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(1) Suppose that Py(z) = a + bz + cz? is the second degree Taylor polynomial for the
function f about z = 0. What can you say about the signs of a,b, ¢ if f has the
graph given below? .

Solution:

From the figure, f(0) < 0, f'(0) < 0 and f”(0) > 0. Hence, a

b=f'(0) <0and c =12 >0
Find the first four Taylor polynomials about = = z.

In(z +9); 29 = —8
Solution:

f(z) =In(x +9).
f(=8) =In(1) = 0.

F'@) =55
F(-8) =1
f// .CE) = (x—:g)z

(
"(-8) =—1
@ (z) = (;pfg)B
FO(-8) =2
Then we have

ps(z)

~1 2
:O+(x+8)+?(x+8)2+§(x+8)3

= (e 48)~ S+ + 3+ 8’

po(a) = (o +8) — 5o+ 8

pi(z)=x+8

po(z) =0

= f(0) <0,

Find the first three nonzero terms of the Taylor series for the function f(x) =
V10x — 22 about the point a = 5.
Solution:
f)=5
Flz) = 10—-2x = H-—x
2v/10x — 22 10z — 22
f'(5)=0
25
"
r)=——"%

(@ (102 — 22)2

1
f(5) = 3

75(x — 5
FOz) = _(‘7”—)5
(10x — 22)2
f9(5) =0
2
£ () = _ 75(4a” — 40z —1—7125)
(10x — x2)2
3
@(5) = —



Then
VIO =27 = 54 (D) — 52 4 ey —5) 1+
210 5 41 125
1
=5——(r =52 ——(z—5)*+...
0@ =% ~ oo A
Taylor and Maclaurin Series: Compute the Taylor Series below.

e =+ x+_ 2+ o+t

cos’r = +_x+_ 2+ 2+ it

"=+ (x—1D+ (v —1)2+_(z—1)3+_(x — 1)*+...

4t + 38+ 22+ o+ 1=—+4_(z— D)+ (v — 1)*+—(z — 1)*4+—_(z — 1)*
Solution:

For convenience, denote f(z) = €%, g(x) = cos’z, h(z) = z° and k(z) = 42* +
323 + 222 + o + 1.

f™(x) = e* for all n. Therefore, f(™(0) =1 for all n. Hence, we have

1 1 1
e =1+4+a+—2>+—23+—a*+ ...

21 3! 4!
1 1 1
= 1+x+§x2+6x3+ﬂx4+...

Write g(z) = (cos(2z)+1). Then ¢/(z) = —sin(2z), ¢"(z) = —2cos(2z), ¢ (z) =
4sin(27), g (x) = 8cos(2x). Therefore, g(0) = 1,¢'(0) = 0, ¢"(0) = —2, ¢®(0) =
0,9 (0) = 8. Then we have

1 1
2 _ oV ,2 4
oS a:—1—|—2!( 2)x —1—4!(8)x + ...
1
=1-a’+ -2+ ..
"+ 32

Write h(z) = "%, Then b'(z) = 2*(Inz+1), h"(z) = 2@V (z+2(In 2)?+2x In 2+
1), h3)(2) = 20D (22 + 22(In2)® + 32 (Inz)? + 32 + 3z(z + 1) Inz + 1), W (z) =
@3 (23423 (In ) 442 (In 2)? + 622 +-62%(r4+1)(In 2)? +4x(2?+ 32— 1) Inz —2+2.
Therefore, h(1) = 1, (1) = 1,h"(1) = 2, A®(1) = 3, h¥ (1) = 8. Then we have

=1+ (x—1)+ %(2)(:0 — 1)+ %(3)(1: —1)° + %(8)@ e

=1 = ) = 1P (= 1P =1

K'(z) = 162° + 922 +4x+1, k" (v) = 4822 + 182 +4, k®) (2) = 962 +18, k™ () = 96.
Therefore, k(1) = 11,k'(1) = 30,k"(1) = 70,k®(1) = 114, k™ (1) = 96. Then we
have

et + 328 + 222+ 2+ 1
1
(96)(x — 1)*

=11430(z — 1) + = (70)(z — 1)* + %(114)@ —1)* + i

2!
=114+30(z — 1) +35(x — 1)* +19(z — 1)* + 4(z — 1)*



(5) Suppose that f(z) and g(z) are given by the power series
f(z) =5+30 + 52 +22° 4 ...
and
g(x) =343z + 3% +42° + ...
By multiplying power series, find the first few terms of the series for the product
h(z) = f(x) - g(x) = co + c17 + cox® + c32° + ...

Solution:
co=5%x3=15
c1=5x3+3x3=24
co=5x3+3x3+5x3=239
c3=0Xx44+3x3+5%x3+2x3=50
(6) Suppose that you are told that the Taylor series of f(x) = 22¢”* about z = 0 is

6 8 10
Pt DIy
20 30 A4l
3 2 x? d6 2,z
Find —x(x e )|m , and ﬁ(m‘ e )}x:O'
d 2
Solution: The coefficient of x is 0, so d—(:v2e‘” )., =0.
T =
; 6o 1 1 d° 2,32 1 d° 2>
The coefficient of 2° is 3, so a@(x e )‘x:o =3 — ?(.73 e >‘w:0 = 360
cos(3z3) — 1

(7) Let f(x) = . Evaluate the 9" derivative of f at x = 0.

Solution:
It is known that

T3

1 1 1 1
cosx:1—5562—1—@:64—1—...:1—§x2+ﬁx4+...

Then we have
_cos(32?) — 1
S a—
(1—1032*)2+ 5532 +..) — 1
3
—5a0 + a4
23
9 27 4

:—§x3+ 8x 4 ...

/()

Therefore, we have

27
)
F9(0) = 1224720

i/ (0)



5

(8) (a) By considering Taylor polynomials, find the local quadratic approximation of

x
— at = 2.
\/ga Zo

(b) Use the result obtained in part (a) to approximate v/1.06.

Solution:

@ 1) = /3
=1
F@)= 5
F@)=4

1
JC p——
4vazh
£(2) =~

Then the quadratic approximation formula is

\/gz1+;l(x—2)+%(—%)(x—2)2:1+%(x—2)—3%(%—2)2

93
(b) Substitute z = % into the approximation in (a).

1,53 1 53
VI06 1+ (= —2) — —(=— —2)?
0 +4(25 ) 32(25 )
= 1.02955

(9) Find the Taylor polynomial of degree 4 for cos(z), for = 0. Approximate cos(x)

1 — cos(x)

with Ty(x) to simplify the ratio . Using this, conclude the limit

i 1 — cos(x)
z—0 x
Solution:
Ty(r)=1— —2%+ LW + 1
2! 4! 1 2 1 24
1—(1— =2+ —a2%)
1— 1
Then cos(z) ~ 2 24~ _ 8 Therefore,
T x 2 24
lim 1 — cos(x) _0
z—0 T
(10) Find an antiderivative P of 5sin(5s).
Solution:

P(s) = /(5 sin(5s))ds
= —cos(bs) + C



(11) Find the most general antiderivative of f(¢) = —9cos(t) — 10sin(t).
Solution:
The required antiderivative is given by

/(—9 cos(t) — 10sin(t))dt = —9sin(t) + 10 cos(t) + C
(12) Evaluate the following indefinite integral

/(6 sin(x) — 5 cos(z))dz

Solution:

/(6 sin(x) — 5 cos(z))dx = —6 cos(z) — Hsin(x) + C

(13) Calculate the following antiderivatives:
(a)
11
/ —dz
x

/(—3 sinz + 8 cos x)dx

/ —4e”dx

(b)
()

Solution:

(a)
/%dm =1llnjz|+C
(b)
/(—3sinx+8¢osx)dx =3cosx + 8sinx + C
()
/—4ea’da: =—4e"+C

(14) Find the general indefinite integral:

/(—x2 i )dx

24+ 1

Solution:

—2 3
2 _
/(—x —6+x2+1)da:—— 3 — 6x — 2arctan(z) + C



(15) Evaluate the indefinie integral

3 2
. _ 2 4 t
/(8 sin(t) + cos(t) — Hsec”(t) + 4e' + Nie + 1+t2)dt
Solution:
3 2
. _ 2 4et
/(8 sin(t) + cos(t) — bsec™(t) + 4e’ + Vi + 1 +t2)dt

= —8cos(t) +sin(t) — Stan(t) + 4e’ + 3arcsin(t) + 2arctan(t) + C
(16) Given that f”(z) = cos(z), f'(r/2) = 11 and f(7/2) = 12, find f'(z) and f(x).

Solution:
f(x) = /Cos(a:)da:
= sin(x) + Cy
f’(ﬂ'/Q) =11 = 11 = Sin(71’/2) +Cl - Cl =10
Hence,

f'(z) = sin(x) 4+ 10

@) = / (sin(z) + 10)dz
= —cos(z) + 10z + C
f(7/2) =12 = 12 = —cos(n/2) + 10(Z) + C; = Cy = 12 — 5.
Hence,
f(x) = —cos(x) + 10x + 12 — 57

(17) Consider the function f(x) whose second derivative is f”(z) = 9x + 9sin(x). If
f(0) =3 and f'(0) = 2, what is f(x)?
Solution:

f(z) = /(Qx + 9sin(z))dx

9 2
= %—QCOS(I)—FCH
f0)=2 = 2=-94C, = C;=11
Hence,

f(z) = 97332 —9cos(z) + 11

flz) = /(9% —9cos(z) + 11)dx

3 3
= %—9sin(x)+llx+02
f(0)=3 = 3=0,
Hence,

32? ,
flz) = - = 9sin(z) + 11z + 3



(18) Solve the following initial value problem.

d
% = 2v/27,y(0) = 0

Solution:

2 11
—ﬁl‘Q +C
y(0)=0 = C=0
Hence,
2 u
Yy= 727



