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1. Evaluate the following integrals:

(a)

∫
x√

1 + x2
dx

(b)

∫
x5

(1 + x3)3
dx

(c)

∫
1

x2
sin

1

x
dx

(d)

∫
x− 2√

x2 − 4x+ 3
dx

(e)

∫
x2
√
x3 + 2 dx

(f)

∫
sin5 x cosxdx

(g)

∫
sin 3x sin 5xdx

(h)

∫
cosx cos 7x dx

(i)

∫
sin2 2x sin 5x dx

(j)

∫
cos2 2x sin3 2x dx

2. Evaluate the following indefinite integrals.

(a)

∫
x2 lnxdx

(b)

∫
x sec2 xdx

(c)

∫
e−x sin 3x dx

(d)

∫
sin(lnx)dx

3. Find F ′(x) for the following functions.

(a) F (x) =

∫ x

π

cos y

y
dy

(b) F (x) =

∫ x3

0

eu
2

du

(c) F (x) =

∫ 2x

x

(ln t)2 dt

(d) F (x) =

∫ x3

x2
ecosu du

(e) F (x) =

∫ x

1

ex + et

t
dt

(f) F (x) =

∫ x

1

ext

t
dt

4. Evaluate the following definite integrals.

(a)

∫ 1

0

x3
√

1 + 3x2dx

(b)

∫ π

0

x sin 2x dx

(c)

∫ 1

0

x2√
4− x2

dx

(d)

∫ 5

0

|x2 − 4x+ 3| dx

5. Prove the following reduction formulas.

(a) In =

∫
sinn xdx; In = −cosx sinn−1 x

n
+
n− 1

n
In−2, n ≥ 2

(b) In =

∫
(lnx)ndx; In = x(lnx)n − nIn−1, n ≥ 1.

(c) In =

∫
xn cosxdx; In = xn sinx+ nxn−1 cosx− n(n− 1)In−2, n ≥ 2

(d) In =

∫
dx

(x2 − a2)n
; In = − x

2a2(n− 1)(x2 − a2)n−1
− 2n− 3

2a2(n− 1)
In−1, n ≥ 1

6. Evaluate the following integrals of rational functions.



(a)

∫
x2dx

1− x2

(b)

∫
x3

x+ 3
dx

(c)

∫
4x+ 1

x2 − 6x+ 13
dx

(d)

∫
(1 + x)2

1 + x2
dx

(e)

∫
2x3 − x2 + 3

x2 − 2x− 3
dx

(f)

∫
6x+ 11

(x+ 1)2
dx

(g)

∫
x2 + 1

(x+ 1)2(x− 1)
, dx

(h)

∫
x4

x2 − 4
dx

(i)

∫
dx

(x+ 1)(x2 + 1)

(j)

∫
dx

x(x2 + 1)2

7. Evaluate the following integrals by trigonometric substitution.

(a)

∫
x2dx

(1− x2) 3
2

(b)

∫
dx√

4 + x2

(c)

∫
2

x3
√
x2 − 1

dx

(d)

∫
x2
√

16− x2dx

8. Evaluate the following integrals.

(a)

∫
dx√

x(1 + x)

(b)

∫
dx

ex + e−x

(c)

∫
x√

25− x2
dx

(d)

∫
x sin−1 xdx

(e)

∫
tan3 xdx

(f)

∫
x sin2 xdx

(g)

∫
x sec2 xdx

(h)

∫
dx

1− cosx

9. (a) Prove that

∫ 1

0

u4(1− u)4

1 + u2
du =

22

7
− π.

(b) Evaluate

∫ 1

0

u4(1− u)4 du and hence show that

22

7
− 1

630
< π <

22

7
− 1

1260
.

10. Let f : R→ R be a continuous function and let a ∈ R. Show that∫ a

0

f(x) dx =

∫ a

0

f(a− x) dx.

Hence, evaluate

∫ π/2

0

cos3 x

sinx+ cosx
dx.

11. (a) Let f, g : [0, a]→ R be two continuous functions that satisfy

f(x) = f(a− x) and g(x) + g(a− x) = M,



where M is a real constant. Show that∫ a

0

f(x)g(x) dx =
M

2

∫ a

0

f(x) dx.

(b) Hence, evaluate

∫ π

0

x cos2 x sin4 x dx.

12. (a) Let f(x) and g(x) be two continuous functions on [a, b]. For x ∈ [a, b], let

F (x) =

(∫ x

a

[f(t)]2 dt

)(∫ x

a

[g(t)]2 dt

)
−
(∫ x

a

f(t)g(t) dt

)2

.

Show that F (x) is increasing on [a, b] and hence deduce that(∫ b

a

[f(x)]2 dx

)(∫ b

a

[g(x)]2 dx

)
≥
(∫ b

a

f(x)g(x) dx

)2

.

(b) Using the result in (a), or otherwise, show that

ln

(
p

q

)
≤ p− q
√
pq
,

where 0 < q ≤ p.

13. Let f(x) be a continuous function on [0, a].

(a) Prove that

∫ a

0

f(x)dx =

∫ a

0

f(a− x)dx.

(b) Prove that 1 + tan
(π

4
− x
)

=
2

1 + tan x
.

(c) Prove that

∫ π
4

0

ln(1 + tanx) =
π ln 2

8
.


