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. (Parallelogram equality) Let H be an inner product space, let || - || = /(-,-) be the
norm induced by the inner product. Then we have the following Parallelogram equality

2+ ylI* + [l = ylI* = 2(/|=[* + [ly|*)-
Proof.

le+yl*+llz -yl =@z +y,z+y)+ (= —y,z—y)
=z, 2) + (z,y) + (v, 2) + (v, 9))
+ (z,2) — (2, y) — (¥, 2) + (¥, 9))
=2((z, z) + (y,9)) = 2(||l=|* + lly[]*)-

. In a real inner product space,

1 1
U+ yll = e =yl = (@ +y,2+y) + {z -y, 2 - y))

:i«x,@ +{x,y) + (1,2) + (4,1)
_ %(@;,x) —(z,y) — (y, ) + (¥, v))
=(x,y)

(a) z =y =(1,1),(—2,y) = (z,y) = 2, violating (—=z,y) = —(z,y);

(b) z =(2,-1),(z,z) = =3 <0, violating (z,z) > 0;

(€ z=y=(1,1),(z,y) =2+ 2i = (y,x), violating (z,y) = (y, ).

. Tt suffices to show the Parallogram equality does not hold for I1. Let x = ((—1/2)")%%,y =
(1/2™)22 ;. Then

> 2
|z +yll = Z |z +yi| = 3’
=1

o0

4
o=yl = Yl — il = 5.

i=1
However 90
lz + gl + =z —ylli = 57 2|17 + [lyl7) = 4.

. Consider y + az for arbritary vectors y, z € X and different o € C. We have
0= (T(y + az),y + az) = (T(y),y) + AT(y), 2) + (T(2),y) + [a*(T(2), 2).

Thus
a(T'(y), z) + a(T(z2),y) = 0.



8.

For real a # 0, we have (T'(y), z) + (T'(z),y) = 0; for imaginary «, we have (T(y),z) —
(T'(z),y) = 0. This implies (T'(y),z) = (I'(z),y) = 0 for arbitrary y and z. Let z = T'(y),
then (T'(y),T(y)) = 0,T(y) = 0, thus T is the zero operator.

)
12 3 135 0 -1 -2
(a) |4 5 6/=|35 7]+|1 0 -1
78 9 5 7 9 2 1 0

(b) Let M = A+ B, then M' = A'+ B' = A—B. Thus A = J(M+M"),B = L{(M - M?)

2n

= 5, dim Sympxn +

. . 2
(c¢) It is easy to see that d112n Sympxn = 2 2+"

dim Skewy,xn = "2;" + = n? = dim Myxn(R).

(=) Since z L y, (z,y) = 0.

(x + ay,x + ay) =(z,x) + (z,ay) + (ay, x) + (ay, ay)
=(z,z) +a(z,y) + aly, z) + (oy, ay)
=(z,z) + (ay, ay)
>(x, )

Thus ||z + ayl|| > ||z|| for all « € C.
(<) Since ||z + ay|| > ||z|| for all a € C, we have

(z+ ay, @+ ay) > (z,1),

Thus
la*(y,y) + aly, =) +alz,y) > 0
for all o € C.
For y = 0, we already have z 1 y. Assume that y # 0. Then let o = gz;, the above
inequality gives
2 2 2

e el

(v, y) (Y, y) (y,y)
ie.,

)l
(y,y) —

Hence |(z,y)| =0, (z,y) = 0,2 L y.
(a) Let 2,y € B, for 0 < A < 1,
Az + (1 =Nyl < Mzf| + (A =Nyl <A+ (1-A) =1

Thus B is convex.

(b) {(z,y) : 2y < 0} = {(z,y) : z > 0,y <0} U{(z,y) : © < 0,y > 0} is the union of
the second and fourth quadrant. Since any line segment connecting two points in the
second and fourth quadrant respectively must intersects the first or the third quadrant
or the origin, the subset is not convex.

(a) Forany x € A,y € A+, (z,y) =0, thus L A+ A C (AH)*.



(b) Let 2, € A*, 2, — 2 in X. Then (x,,y) = 0 for all y € A. Letting n tends to
infinity, we get (z,y) =0 for all y € A. Thus z € A+, A is closed in X.

(c) Consider e, € Y,n =1,2,3,---. Let x € Y+, then (x,e,) = 2, = 0 for all n. Thus
vl ={o}, (vh! =2

10. Suppose z,y € R? are adjacent sides of a rhombus. The the diagonals are z +y and = — ¥.
Note that for a rhombus, ||z| = |ly||, we have

(x+y,x—y) = (x,x) — (y,y) = 0.

This implies the diagonals are perpendicular.
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