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1. The function f is continuous at z = 0 and is defined for —1 < = < 1 by

Zn(l+xz) if —1<2<0

flz)=40b ifx=0
ﬁ—lﬁ if0<x<l1.

Determine the values of the constants a and b.
Solution
For f to be continuous at x = 0,
(a) lm f(x) = (0)
) 22 cos T
lim ——M—
=0+ 1 — +/1 — 12
. z?cosz(l+ V1 — a?)
= lim

o—0+ 1—(1—2a?)
= lim cosz(1+ V1 — 22?)
z—0+
=2
So b= 2.

(b) lm f(z) = £(0)

2
lim = In(1+ x)
z—=0—

2a
et 1 — ¥
yli%lfey—ly(wb 1+z=¢Y)
:2a
:2

Soa=1.
2. Determine whether the following functions are differentiable at z = 0.

5 — 2z, when x < 0
22— 22 +5, whenx >0

1+3z—2% whenz<0
224+ 32 +2, whenz>0

(b) f(z) = {

0, when z =0

{ezl?, when z # 0

(d) f(z) = |sinz]
(e) f(x) = [z]

Solution



_ 2 _ —
lim f(z) — £(0) — i © 2 +5—-5
z—0t xz—0 z—07t x
= lim x —2
z—0t
= -2
lim (z) = £(0) = lim b2 =5
e—0-  x—0 z—0-  x—0
= -2
Hence, f is differentiable at x = 0.
(b) Note that
li = lim 2° + 3z +2
o )= g e e
=2
lim f(z) = lim 1+ 3z — 2
z—0~ z—0~
= lim 1#2
z—0~

Hence, f is not continuous at z = 0,

(c)

IGEI0)
z—0+ z—0
L J@) = £(0)

z—0~ z—0

thus not differentiable at z = 0.

1
Let y = —
(Let y x)

(L’Hopital)

1
Let y = —
(Let y x)

(L’Hopital)



Hence, f is differentiable at z = 0.

(d)

o T@ = 50) _ [sina] =0
z—0+ xr—0 z—0+ T
. sinx
= lim
=0+t X
L J@) = f0) _ fsing] =0
rz—0~ xr — 0 r—0~ s
I —sinx
= lim
r—0~ x
=—-1#1
Hence, f is not differentiable at = = 0.
(e)
— f(0 -0
L@ =)l
z—0t x—0 r—0t x
2
= lim —
z—0+t X
L S@ =) ] =0
r—0~ xr — 0 x—0~ s
2
= lim -
z—0— X

3. Let f(z) = |z]>.

(a) Find f'(z) for = # 0.
(b) Show that f(z) is differentiable at x = 0.
(¢) Determine whether f’(x) is differentiable at x = 0.

Solution (a)

—322, when z < 0.

F(z) = {3x2, when x > 0;

(b) Note that

limw—_o—hmu—lim]hm—()
h—0 h—O _h~>0 h _h~>0 o



Hence f is differentiable at z = 0 with f’(z) = 0.

(c) Note that, by (a) and (b),

/ ot 2
lim (h) - 1(0) = lim % = lim 3h =0.
hos0+ h—20 h—0+ h—0+
/ ! _ 2
lim f(h) / O) = lim h = lim —3h =0.
h—0~ h—20 h—0—- h h—0~

Hence f'(x) is differentiable at x = 0 with f”(0) = 0.

4. Let

(a) Is f continuous on R?
(b) Is f differentiable on R?

(c) Is f’ continuous on R?

Solution

(a) We only need to check whether f is continuous at x = 2.

Since,
. . 2 _
lim(z —2)" =0,
and
—1 <sin <1
x p—
we have,
1 — 2 ¢ — —
glcl_%(x 2) sin — 0= f(2)

so f is continuous at x = 2, and f is continuous on R.

(b) Similarly, we only need to check whether f is differentiable at x = 2. since(x —
1
2)? sin 5 is differentiable on x # 2.

x
By definition,

: 1
h—0 h b0 = hsm(ﬁ)



So, f is differentiable at x = 2, moreover f’(2) = 0. f is differentiable on R.

(¢) According to (b), we have

fl(z) = 2<$—2)sin(xi2)+(—1)cos($i2>, when z # 2;

0, when = = 2.

However, lir% f'(z) doesn’t exist, since
T—

| < 1 )
lim cos
r—2 €r — 2
doesn’t exist.

So f’ is not continuous at x = 2.

5. Find natural domains of the following functions and differentiate them on their
natural domains. You are not required to do so from first principles.

(a) f() =

(b) f(z) = (1 + tan?x) cos® z.
(¢) f(z)=In(In(ln x))

(d) f(z)=1In|sin z|

Solution

(a)

1+cosz=0
cosr = —1
r=02n—-Dm,ne’

Therefore, the natural domain is R\ {(2n — 1)7 : n € Z}.

(14 cosz)cosz — sinz(—sinx)
(14 cosx)?
cosz + cos® x + sin? z
(1 + cosz)?
cosx + 1
(1 + cosz)?
B 1
"~ 1+cosz

f'(x) =




(b) tan x is well-defined on R\ {w :n € Z}. Therefore, this is also the natural
domain of f.
Note that f(z) = (1 + tan?z) cos? z = cos?x + sin®z = 1. Hence, f'(z) = 0.

(c)

Inz >0 (1)
x>1 (2)
In(lnz) > 0 (3)
Inz >1 (4)

T >e (5)

By considering the intersection of the intervals above, the natural domain is given
by (e, 00).

1 1 1

- In(lnz) Inz z
B 1
~ zlnzn(lnz)

f'(x)

|sinz| > 0
sinx # 0
xF#nm,n €l

d 1
Therefore, the natural domain of f is R\ {n7 : n € Z}. Note that d—(ln |z|) = —

x x
for z # 0. Therefore,

1
f'(x) = — -cosz
sin x

=cotx

. Let f: R — R be a function satisfying

flx+y)=f(x)f(y) forall z,y € R.

Suppose f is differentiable at = 0, with f’(0) = a. Show that f is differentiable
at every z € R, and find f’(x) in terms of a and f(z).

Solution
Let z = y = 0, we have

Hence f(0) =0 or 1.
Case 1: f(0) = 0.
Let y = 0, we have, for any z € R



So, f(x) = 0 for all x € R. In this case, f is differentiable at every x € R, and
fl(x)=0
Case 2: f(0) =1
Since f is differentiable at x = 0, we have
: . f(0+h) - f(0)
f (O> N }Llir(l) h h—0 h
Now we show f is differentiable for all x.
By definition,

p JE D = F@) () = f(a)
h—0 h h—0 h
= f(z)f'(0)

Hence, f is differentiable for all z, and f'(z) = af(z).

d
7. Find ¥ if
dx
(a) 22 +y? =™

)
)
(c) y=tan™"Vx
) .
)

Solution

) dy
Find —= if
in I i

(a) 22 +y? =™

d d
2x + 2y£ = (y + x%) e

dy  ye™ —2x
dr 2y — xew
(b) a3y + sinzy? =4

d d
322y + %Y 1 (y2 - ny—y) cosxy? =0

dx dx
dy  —3x*y —y*cos xy?

dx x3 + 2xy cos xy?



(c) y=tan"'y/z
tany = \/x

o dy 1
sec”y—— = m
dy cos’y 1
de ~ 2y 2yz(1+x)
(d) y =3
&y =3"""In3cosx
dx
(e) y ="
Iny = (Inz)?
ldy 2Inz
ydr  x
dy 2ylnz 227 In
de ~ =z x
(f) y=a

Iny=2"lnzx

Inlny=2x2lnz+Inlhx
1 dy

1 . 1
—y:(ylny) Inz+1+ =z" -2°lnz | Inz+ 1+
dz rlnz rxlnz

. dy
8. Find 7 if

(a) y=Intanz

(b) y =sin"t /1 — 22

(c) 2 +y* =1
Solution
(a)
d 1 1 1 2
_y = . SeCZLL’ = C9SI . = — = — = 2CSC(2.T)
dr tanx sinz cos’?x sinzcosx  sin2x
d2
d_xz = —4csc(2x) cot(2x)
(b)
dy 1 —2r x
dx \/1_(,/1_1.2)2 2v1 — a? 2?2 — 74
Xr— I3
I A At v:: = I YD) v

da? 72 — 7t (22 — z4)3 B (22 — a1)3



2 2y— =0
v Yz

dy «x
dr vy

(0) flz) = (" + )2, v € R
(b) f(r) = =g 7 € (-1,1)
(¢) f(z) =sin zcos z, = € R
(d) f(z)=cos®z, z €R

(e) f(z) = —j, reR
Solution

(a) Simplify f(x) first,
flz)=(e"+e ") =e* +2+e 2,
Hence,

f(n)(fl,’) _ 2ne2x + (_2)ne—2m.

(b) Process the partial fraction for f(x). Suppose

where A, B is a constant, then we have

1 (B—A)z+ (B+A)

1—22 1— a2 ’

by comparing the coefficients, we have

B+A =1,
B-—A =o0.



1
Hence, A =B = 2 and

f(x):%(l—il-x—i_lix)'

Therefore,

1 n! n!
(n) — Z | (=1)"
0 = 3 [ e + ]
(c) By double angle formula,
f(x) =sinxcosx = 3 sin 2.

Hence,

2" lsin2xz  if n = 4k for some k € N,

2"1 cos 2z if n =4k + 1 for some k € N,
—2"Lsin 2z if n = 4k + 2 for some k € N,
—2"Lcos2x if n = 4k + 3 for some k € N.

F () =

(d) By double angle formula,
1
f(z) =cos’r = 5(1 + cos 2z).
Hence,

2" lcos2r  if n = 4k for some k € N,

—2"lsin2z if n =4k + 1 for some k € N,
—2""lcos2x if n = 4k + 2 for some k € N,
2"~ lgin2a  if n = 4k + 3 for some k € N.

1) =

(e) Note that

where g(z) = 2%, h(x) = e~*. Using Leibniz Rule (proved by mathematical induc-
tion and product rule),

fO ) =3 (Z) 9" () W ().

k=0

Note that ¢'(x) = 2z, ¢"(z) = 2 and ¢ (z) = 0 for all k > 3. Hence,

1w = (5) s + () g + ()10

= (—1)"2%e ™" 4+ (=1)""2nze ™ + (=1)"n(n — 1)e™".



10.

(a) If z¥ = y*, where z,y > 0, show that

dy aylny—y°
de  zyln z — 22

(b) Using implicit or inverse differentiation, show that

1
%arcsinx: ﬁ
for x € (—1,1).

(¢) Let f(z) = arctan |z| for z € R. Find all € R such that f is differentiable at
z, and find f’(x) for all such z.

Solution
(a) Take logarithm, and then differentiate both sides with respect to x:

d d
(ynz) = (zlny)

dy Y x dy
290 I fadint )
dx(nx)+x ny+yd1:
d d
d—i(a@ylnx)—l—y2 = xylny—i—xQd—i
dy _ aylny—y°
dr  ayln oz — 2

(b) Let y = arcsinz. Then x = siny, for y € (—7/2,7/2).

dx . 5
— =cosy =14/1 —sin“y.
dy

dy 1 B 1
de. (/1 —sin’y V1—a?

(c) Suppose z > 0. Let y = arctanx. Then x = tanvy, for y € (0,7/2).
dx 1 sin?y + cos?y

JR— fr— g = 1 t 2 .
dy cos?y cos?y +lanty
dy 1 1

dr  1+tan’y 1422

Hence f is differentiable for x > 0 with f’(x) = —

142"
By similar arguments, we can prove that f is differentiable for = < 0 with f'(z) =
1

T 14a?
Now we prove that f is not differentiable at x = 0. By inverse differentiation, we

know that g(z) = arctan z is differentiable at z = 0 with ¢’(0) = 1.
Hence f is not differentiable at = 0 by noting the following facts.

f(h)—f(0) . arctanh

. arctanh
hli>I(I)l+ h—0 B hlg(% h g(0) =1
lim f(h) — £(0) lim arctan(—h) _ lim —arctanh —J(0) = —1.

h—0— h—0 o h h—0— h



11. The chain rule says
(fog)(x) = f(9(x)) - g'(x),
or equivalently,
dy dy du
dr ~ du da’
where y = f(u) and u = g(z).

(a) Give examples to show

(f09)"(x) # ["(g(x)) - 9" (),

or equivalently,
>y | d*y d*u
dz? " du? dxz?’
2

where d_z denotes the second derivative of y = f(z).
T

(b) Prove
(fo9)"(x) = f"(9(x)) - (¢'(2))* + f'(9(x)) - ¢" ().

Solution

(a) Let y = u? and u = .

Py Pu_

du?  da?
(b) Prove

(fog)'(x) = f"(g(x) - (¢ (x))* + ['(g(x)) - " ().
Solution

y = f(u) and u = g(z).
d_y _dy du

dr  du dx

_d (dy du
©dx \du dz



(W iy
~dx \ du dr  du dz?
2y (du\® dy &>
() 22

T d? \de) " du di?

12. (a) Suppose a,b > 0 are constants, and

e (gen )
y = — arctan [ —tan x
ab a

T T d
for xz € (_57 5) Express d_y as a function of sinz and cos x.
T

(b) Suppose a,b > 0 are constants, and

a-+btan z

—p |
y na—btanx

d
for x € <—g, g) \ {j: arctan %} Express d_y as a function of sinz and cos .
x

Solution

(a)
dy 1 1 b 1
R N
dr abl+ (% tanz)? a a2 cos? x + b2sin’ z

(b) Note that

1
(Inz]) = - for z #0

and bt ;
acosx +obsmx ™ T
. for e (=5 2)\ L aretan?
Y n(|acosx—bsinx|) orre 2°2 \{ e ana}
Hence
dy ,acosr —bsinw

dr (acosx—i-bsinx)
y ((acosx —bsinz)(—asinz + bcosx) — (acosx + bsinz)(—asinz — bcos x)

)

(acosx — bsinx)?
2ab

acosz — bsin? x




5\/: ‘

-(a) 2a (b) 2b
\\

(c) 2¢ (d) 2d

(e) 2e

Figure 1: Graph of Q2




Figure 2: graph of f

Figure 3: graph of f

Figure 4: graph of f”




Figure 5: Graph of Q5




