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1. Evaluate the following integrals:

\/%dx (f) /Sin5xcosxdx
5
(b) /%ﬂ)dw (g) /sin3xsin5xdx
/—sm dx (h) /cosxcos?xdm
(d) (i) [ sin®2xsin 5z dx
vV 4x+
) /xQ\/x3+2da: () /00522x81n32xdx
Solution:
1 1
== | ——dt=V1+22+C
/\/1—1—3:2 \/1+x2 2/\/1+t !
x° 1 23 3 1 1 1 1
® [ e = é/mdfﬂ - 5/ = 6
1 1 223 +1
L A
/(1+t)2 ) 6(1+x3)2+0

1
/—sm dx——/sm d——cos—+C’
T T

IW f\/m :fwzf 2f\/tg—dt2 VEZE—1+0 =
V=2 -1+C
/ Vad 4 2dz = - /VI3 dx—g(ac +2)% C

1
(f) /sin5 xcosxdr = /sin5 xrdsinx = 8 sin®x + C

1 1 1
) /sinstinE)x dx = —5/0088x —cos2x dx = —1—65in8x + ZSian +C
1 1 1
cosxcos7x dv = = | cos8x + cosbx dr = —sin8x + — sin6x + C
2 16 12
) . 9 ) 1 —cosdx . 1 ) )
(i) sin® 2z sin bx dx = — sin bx dx = 5( sin(bz)dx— [ cos(4x) sm(5x)dx> =
5 1 5 1
—COS1<0 z) _ B /(sin(5x + 42) + sin(bx — 4x))dx = —COS1<0 z) _ B /(sin(9:v) +
1 1 1
sin(z))dr = —1g °° bx + 36 008 9x + 7087 +C
1 1
§) /COS2 2xsin® 2z dr = —§/COS2 2x(1 — cos? 2r) dcos2x = 5 cos® 2z +
1
—cos’2x + C

10



where C' is an arbitrary constant.

2. Evaluate the following indefinite integrals.
(a) / 2* In wdx
(b) /xsec2 xdx

e *sin 3z dx

sin(Inz)d

\\

Solution:
(a) /x21n:v dx = /x2 dzlnz —2) = 2*(rlnz — ) — /Q(xlna: —z)x dr =

2 1 1
a:?’lnx—x3—2/x2lnx dx+§x3+0:>/x21nx dx:§(a:31nm—§:173)—|—0

1
(b) /:U :/mdtanx:xtanm—/tanxdx:xtanx+ln\cosx|+C’

cos? x

(¢) [ e ®sin3zdr = — /sin 3xde™ = —e ®sin3z + 3 / e " cos 3xdr
on the other hand,
/e’” cos 3xdxr = — /cos 3rde ™ = —e *cos3xr — 3 / e~ *sin 3xdx

1
= /ex sin 3zdxr = —1—O(e’x sin3z + 3e”“ cos 3z) + C

(d) Let t =Inz. Then [ sin(lnz)dzr = /sin tde' = e'sint — /et cos tdt
on the other hand,
/et costdt = e’ cost + /et sin tdt
EAN
/et sint = %(et sint — e’ cost) = %(33 sin(lnz) — zcos(lnx)) + C
3. Find F'(x) for the following functions.

¥ cosy

dy (d) F(x) :/ e du

Solution:
(a) F'(z) =
(b) F'(z) = 32"

COsS T

6



(¢) F(z) = /1 x(lnt)th +/ (Int)%dt = F'(z) = 2(In(27))* — (Inx)?

(d) F/( ) o 31,2 cos x3 . cos:t2

2
/ dt+/ —dt:>F’ =e(lnx + —)
T

(f) Put u = xt, then

1 u/r x u
Hence )
X T X X
/ e e 2e e
T T T T

4. Evaluate the following definite integrals.

(a) /0 VT 3 (c) /0 1 \/iiﬂdx

™ 5
(b) / x sin 2x dx (d) / |2° — 4z + 3| dx
0 0
Solution:
1 1 [t 2 1
/ V14 322dx = 5/ V1 + 322da® = 5/ td§(1 +31): = §t(1 +
0

1 [t 58
3t)2|0—§/0 (1+3t)3dy = e

T T 1 1 -
(b) / a:sin2:cda::/ ——xdcost:——(xcos2x|g—/ costdx):—z
0 0 2 2 0 2
12 1

/ _de / 2dVI= 2 = —(a/I= 2|} / VA= 22dz) = —aV/A— 2t

/ / v dx

—:1:2 0 m
O/ wV4 — 22y +
0
Lo V3,

x
2 arcsin (= v
arcs1n(2)0 5

d) f05 |22 —4x+3|dr = fol

+

V3
(x/2) = —5

|

Noo|>l [\3

—4x+3)dz— f1 2 —4x+3) dx+f3 2?—4x+3)de = 2

5. Prove the following reduction formulas.

cosrsin®tr n-—1

(a) I, = /sin” xdx; I, = — + Lo, n>2
n n

(b) I, = /(lnx)”dx; I, =x(Inz)" —nl,_y, n> 1



T COSfL’dl’ I = zx"sinx + na" -1

v
Ny :

cost —n(n—1)1, o, n>2

_ _ Ly, n>1
2a2(n — 1)(22 — a®)" 1 2a2(n—1) """ "

Solution:

(a) I, = /sin” xdr = —/sin"1 xdcosz = —(coszsin™ ' x—(n—1) /cos%:sin”2 dx) =

can—1
-1
—cosxsin" tox+(n—Dl, o~ (n—1)I, =1, = _cosesm @ + n I,
n n

1
(b) I, =z(lnz)" — n/:n—(ln )" tdr = z(lnz)" — nl,_,
T
(c) I, = /x"d sinz = 2"sinz —n / 2" sinzdr = 2" sinx +n(z" ' cosz — (n —

1) /:1:”_2 coszdr) = 2" sinz + na" cosx —n(n — 1),

dx 1 2x 1
d) I, = = S [ —
(d) / (22 — a?)" x(xz — a?)n + ”/x(x2 — a2t &z I(xz —a?)" +

dx dx T
2 — 4 2nd? = onl, + 2na’l,.; =
n/ (22 — a2)" + 2na /gvz _1a2)n+1 (22 — a2)" + 2ndy + 2na”ini
x n—

I, n

i 2a’n(x? — a?) 2a?

om —

Hence I,, = — * — n=-3 I,

22— D@ — @y 20— 1) "

6. Evaluate the following integrals of rational functions.

W [ o [

23 r? 41
(b) /:764—3dm (&) /(:v—i—l)Q(:r—l)’dx

(c) / #—;ilgdaz (h) / xfj4da:

(d) / q :t 22 e (i) / (z + 1;l(g::c2 +1)
© [ 0 [
Solution:

() /{”id;:/<—1+1_1$2)=—fv+%/(1im+1ix>

—In|l— In|1
e AT R e




x? 3+ 27 — 27 23+ 27 1
b der = | ————dx = dx — 27 d
(>/:c—|—3 o / r+3 o / x4+ 3 . /sc+3 v
1

1 3
:/($2—3x+9)dx—27/ dr = —2* — 2 + 9v — 27In |z + 3| + C
x+3 3 2

4 1 4o — 12+ 13 2 6 1
(©) /Ldgj:/udm:g/w_dﬁ 3/—0@
x2 —6x + 13 2 — 6x + 13 x2 — 6x + 13 x2 — 6x + 13

d(z? — 6z + 13) 1
—9 dr+13 [ ————d
/ 2 a3 O /(a;—3)2—|—4x

2 1 r—3
= 2In(z* — 13) +13- = d
n(z” — 6z + 13) + 13 4/(:673)2“‘1( 5 )
1 _
= 2In(z® — 62 + 13) + 73 arctan(x 3) +C
(1+x)? /a:2+1+2x / 2x /d(m2+1)
d dr = ——dz = 1 dr = B
(>/ 1+ 22 v 1+ 22 * <+1+x2)x T 1+ 22

=r+In(1+2%)+C

213 — 22+ 3 x+1
= = “dr= [ (2x+3+12 dr = r°+3x+12
(e)/x2—2x—3 v /( T (1’—3)(93+1))$ S /

=2 +3r+ 12|z - 3|+ C

62 + 11 6(z+1)+5 1 1
O Grmpt= ey =0 et [ G
— 6|z 41— —— +C
z+1

(8) / xQ)JE;_ 1)’dx :/ |:2(a;1—|— " Q(xl— 1) (le)Q] o

(z +

1 1 1

— 1 1 -1 —+ C
5 |x+|+2n|x | + +1—1—

x? xt — 16+ 16 16
h — _— et 2 4
()/x2_4dx / po dx /:B—i— —I—x2_4d:v

1 | | )
=—x3+4x+4/( [ — 2]

1
dx
3

x —

x_z—x+2)dmz—x3+4x+4ln +C

3 |z + 2|
dx 1, 1 —z+1

: _ (1 J

(1)/ (22 +1) /2(x+1+x2+1)x

(z +
L 1 [ = 1

— = 1 B
T /x2—|—1x+2 22+ 1
L
2
1

i

1 fdz*+1) 1 1
ST B Sl A e
Iz +1] / 2 +1 +2/x2+1dx
1 1
:§1n|x+1|—Zln|$2+1]+§arctanx—l—0
dx 1 23+ 2x 3+ x
) [ = [ |- = = |- [ ——de— [ ————d
b) /x(x2+1)2 /[az (124—1)21 7= Inal /( +1) v /(x2—|—1)2 !

B 1 fd@*+1)? 1 d(x2+1)

21+ 2



7. Evaluate the following integrals by trigonometric substitution.

(a) / v © [ —2 _ i
-7 N1
dx
b) /\/ﬁ d) /Z’2\/ 16 —.CEQd.CE
Solution:
(a) Put x = sint, we have

/—(1x 332)3 = / Smgtcostdt: /taun2 tdt:/(seCQt— 1)dt
— 12)3 cos

x
=tant —t+ (C = ——— — arcsinz + C

V1—a22

:C = 2tant te (=%,5), then v4 + 22 = 2sect, dr = 2sec® tdl,

) Put
1 1 t
/ / 2sec? tdt = /Sec tdt = | ——dt = / ﬂdt
4+ x2 2sect cost cos?t

1 1 1 )
= d(sint) = = — + - dsint
2 1—sint 1+4sint
1. 1 t 1 t|?
) —| + s |+Cf n—| +sin + C =lIn|sect + tant| + C
2 |1 —sint| 2 cos? x
V4 + 22
=1In |—2 —|+C

(c) Putz = sect, thenv/x? — 1 = tant,dx = secttant

2 1 ,
/mdx:2/msecttantdt:2/cos tdt:/(COS2t+1>dt
1 Va2 —1
:§sin2t+t+C’:m—Q—i-arctan\/x?—l—i-C
xT

(d) Put = 4sint,then dx = 4 costdt
/xQ\/ 16 — 22dz = / 16sin®t - 4cost - 4 costdt = 256/sin2 t cos® tdt
= 64/sin2 2tdt = 32 /(1 — cos4t)dt = 32t — 8sin4t + C

2
=32 arcsinz — 22V 16 — 2 (1 — %) +C

8. Evaluate the following integrals.

) /% (d) /xsin_lxdx
(b) / % (e) / tan® zdz

) / ﬁdw (f) / v sin? xdz



(g) / z sec® xdx (h) / %

Solution:

dx 1
a) /m = 2/Wd(\/§) = 2arctan(y/x) + C

dx e” d(e®) .
(b) /m_/eh—i—ldx_/eh—i—l = arctan(e”) + C

(¢) Putx = 5sint, then v25 — 22 = 5 cost,dx = 5 costdt

x Ssint
—dr = | —— ) tdt =5 in tdt
/ S0 /5cost cos /sm
= —bcost+C =—vV25—22+C

L N 1 z?
(d) /xsin_ xdx = /marcsinxdx = /arcsinmd(g) = ?arcsinx—§/ﬁdx
2

x
For the integral / —
s \/ — a2

sin ¢ cos t . 9 1

/mx—/ p— dt:/sm tdtzﬁ/l—cos%dt

t 2t t —sintcost inr —av1— 22
25_81121 +C:%+C:arcsmx 2&5 e —l—O. Thus, we
2

1
obtain the result /x sin™! zdx = % arcsin x — 1 <arcsinx —xv1— x2> + C.

da:, put x = sint, then dr = costdt so that

(e) /tan3 xdr = /tan2 x - tanxdxr = /(8602 x — 1) tan xdz

i 1 1
= /tan xd(tanx) — / Y e = §tan2x —I—/ d(cos )
cos cos

1
:§tan2x+ln|cosx|+0

1 1 1 1 1
() /:zcsin2 rdx = §/x(1—cos2a:)dx = Z$2—§/$0082$dm = Z—le—Z—L/xd(sian)
1 1 1 1
= 112 — szian + 1 /sin2xdm = Z—le — stian — gCOSQl‘—f— C
(g) /xsechdx:/xd(tanx) :xtanx—/tanasd:t::vtanx—/Smx
coS T

1
:xtan$~|—/ d(cosz) =z tanz + In|cosz| + C
cos

(h) note that d(—==) = =&

/ dx /1+COSl‘d /l—l—cosx / 1 d+/ 1 d(sin )
T L = | P T sinx
1 —coszx 1 —cos?z sin? x sin? sin? x
1 1
= — — — +C

tan x sin x




1A
9. (a) Prove that/ _—
0

1
(b) Evaluate / u*(1 — u)* du and hence show that
0

22 1 22 1

7630 "7 T 1260

Solution:

(a)

u® — 4u” + 6u’ — 4u® + ut

1 41_ 4
/Mdu:/ du
0 1 4 u? 0 1+ u?
1 4
1 2 bt —1 bl
773" /0u2+1u /01+u2u
1 2 !
=z-3 +1-— 4/ (u* — 1)du — 4 arctan ul}
0
1 2 us
= - — — 1—— 4_4'_
7 3+ 3jL 4
22
:7—7'('

1 1
/ ut(1 —u)* du = / (u® — 4u” 4 6u’ — 4u° + ut)du
0 0

11,6 2 11
9 2 7 3 5 630
Since u*(1 —u)* > u41(i;1§)4 > u4(12_u)4 >0,z € (0,1),then 35 < 2 — 7 < &,
80
22 1 22 1

7 70 -7 S 7 T 1260

10. Let f: R — R be a continuous function and let a« € R. Show that

/f d:v—/fa—x

COS T

/2
Hence, evaluate —_—
o Sinx+cosz

Solution: Put t = a — x, thenx = a — t,s0

/fa—xdx—/f d(a — 1) /f t)dt = /f t)dt = /f



4.5

3.5

COS3 x

SIHCG sin z+cos x

™2 costx
o sInz -+ co

w/2
2 [
o s

w/2
therefore, /
0

%1072

0 02

[ Jarea=1/830-22/7 + =
I area=22/7-7-1/1260
B #rea =10 1260

(1% (1xf
X' [1-:1}‘1
X1t 2

04 0.6 08 1 12

Figure 1: Q9

is continuous in [0, 7], by above argument, we have

w/2
dx :/
ST 0

cos® x

nx 4+ cosx

cos® x

sinx + cosx

3(x /2 :
cos’(5 — ) g / / | sin® x Jr
—x) +cos(§5 — ) o sinx+cosx

cos® ™2 sind g
———dr + -
SInZT + cosx o SInx—+cosz

wn
=
=
—~
N B
~
[\

™/2 sin® ¢ + cos® x

|
— d
/0 sinx + cosx v
/2
:/ sin x — sin z cos & + cos® z dx
0
T /2 .
:§—/ sin z cos xdx
0
1 Tr/2
:g—i/ sin 2xdx
0
o 1
202
.om 1
44



11. (a) Let f,g:[0,a] — R be two continuous functions that satisfy
f(z) = fla—=z) and g9(x) +9(a —z) = M,

where M is a real constant. Show that

| e =5 [ s i

(b) Hence, evaluate/ x cos® v sin® x du.
0

Solution:

(a) Since f, g are continuous functions on [0, a],and f(x) = f(a — x) and
9(x) + g(a —z) = M, by Q10

| r@rde= [ ta= ot a)ds
= [ o) = g(o) da

then,
2 [ f@g(a)de =M [ fa)da
0 0
hence,
@ M
| f@go as /f
0
(b) Put f(z) = cos® xsin® z, g(x) = z, then f(z) = f(r —2),9(x) +g(r —x) =7
then
/ x cos® xsin o do = g / cos® x sin® z dx
0 0
Since
X 1 s
/ cos? zsint x do = 1 / sin? x sin? 2z dx
0 0
1 (" L
=3 (1 — cos2x) sin” 2x dx
0
1 [" ., Y .
=— [ sin”2zxdx — — [ sin®2zd(sin2z)
0 0
1
=16 1 — cosdz)dr —
0
T
=16 6_4 sin 4z |f
.m
16
therefore,

2

g T [T T
reos? xsintrdr = = cos?rsin*zdr = —.
0 2 Jo 32



12. (a) Let f(z) and g(x) be two continuous functions on [a, b]. For x € [a, b], let

ro) = ([irora) ([wora) - ([ rosa)

Show that F'(x) is increasing on [a, b] and hence deduce that

(/ )P w)(f o) w)= (| ' f@)el) dx)2.

(b) Using the result in (a), or otherwise, show that

where 0 < ¢ < p.

Solution:

(a) Note that F(x) is continuous and differentiable on [a, b],therefore,

F(z) = ()/[()]dt+g()/ Pt - 2f(x /f

/ PO — 2f(@)g(@) FB)g(t) + (@) (1) d

~ [ @stt) - fOg(@) de =0
)

Hence, F'(z) is increasing on [a, b],then F'(b) > F(a) = 0, that is.

(/ )P w)(f o) )= ' f@)e) das)2.

(b) Put f=1, g =1, by(a),

i) = [ ar < (/qpmgc)é (/qp%dxf_(p_q);(é_%);_%

13. Let f(z) be a continuous function on [0, al.

) Prove that/ f(x)dx = /fa x)

(b) Prove that 1+ tan (Z - a:) =

1—|—tanx'

i In2
(¢) Prove that /4 In(1+tanx) = WSH .
0




Solution:

(a) Put t =a — x, thenz = a — ¢, so

/Oaf(a—x)d:r:/aof(t)d(a—t)=—/aof(t)dt:/()af(t)dt:/Oaf(;p)dx

(b) Observe that

; <7r ) 1 —tanzx
an(— —x) = ——,
4 1+ tanz
SO
L4t (7r ) l+tanz+1—tanx 2
an(— —x) = = .
4 1+ tanz 1+tanz

(c) By the previous two arguments, observe that

i i T
/ In(1+ tanx)dxr = / In2—1In (1 + tan(— — m)) dz
0 0 4

In2 (%
_ra —/0 ln<1+tan(%—x)>dx,

4
and . i
4 T 14
/ In (1 + tan(z - x)) dz = / In(1 + tan x)dz.
0 0
Hence,
i In2
/4 In(1 + tanz)dx = T 8n :
0



