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1 The Method of Undetermined Coefficients

Consider the following ODE with constant-coefficients.
ay” + by + cy = r(x)

We may use the following table to find a particular solution, provided that y, is not a homoge-
neous solution. The method is due to the observation that the derivatives of r(z) of any orders
have a general form.

r(z) Yp
Ae*® ae™”®
Ao+ Az + -+ A7t ap + a1 + - - + a2
Acosax + Bsinax a cos ax + bsin ax
e (Ag + Ayt + -+ -+ Agth) e (ag + ayt + - -+ + a;t!)
e (A cos ax + Bsin ax) e™®(a cos ax + bsin ax)

Example 1. Find the general solutions of the following ODE.
2y + 11y — 21y = 55¢**

Solution

We first solve the corresponding homogeneous equations and we have the homogeneous solutions
are given by

3 _
61162m + Cge 7:]0

Note that e** is not a homogeneous solutions, we may suppose y = Ae*® is a particular solution
of the equations and we solve A = 1. Hence, the general solutions are given by

y=e" 4+ Crer” + Che™™
Example 2. Find the general solutions of the following ODE.
y/l + 4y/ _ 21y — 63$

Solution

We first solve the corresponding homogeneous equations and we have the homogeneous solutions
are given by

016771 + 026333

Note that €3* is a homogeneous solution. Hence, we should look for solution that has the from
Aze®®. We then calculate that A = 1—10. Hence, the general solutions are given by

1
y(r) = Cre™ ™ + Coe™ + 1—05663



Example 3. Find the general solutions of the following ODE.
y' +y=sinz + cosx

Solution
We first solve the corresponding homogeneous equations and we have the homogeneous solutions
are given by

Cisinz + Cycosx

Note that sinx + cosx is a homogeneous solution. Hence, we should look for solution that has
the from Axsinx + Bxcosz. We then calculate that A = %,B = —%. Hence, the general
solutions are given by

1 1
y(r) = Cysinz + Cycosx + §:Bsinx — 5TcosT

Example 4. Find the general solution of the following ODE.
y// + 63// 4 9y — 46731

Solution
We first solve the corresponding homogeneous equation and we have the homogeneous solutions
are given by

Cre 3 4 Cyre >

Note that e=3% is a homogeneous solution. Hence, we should look for solution that has the from
Axe=3%. We then calculate that A = 2. Hence, the general solutions are given by

y(x) = Cr1e " + Come ™" + 2™
Example 5. Find the general solutions of the following ODE.
y" + 11y — 12y = e ¥ sin 2x
Solution
We first solve the corresponding homogeneous equations and we have the homogeneous solutions
are given by
Cle—IQw + 02655

Now we suppose that y = e*(Asin2x + Bcos20) is a particular solution of the equations and

13 _ 9 : :
we solve A = —zz5 and B = . Hence, the general solutions are given by

13 9
?J(x) = 016_1236 + Che® — —e *sin2z — ——e *cos 2z

500 500
Example 6. Find the general solutions of the following ODE.

y”+5y’+6y= 6_x+$2
Solution

We first solve the corresponding homogeneous equations and we have the homogeneous solutions
are given by

y(x) = Cre 3% 4 Che™2®

By superposition principle, we may solve the equation with inhomogeneous terms e~
respectively and then add the solutions together.

We suppose y = Ae*® is a particular solution of the equations with inhomogeneous term e~

and we solve A = % Similarly, We suppose y = Bx? + Cx + D is a particular solution of the

equations with inhomogeneous term x® and we solve B = %, C=-2and D=2

18 108"
Hence, the general solutions are given by

T and z?

T

2 5r e® 19
=C -3z C —2x .T_ el B
y(x) e 2"+ Che™ " + 6 13 + 5 + 108




2 Euler’ Equidimensional Equations

Definition 1. n'* order (homogeneous) Euler’ Equidimensional Equations are ODEs that have
the form

n n—1

d
an:v"—y + 2" Y

e ggrt T Ay =0

where a; are constants for 1 <i <mn and a, # 0.

Example 7. Find the general solutions of the following ODE.
22%) —xy +y =0

Solution

We guess the one solution has the form x™ for some m € R. Then,

2m(m—1)—m+1)z™ =0
2m* —3m+1=0

1
=1 OR = —
m m 5

Hence, the general solutions are given by Cix + Cor/x for x > 0

Exercise. What if v <07

Example 8. Find the general solution of the following ODE.
22y" — 3zy' + 4y =0

Solution

Again, we guess the one solution has the form x™ for some m € R. Then,

(m(m—1)—=3m+4)z2™ =0
m(m—1)—=3m+4=0

m?> —4m+4=0

m =2

To find another solution, we use the method of reduction of order. Note that by Abel’s Theorem,
we have the Wronskian W (t) satisfies

3
W'(z) — EW(m) =0
which has general solution W (t) = Ca3. Hence, we have for any solution yo of the ODE,

yiys — Y1y = Ca’
d Y2 . C
de \v1) =«
y2 = Cyrlogx + Coyy
Hence, the general solutions are given by Cia? + Cya®logx for x > 0

Exercise. What if we have complex roots?



