1.

MMAT 5011 Analysis 11
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Suggested Solution
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(a) Let A=10 1 0|,B=1[(0 0 0], detA = detB = 0, while det(A+ B) = 1.
0 01

000
Thus it is not a vector subspace.

(b) For any matrix (a;;), a;; > 0, (—a;j;) is not in the set. Thus it is not a vector subspace.

(¢) Denote by S the subset of skew-symmetric matrices.

1)oes;
0 a b 0 —Xa —-X
2 Forany A=|—-a 0 c|eSANeRNA=|Xa 0 —X| €S
—b —c 0 Ab =X 0
0 a b 0 d e
3) ForanyA=|-a 0 c¢|,B=|—-d 0 f],
b —c O —e —f 0
0 at+d b+e
A+B=|—-(a+4d) 0 c+ f| €S. Thus S is a vector subspace.
—(b+e) —(c+f) O
0 1 0 0 01 0 0 O
A basis for S is -1 0 0}, 0 0 O0}),/0 O 1
0 0 0 -1 0 0 0 -1 0
2. For ||z||2:

1) It is obvious that ||z||2 > 0.

2)

n
lzlo=0e> |zl =0e|z|=0,1<i<ne z=01<i<n&z=0
=1

3) For any A € C,

n n

IAllz = | D il = | D ARz = A

i=1 =1

n

> Lzl = Azl

i=1

4) From the finite Minkowski inequality,

n n n
Sl w2 < D P+ D il
s i=1 i=1

Thus for ||z + y|l2 < [|z||2 + [|y||2 for any z,y € C™.
From 1) 2) 3) 4), ||z||2 defines a norm on C".




For qul/Za take n =2, x = (170),:1/ = (07 1);
|z +yllije = (1, D12 =4 > |lzlli/2 + lyll1/2 = 2- 1t violates the triangle inequality, thus
is not a norm.
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3. (a) Let x = (x1,22,...) € IP. Note that E |z;|P < oo implies lim |x;]P = 0. For e = 1,
11— 00
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we can find n > 0 such that |a;| < 1 for all ¢ > n. Consequently, |a;|? < |a;|P for all
¢ > n. Thus
oo n o0 n oo
D leilt =D lailf 4 > feilt <D Jail 4 D el < oo
i=1 i=1 i=n+1 i=1 i=n+1

This shows x € {7 and hence [P C (1.

(b) Let x = (2;)%;,2; = 7. Then

(oo} (oo}
1
D lwil =) <=0,
5 L 4
=1 =1
while
o o
1
D lwil' =) = <oo
i=1 i=1 P

This implies the inclusion P C 7 is proper.

4. Let x, = %, Yn = V by, by Cauchy-Schwarz inequality,

(&) = (54) (54

+(Gen) < (B () ) (G o)

(a1+a2—|—...+an)2 §ﬁ+a—%—|—...+i
b1 + by + ... + by bi by b

Let n =3 and a1 = x,a2 = y,a3 = 2,b; = 3,by = 4,b3 = 5, we get the required inequality.

5. Since x,y € [*°, we have for any ¢
i + il < @il + il < xlloo + [¥loc-
Taking supremum, we have

1%+ ¥lloo = sup |2 + il < [IX[loo + [[¥lloc < o0
7

Thus x +y € [*.



6. By triangle inequality,

Ixllp = 1x =y) +¥llp < lx=vlo+lylle = lIxlo = llylly < Ix = yllp-
Iyl = Iy =) +xllp <lly =xllp +lIxlp, = lIxllp = lIylle = =lx =¥l

Combining the above two inequalities, we get
Hxllp = Iy llp] < llx = yllp-
7. Since for any 0 < a < 1 and x,y > 0,
log((1— )z +ay) > (1 — a)logx + alogy.

Substituting x = a?,y = b, a0 = %, we have

1 1 1 1
log ((1 — —)d? + bq> > (1 — ) log a? + - log b?
q q q q

1 1
< log (ap + bq> > log ab.
p q
Since the exponential funtion e” is increasing, we have
elog(ial’ﬁbq) > clogab,
ie.,

1 1
ab < —aP + —b9.
p q
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