MATH 3270A Tutorial 7

Alan Yeung Chin Ching

25th October 2018

Theorem 1 (Sturm’s Separation Theorem). Let yi, yo be two linearly independent solutions
of the ODFE

y'(x) + p()y (x) + q(2)y(x) = 0 (1)

with p(x) and q(x) continuous on (a,b). Then, between any consecutive zeros xq, xo of y1, there
exists exactly one zero of ys.

Proof. Please refer to the solution of the mid-term. O

Theorem 2. If p(x),q(xz) <0, then a non-trivial solution of (1) has at most one zero.

Proof. We can always rewrite (1) into the following form:

(a()y/(z)) + B(x)y = 0 (2)

with a(x) = elo P4)% > 0 and B(z) = a(x)g(x). Let y be a non-trivial solution of (2) and
suppose there were two zeros x; < x5 of y. Without loss of generality, we may suppose y > 0
on (z1,x2). Then, by integrating (2), we have

a(z)y’ / B(x)y(z)dx > 0
— a(z)y (x ) > ofxy)y' (1)
— Y (z9) > o (1)

where the fact 0 < «a(z3) < «z;) has been used in the last step. We have arrived at a
contradiction, since y'(z2) < 0 < y/(x1) as x1, x2 are consecutive zeros and y > 0 on (x1, z3). [

Theorem 3 (Sturm-Picone Comparison Theorem). Let 0 < ay(z) < ao(z) and Pa(x) < pi(z)
be continuous functions on (a,b). Let y, and yy be solutions to the ODEs

(a1 (@)yr(x))" + Br(@)y(z) =0
(2(2)ys(x))" + Ba(w)ya(z) = 0

such that they are linearly independent. Then, between any consecutive zeros x1, xs of Yo, there
exists at least one zero of y;.

Proof. Taking the difference between the product of the first equation and y, and the product
of the second equation and y; gives

(oyys — aayiye) = aoyrye — aryiys + (B — B2) e (3)

Let 21 < xo be consecutive zeros of yo and suppose there were no zeros of y; on (x1,xs).
Then we have, by (3),

/ 2
(% (c2yptn — alyzyi)) = (b1 — Bo)ys + (2 — an)ys + ay (yé - yi%) >0 (4)



on (x1,rs). Integrating the equality gives

Yy
0= y_i (aysyh — ayy))

2
. Y . (]
= lim (—2 (a2y§y1 - OzlyQ?Ji)) — lim (—2 (Oé2y§yl - 041y2y/1)) >0

x1 T2 \ Y1 r=21 \ Y1

This implies the RHS of (4) is identically zero, contradicting to the linear independence of
and s. O]



