Covariant derivatives

1. VECTOR FIELDS

In the following we will use Einstein summation convention.
In a coordinate chart with coordinates z*, ..., 2", let afz_i be the vector field
generated by the curves {7 = constant,Vj # i}. Then any vector field V' can

be expressed as

- 0
V=ad—.
ox?
If %, ..., y"™ are another coordinates, then
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We want to differentiate V' along z7. Let us denote this by D o V. The
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most obvious way is to let
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But if we use the y coordinates, we might want
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2. CORRECTION TERMS

So we want to add a correction term in the above so that the differentiation
is the same for all coordinates: general covariance. Namely, define
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Similarly,
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As in the previous computations:
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This is true for all V. So we may let a? = 1,a’ = 0 if i # p. Then
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That is if one can find such Fk’ which transform in this way, then D is well-
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defined. Note that we usually require Fk = Fk Then we also have fim = fink
Remark: There are infinitely many Ways to do this.
Suppose we have such kind of corrections. Let a(t) = (z'(t),...,z2"(t)).

Then o/(t) = dd_fazi‘ So
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3. GEODESICS

(2.2)

Assume near a point, the surface is close to Euclidean in some sense: that
is we can find coordinates &', so that g;; = d;; and the geodesic equation is of
the form:
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where s is the arc length. In any other coordinates, z?, we have by chain rule
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Multiple both sides by gzj and sum on ¢, we have
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Compare with (2.2), let where
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If in y coordinates, the Christoffel symbols are denoted by f, then
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We see that this is consistent with (2.1).

To find Ffj which is independent of €. We proceed as follows.
In the & coordinates, g(a%, %) = §;;. Hence in = coordinates.




In fact,

So
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