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Suggested Solution

1. (a) Let A =

1 0 0
0 1 0
0 0 0

 , B =

0 0 0
0 0 0
0 0 1

, detA = detB = 0, while det(A + B) = 1.

Thus it is not a vector subspace.

(b) For any matrix (aij), aij > 0, (−aij) is not in the set. Thus it is not a vector subspace.

(c) Denote by S the subset of skew-symmetric matrices.

1) 0 ∈ S;

2) For any A =

 0 a b
−a 0 c
−b −c 0

 ∈ S, λ ∈ R, λA =

 0 −λa −λb
λa 0 −λc
λb −λc 0

 ∈ S;
3) For any A =

 0 a b
−a 0 c
−b −c 0

 , B =

 0 d e
−d 0 f
−e −f 0

,

A+B =

 0 a+ d b+ e
−(a+ d) 0 c+ f
−(b+ e) −(c+ f) 0

 ∈ S. Thus S is a vector subspace.

A basis for S is


 0 1 0
−1 0 0
0 0 0

 ,

 0 0 1
0 0 0
−1 0 0

 ,

0 0 0
0 0 1
0 −1 0

.

2. For ‖z‖2:
1) It is obvious that ‖z‖2 ≥ 0.

2)

‖z‖2 = 0⇔
n∑

i=1

|zi|2 = 0⇔ |zi| = 0, 1 ≤ i ≤ n⇔ zi = 0, 1 ≤ i ≤ n⇔ z = 0

3) For any λ ∈ C,

‖λz‖2 =

√√√√ n∑
i=1

|λzi|2 =

√√√√ n∑
i=1

|λ|2|zi|2 = |λ|

√√√√ n∑
i=1

|zi|2 = |λ|‖z‖2

4) From the �nite Minkowski inequality,√√√√ n∑
i=1

|xi + yi|2 ≤

√√√√ n∑
i=1

|xi|2 +

√√√√ n∑
i=1

|yi|2.

Thus for ‖x+ y‖2 ≤ ‖x‖2 + ‖y‖2 for any x, y ∈ Cn.

From 1) 2) 3) 4), ‖z‖2 de�nes a norm on Cn.
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For ‖z‖1/2, take n = 2, x = (1, 0), y = (0, 1),
‖x+ y‖1/2 = ‖(1, 1)‖1/2 = 4 > ‖x‖1/2+ ‖y‖1/2 = 2. It violates the triangle inequality, thus
is not a norm.

3. (a) Let x = (x1, x2, ...) ∈ lp. Note that

∞∑
i=1

|xi|p < ∞ implies lim
i→∞
|xi|p = 0. For ε = 1,

we can �nd n > 0 such that |ai| < 1 for all i > n. Consequently, |ai|q < |ai|p for all

i > n. Thus

∞∑
i=1

|xi|q =
n∑

i=1

|xi|q +
∞∑

i=n+1

|xi|q ≤
n∑

i=1

|xi|q +
∞∑

i=n+1

|xi|p <∞.

This shows x ∈ lq and hence lp ⊂ lq.
(b) Let x = (xi)

∞
i=1, xi =

1
ip . Then

∞∑
i=1

|xi|p =
∞∑
i=1

1

i
=∞,

while
∞∑
i=1

|xi|q =
∞∑
i=1

1

i
q
p

<∞.

This implies the inclusion lp ⊂ lq is proper.

4. Let xn = an√
bn
, yn =

√
bn, by Cauchy-Schwarz inequality,

(
n∑

i=1

xnyn

)2

≤

(
n∑

i=1

x2n

)(
n∑

i=1

y2n

)

⇔

(
n∑

i=1

an√
bn

√
bn

)2

≤

(
n∑

i=1

(
an√
bn

)2
)
·

(
n∑

i=1

(√
bn

)2)

⇔ (a1 + a2 + ...+ an)
2

b1 + b2 + ...+ bn
≤ a21
b1

+
a22
b2

+ ...+
a2n
bn

Let n = 3 and a1 = x, a2 = y, a3 = z, b1 = 3, b2 = 4, b3 = 5, we get the required inequality.

5. Since x,y ∈ l∞, we have for any i

|xi + yi| ≤ |xi|+ |yi| ≤ ‖x‖∞ + ‖y‖∞.

Taking supremum, we have

‖x+ y‖∞ = sup
i
|xi + yi| ≤ ‖x‖∞ + ‖y‖∞ <∞.

Thus x+ y ∈ l∞.
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6. By triangle inequality,

‖x‖p = ‖(x− y) + y‖p ≤ ‖x− y‖p + ‖y‖p ⇒ ‖x‖p − ‖y‖p ≤ ‖x− y‖p.
‖y‖p = ‖(y− x) + x‖p ≤ ‖y− x‖p + ‖x‖p ⇒ ‖x‖p − ‖y‖p ≥ −‖x− y‖p.

Combining the above two inequalities, we get

|‖x‖p − ‖y‖p| ≤ ‖x− y‖p.

7. Since for any 0 < α < 1 and x, y > 0,

log((1− α)x+ αy) ≥ (1− α) log x+ α log y.

Substituting x = ap, y = bq, α = 1
q , we have

log

(
(1− 1

q
)ap +

1

q
bq
)
≥
(
1− 1

q

)
log ap +

1

q
log bq

⇔ log

(
1

p
ap +

1

q
bq
)
≥ log ab.

Since the exponential funtion ex is increasing, we have

e
log

(
1
p
ap+ 1

q
bq
)
≥ elog ab,

i.e.,

ab ≤ 1

p
ap +

1

q
bq.

♠ ♥ ♣ ♦ END ♦ ♣ ♥ ♠
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