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(1) In each part, find a formula for the general term of the sequence, starting with

n=1.
1 1 1
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Solution: .
(a) The general term of the sequence is a,, = T
-1 n+1
(b) The general term of the sequence is a,, = 4n)_1
1
(c) The general term of the sequence is a,, = 1 — L
—1)?
(d) The general term of the sequence is a, = u

r

(2) Determine whether the following sequences converge or diverge.

(a) {0,6,0,0,6,0,0,0,6,...}

sin 2n
b) a, =
(b) a 1++n
,,,LTL
(c) an = ol
Solution:

(a) The sequence diverges because both 0 and 6 appear indefinitely in the tail of
the sequence.

(b) Note that, for all n > 1, —1 < sin2n < 1, and hence
1 sin 2n 1
— < < .
1+vn =~ 14++y/n = 14+n
. 1 , 1
Also, we have nh—{{olo_l Y- Jirgom =0
sin 2n

By squeeze theorem, lim a, = lim ———=
y 54 g n—00 n—oo | 4+ \/ﬁ
(c) Note that, for all n > 1,

= 0. The sequence converges.

= — = >
nl 1 2 n~—
The sequence is unbounded and hence diverges.



13 23 n3

(3) Determine whether the sequence a,, = — +—; + -+ —; converges or diverges.
n n n
If it converges, find the limit.
Solution: Note that, for all n > 1,
1323 nd 1 s
an_mﬁ-m‘i‘ +E_EZZ
i=1
1 nP*(n+41)
-~ ond 4

. ! 1\?
Hence lim a, = lim - (14— ) =
n

1
(14 0)2 = —, and the sequence converges.
n—00 n—00 4

1
4
12 4 sin(13 8
(4) Determine whether the sequence a, = not Slf;:_ 8n +8) converges or diverges.
n

If it converges, find the limit.
Solution: Note that, for all n > 1, —1 <sin(13n + 8) < 1, and hence

1 < sin(13n + 8) < 1
nB¥4+8 - nB34+8 T B4y

1
Also, we have lim — = lim ——— =
n—oo i3 + 8 n—oo 13 + 8

in(13 8
By squeeze theorem, lim Sm(ﬁ)’—n—i_) = 0. Therefore,

0.

_ _ n'? . sin(13n + 8) , 1/n
O = e T e s A Trsam 0

o2n —8+8n? 8
(5) Put the following statements in order to justify why lim n—o+on” o
n—oo Hn2 — hn — 8 5

Solution:



lim (8) +2 lim

n—oo n—o0 (

lim (5) — 5 lim

n—oo n—oo
_ 8+42-0-8-0
 5—-5-0—8-0
8

=

(6) Use algebra to simplify the expression before evaluating the limit. In particular,
factor the highest power of n from the numerator and denominator, then cancel
as many factors of n as possible.

i ™
w500 (613 + 2)1/3
Solution:
™ ™ 7 7

Jm (6n® +2)1/3 Jm n(6 + 2/n3)1/3 Jm (6 +2/n)1/3 — 61/

(7) Part 1: Evaluating a series

2
Consider the sequence {a,} = { 75 }
n n

(a) Find lim a,, if it exists.

n—oo
(b) Find Y a, if it exists.
n=1
Solution: ) o2 0
(a) lim a, = lim = lim /n 0.

(b) Note that, for n > 1,




Hence, for N > 2,

31 1
2 N+1 N+2
Therefore,

- . 3 1 1 3
;an—]&;ﬂgi%—]&z&o (G-wriw3) s
Part 2: Evaluating another series

1
Consider the sequence {b,} = {ln ( nT ) }

n
(a) Find lim b, if it exists.

n—oo
(b) Find Y b, if it exists.
n=1
Solution: . .
(a) lim b, = lim In (n—l— ) = lim In <1—|——> =In(1+0)=0.
n—00 n—00 n n—00 n

(b) Note that, for n > 1,
1
b, =In <n+ ) =In(n+1) —Inn.

Hence, for N > 1,

Zb —Z (In(n+1) —Inn)
:ZIH(n—i—l)—Zlnn

N+1

= Zlnn—Zlnn

—lﬂ(N—i— 1) —lnl
=In(N +1)

Therefore,

ibn: lim Zb = llm In(N +1) = +o0.
n=1 n=1

N—oo

Part 3: Developing conceptual understanding
Suppose {¢,} is a sequence.

Solution:



o
(a) If lim ¢, = 0, then the series E ¢, may or may not converge.
n—oo
n=1
o

(b) If lim ¢, # 0, then the series Z ¢, cannot converge.

n—r00
n=1
(c) If the series Z ¢, converges, then lim ¢, must be equal to 0.
n—oo
n=1
(8) Consider the sequence
1

U = 2 806n + 28677

This sequence is not monotone for all n. Determine if the sequence is eventually
monotone for n > N for some whole number N.

Solution: Note that
f(z) = T2* — 8962 + 28677 = T(x — 64)> +5 >0 for any = € R.

Hence a,, = 1/f(n) > 0 for n > 1. Moreover, we have

1 |
n = Ot l = 202 396n + 28677 T(n + 1)2 — 896(n + 1) + 28677
140 — 889
- fn)f(n+1)
<0 if1<n<63
{>0 if n > 64 .

Therefore the sequence is eventually monotone decreasing, and N = 64 is the least
value of N such that the sequence is monotone decreasing for n > N.

(9) Consider the recursively defined sequence:
a; = 5

n+1
(pyi1 = = a,, forn>1

Solution:
(a) Clearly a,, > 0 for all n > 1. So the sequence is bounded below by 0.
(b) The sequence is eventually monotone decreasing since as = 10 > 5 = a; while

Gpi1 = an < a, forn>2.

(¢) From above, we see that a,, < as = 10 for n > 1. So the sequence is bounded
above by 10.
(d) By Monotone Convergence Theorem, {a,} converges to some limit ¢. Thus

1
(= lim a,.1 = (lim n—i; ) <lim an>
n— o0 n—oo M n—00

Therefore the limit of the sequence {a,} is 0.



(10) Find the following limit.

lim [e~"" cos(5n)]
n—oo

Solution: Note that, for all n > 1, —1 < cos(5n) < 1, and hence
—e™ < e cos(bn) < e

Also, we have lim —e ™" = lim e " = 0.
n—o0o n—0o0

By squeeze theorem, lim [e™®" cos(5n)] = 0.
n—oo
(11) Consider the recursively defined sequence:

alzﬁ
pr1 =V7+a, forn>1

Solution:
(a) The sequence is monotone increasing.
To see this let Q(n) be the statement “a, 1 > a,”.
e Whenn=1,a, =7+ V7 > /7 = ay. Therefore Q(1) is true.
e Suppose @(n) is true for some natural number n > 1, i.e. a1 > ap.
Then,

Ania > AT+ Any1 > VT + @y = a4

Therefore, Q(n + 1) is true.
By mathematical induction, a,.1 > a, for all natural numbers n. Hence {a, }
is monotone increasing.
(b) The sequence is bounded below by 0 and bounded above by 4.
To see this, let P(n) be the statement “0 < a, < 4”.
e Whenn =1, 0 < a; = /7 < 4. Therefore P(1) is true.
e Suppose P(n) is true for some natural number n > 1, ie. 0 < a, < 4.
Then,

0< @ =vVT7+a, <VT+4=V11<4.

Therefore, P(n + 1) is true.
By mathematical induction, 0 < a, < 4 for all natural numbers n. Hence
{a,} is bounded.

(c) By Monotone Convergence Theorem, {a,} is convergent. Let lim a, = A.
n—oo

Since a} 4 = 7 + a,, we have

lim a2, = lim (7+a,)

n—oo n—oo
AP=T7+4
A2 —A—-T7=0.
1 2 1—+2
So A= +—\/_9 or A= —\/_9, where the later is rejected since a,, > 0.

Therefore, lim a, =
n—o0 2



(12) Consider the recursively defined sequence:
a; = 1, Ao — 1

a +a
(pio = %, forn>1

Find the limit of the sequence if it exists.

Solution:
From the definition of the sequence,

as + aq 1—|—1_

az = 9 - 9 17
a3+a2 1—|—1
a4 = 2 = 2 = 17
and so on, we thus have
Qpio = ¢ +12+ o _ ; =1, forn>1.

Hence the sequence is just a constant sequence of 1’s, and clearly lim a, = 1.
n—oo

(13) Consider the sequence

n cos(n)
a, = ———=
2n —1
Write the first five terms of a,, and find lim a,,.
n—oo
Solution: The first five terms are
_ 4 2 3 4 5
ap = aa2_37a3_ 5,(14—7,CL5— 9
Note that
, . 2ncos(2nm) , 1 1
lim as, = lim ————~% = lim ——— = —,
n—o00 n—o0 4n — 1 n—oo 2 — 1/2n 2
while

2n +1 2n +1 1+1/2 1
lima2n+1zlim(n+ ) cos((2n + )W):hm— + /n: .

Since lim ag, # lim ag,,1, lim a, does not exist.
n—oo n—oo n—oo

(14) The sequence {a,} is defined by a; = 2, and

1 2
an+1:§ an+a_ ;

for n > 1. Assuming that {a,} converges, find its limit.

1 2
Solution: Let a = lim a,. Since a,4+; = = (an + —), we have

n=00 2 N
a:1<a+2)
2 a
2a® = a® + 2
a’ = 2.

Soa=+vV2ora= —\/5, where the later is rejected since a,, > 0. Therefore,
lim a, =a = V2.

n—oo



(15) Determine whether the sequence is divergent or convergent. If it is convergent,

evaluate its limit.
. 18 + 25 arctan(n!)
im

Solution: Note that, for all n > 1,

s T
—— <arctan(n!) < —,
2 2
and hence
18 — 2 < 18 + 25 arctan(n!) < 18 4+ 27
19~ = 19n - 19n
g — &r 18 4 2¢
Also, we have lim ——2- = lim ———2 =
18 + 25 arctan(n!)

By squeeze theorem, lim =

(16) Determine whether the sequence is divergent or convergent. If it is convergent,

evaluate its limit.
lim (—1)"sin(4/n)

n—o0

Solution: Note that, for n > 1,

—|sin(4/n)| < (—1)"sin(4/n) < |sin(4/n)|.
Moreover, nh_)rgo|s1n(4/n)| = |sin(0)] = 0, and similarly nli_>n010—|sin(4/n)| = 0.
Therefore 7};1{)10(—1)" sin(4/n) = 0.

(17) Consider the sequence
(3n —1)!
Ay = .
(3n+1)!
Describe the behaviour of the sequence.
1
3n(3n +1)
1 S 1
ap = > = a,
3n(3n+1) = 3(n+1)Bn+1)+1) i
Hence {a,} is monotone decreasing for all n.
Moreover

Solution: Note that a, = . Thus, for n > 1,

_ 1,
3n(3n+1) —
So {a,} is both bounded above and bounded below.
By Monotone Convergence Theorem, {a,} converges. Indeed,

1
nBoe U T o 3n(3n + 1)

0<a, for all n > 1.



