 for « # 0. Prove it by induction:
x

1

Assume that f*)(z) = Pg,k(l)e*l/:’:2 for z # 0, then f¢+D(z) = %)]%gk(—)ffl/x2 +
x T x

1. 1 1.,
Paea(2)e et = Py (e Y2 for @ # 0.
1. /2
P3(k+1)(ﬁ)€ 1/h
Now we consider f(kH)(O) = limy_,q Y , set t = 1/h, we have,
t

FE () = i b
) t—o0 P3(k;+1) (t)€t2

1
Applying L’Hospital Rule we get f*+1)(0) = lim; o0 = =0
P3(k+2) (t)e

By M.L, we have f(™(0) = 0Vn € N. Hence this function is not given by its Taylor
expansion about z = 0.

It is well-known that the expansion

1 o
_ 1\
142 7;)( )iz,

holds for € (—1,1). The power series on the right hand side has radius of convergence
equal to 1. Hence it converges uniformly on interval [-R, R], |R| < 1. Hence we can
integrate this formula from 0 to R to get

n+1

1n(1+R):/R ! :i&m.
0 n

1+ =

The conclusion follows after replacing R by .
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17.

19.

We have

o0

1
-1 nth —
Z( ) 1+12

n=0

for t € (—1,1) (this is a geometric series), and for any = € (—1,1), the convergence is
uniform on [—|z|,|z|] (since the radius of convergence of the power series on the left-hand
side is 1, as is easy to check). Thus integrating, we get

0 x T 1
—H)dt= | ——dt
,;)/o( ) | et

— (-1)"
arctanz = E ~ g2l
o 2n+1

l.e.

for any z € (—1,1).

Define f(x) := / et dt, for x € R. Clearly f is smooth and f(0) =
0

f(z) =e*". Then f"(z) = —2ze™* = —2xf'(x). Hence f'(0) =1, f”(0) =0
Then, by Leibniz rule, we have, for n € N, [f(*t2)(z) = =2z (z) — 2nf"(z) =
F+2)(0) = —2nf™(0)] Clearly, ™ (0) =0, and

FErED(0) = ~2(2n — 1) FEOD(0) = (-2)%(2n - 1)(2n - 3) Do)

== (=2)"2n - 1)(2n—3)---1- f(0) = (—2)"(227:;)!!

x
A Maclaurin series expansion (i.e. Taylor series centered at 0) for / e at
0

f 2n+) e ( 1)n$2n+1

_Z 2n+1 o +1_nz% n!(2n+1)

Supplementary Exercises

1.

Now sup |—|=—Ifb<1l,wehave 0 < — <b"VneN, and
z€(0, b) n n n
Z bt = , hence by Comparison Test, Z — converges.

n=1

It follows from Weierstrass’s M-test that Y o0 o £~ converges uniformly on (0,b) if b < 1.

Now if b > 1, the series > -, : does not even converge pointwisely for all x € (0,b) (it
diverges Whenever x > 1, by comparison to > °° Hence the series certainly does not
converge uniformly on (0, b)if b > 1.

nln

The only case that remains is when b = 1. We claim that the series also fail to converge
uniformly on (0, 1), because it is not Cauchy in sup-norm on (0,1). Assume otherwise.
Then for any € > 0, there exists N € N such that

m n

T
—_— e —

<1
m n 2

(0,1)
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whenever n > m > N. But

xm n

X
m n

(0,1) n m

so the above implies that {}_;_; 7 }nen is a Cauchy sequence of real numbers, which in
turn implies that > 72, % is convergent, a contradiction.

(The cases b < 1 and b > 1 follow also from the general discussion of power series, once

we observe that the radius of convergence of the power series > >° | % is 1.)

2. Note that

1 o0

14z - Z(_x)n
n=0

whenever |z| < 1. Hence
1 [e.e] oo
=Y =Yy 3
n=0 n=0

whenever |z| < 1. The series on the right hand side of (3) diverges when |z| > 1. Hence
(3) is the power series representation of 1/(1 + 22), and it is valid precisely when |z| < 1.

3. If the radius of convergence of » 7, anz™ is 7, then the series converges whenever |z| < r,
and diverges whenever |z| > r. Now this implies

00
§ : aann
n=0

converges whenever |z| < /2, and diverges whenever |z| > r!/2,

convergence of this new power series must be r71/2.

Hence the radius of



