1. Gauss map and Gaussian curvature

Definition 1. Let M be a regular surface. M is said to be orientable
if there is a continuous (and hence smooth) unit normal vector field N
defined on M and M is said to be oriented by N.

Let M be an orientable regular surface and let N be a unit normal
vector field. The Gauss map is defined as a map from M to the unit
sphere in R? by:

N:M—S2

Let X : U — M be a regular surface patch and et () be a bounded

region in U. Let R = X(Q). Then the area of R is given by:

A(R):/ X, A X, |dudv.
Q

Proposition 1. Let p € M. Suppose K(p) # 0. Let B, be a sequence
of open sets with B, — p in the sense that sup,p |p —q| — 0 as

n — o0o. Let A, be the area of B, and A, be the area of the Gauss
image n(B,,) of B,,. Then

lim An _ | K (p)].

n—00 An

Proof. (sketch) Let X(u,v) be a coordinate paramatrization near p such
that X(0,0) = p. Let

S,(X,) = a; X, + a2 X, S,(X,) = az X, + a5X,,
then det(al) = K. Suppose U, in the (u,v) plane such that X(U,) =

B,,. Then
A, = // | X, x X,|dudv,

gn = / IN, x N, |dudv.
Un

and

where N = X, x X, /|X, X X,| is the unit normal on M. Now
N, = -85,(X,), N, = =5,(X,).
Hence A
N, x N, = det(a])X, x X, = KX, X X,,.
So
N X No|(u, v) =[K(u, v)[| Xy x X, |(u, v)

=[K(0, 0)[[ Xy x X[ (u, v) + ([K (u, v) = [K(0,0)]) [Xu x Xy |(u, ).
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Since B,, — p, we have U,, — (0,0). Hence for any € > 0 thereis N > 0
such that if n > N, then ||K(u,v) — |K(0,0)|| <e.

A, = |K(0,0)|A, + R,

where |R,| < €A, if n > N. From this it is easy to see the proposition
follows. [

2. Theorema Egregium of Gauss

Definition 2. Let F' : M; — M, be a diffeomorphism. F' is said
to be an isometry if for any p € M; and ¢ = F(p), the linear map
dF : M; — M, is an isometry as inner product spaces. If there is an
isometry from M; onto Ms, then M, is said to be isometric to Ms.

Theorem 1. (Theorema Egregium of Gauss) The Guassian curvature
K is invariant under isometries. That is to say, the Gaussian curvature
depends only on the first fundamental form.

Proof. (First proof.) Let X(u,v) be a local parametrization of a regular
surface, and let E/, F', GG be the coefficients of the first fundamental form
and e, f, g be the second fundamental form. In the following, if a, b,
c are three vectors, (a,b,c) is the ordered triple product of the three
vectors. Now

(quyxuaXv)
e= (N, X)) = —F———-,
< > VEG — 2
etc.
eg — f*
K=—-—
EG — F?

[(Xmu Xua X’U)(XU’lH XU? Xv) - (Xuva Xu7 Xv>2]
(EG — F2)?2 '




Hence
(EG — F*)’K
= det(Xyy, X, X)) det (X, X, X,) — (det (X, X, X,))°
<qu7 va> <qu, Xu> <Xum Xv> <Xu1)7 Xu'u> <Xuv7 Xu> <Xuv» Xv>
- <Xu7 va> <Xua Xu> <Xu7 Xv> - <Xuy Xuv> <qu Xu> <Xua Xv>
<Xv7 va> <Xva Xu> <Xv7 Xv> <Xv> Xuv> <Xva Xu> <Xva Xv>
<qu7 XM)> - <Xuv7 Xuv> <Xmu Xu> <qu7 Xv>
- <Xuy XUU> <Xu7 Xu> <Xua Xv>
<XU7 va> <Xva Xu> <Xva Xv>
0 <Xuvu Xu> <Xuvu Xv>
- <XU7 Xuv> <Xua Xu> <Xu7 XU>
<XU7 Xuv> <Xva Xu> <Xva Xv>

<qu7 Xuv> - <Xuv7 Xuv>
= <qu7 X’U>’U - <quva XU> - <X1w7 Xv)u + <Xuvua XU>
1 1

= Fuv - _EUU - _Guu
2 2

Now
<qu7 va> - <XUU7 Xuv> = <qu7X’l)>'U - <quv7 Xv> - <Xuva Xv>u + <Xuvu7 Xv>
1
- <qu7Xv>v - éGuu
1

= <Xu7 Xv>uv - <Xu7 Xvu>v - §Guu
1 1
= F’uv - _Evv - _Guu-
2 2
Hence we have
. A-B
- (EG — F2)2
where
%Evv + Fuv - %Guu %Eu Fu - %Ev
A= F, —1G, E F :
ivea F G
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3. Christoffel symbols
Let X(ul,'uQ) is a coordinate parametrization. Let X; = X, g;; =
<X27Xj>7 (9”) == (gz])_l Then
(1) Xij = hijN +TEX,

(Einstein summation convention: repeated indices mean

summation.)

Ffj are called the Christoffel symbols for this parametrization.

Lemma 1. I'j; = T and

2
1
Ffj =3 Z g" (9ij + 9jti — Gija) -
=1

where g;5, = %gij etc.
Proof. (Sketch)
(X, X0) = I gu
So
g — (X6, Xy5) =Thig

So

9ty = Uligr + T gni-
Hence we have

giy = Thgu + %

gii = Thign + %

giji = % + %

Hence
Gl + Gjii — Gij1 = QFZQM-

From this the result follows.



4. Formula for Gaussian curvature
We give another proof of the Theorema Egregium of Gauss.

Theorem 2. With the above notations, then

2K = g¥ (Ffjk - ka,j + karé'z - FZ‘F%) = gij(rf[j,k} + Ff[kré‘}z‘)'
Here Ty = Tijr — Thir etc.
Proof. (Sketch)

Let S be the shape operator, then

Xijm =hijmN + hijNo, + T5 Xy + T8 X

j,m
= (hij,m + Ffjhkm) N + (—hijaﬁl + Ff_:]m + Ffjrlzm) Xy
Since X = Xjm;, we have

(=hijtu, + T + T5T00) Xie = (“himag + Uiy 5 + T3 T5) X,

ij,m i+ sm tm,J im= sj
So
k s Tk k s k _
im0 en = Uiy — Uiy = —hambhugg + hijhugm
Or

Let m = k, we have
Zgij (hijaﬁ — hikaf) = g¥ (Ff[j,k] + Ff[jf",j}s) .
64k
Now the matrix of the shape operator is:
(a]) = (hij)(g5) "
So hji = hij = aéglj. Hence

ij k kY _ 172 ij 1 k
g g (hijak — hikaj) =H"—g a5, g1 @;
Z‘?j?k

=(a1 + a3)* = ((a1)* + (a3)* + 2a7a,)
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Assignment 6, Due Friday Nov 2, 2018

Prove that if X is an orthogonal parametrization, i.e. F' = 0,
then the Gaussian curvature is given by:

1 E G
b () () )
e |(vee), * (V6.
Suppose in addition ¥ = G everywhere, then
K =—e 2Af
where f is such that E = €* (i.e. f = logE), and A is the
Laplacian operator:
o? 0?
A= —+ —.
ou? + ov?
Compute the Christoffel symbols for a surface of revolution:
X(u',u®) = (f(u?) cosu', f(u?)sinu', g(u?))

with f > 0.
Verify that the surfaces:

X(u,v) = (ucosv,usinv, logu)
and
Y (u,v) = (ucosv,usinv,v)
have equal Gaussian curvature at that points X(u,v), Y (u,v)
but the coefficients of the first fundamental forms at points
X(u,v), Y (u,v) are not the same.



