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The following were discussed in the tutorial this week:

1 Applications of the Supremum Property

Definition 1.1. Let S be a nonempty subset of R that is bounded above. Then u € R is
said to be a supremum of S if

(1) s <wu foralls€S;
(ii) for any e > 0, there exists s. € S such that u — e < s..

Example 1.1. Let S be a nonempty subset of R that is bounded above, and let a be any
number in R. Define the set a+ S :={a+s:s € S}. Show that

sup(a+S) =a+supS.
Example 1.2. Suppose that A and B are nonempty subsets of R that satisfy the property:
a<b foralla e A and b € B.

Show that sup A < inf B.

Example 1.3. Let A and B be bounded nonempty subsets of R, and let A+ B :={a+b:
a € A,be B}. Prove that

sup(A+ B) =supA+supB and inf(A+ B)=inf A+ inf B.
1.1 Archimedean Property. If x € R, then there exists n, € N such that x < n,.

Example 1.4. Let S := {n/(n+ 1) : n € N}. Find sup S, if it exists. Justify your
answer.

2 Classwork

Let S:={vn+1—+/n:neNU{0}}. Find sup S and inf S, if they exist. Justify your

answer using e-argument.
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Solution. We will show that sup S = 1 and inf S = 0.

For all n e NU{0}, vn+1— < 1. So 1 is an upper bound of S.

1
n=-——
v vVn+1++n
Let € > 0 be given. By the Archimedean Property, there exists n. € N such that n. > 1/&2.
Then

1 1
vVn.+1—+/n. = < <e.
: S Ve F 14 n. Jne

Hence sup S = 1.
For all n e NU{0}, vn+1—+/n>0. So 0 is a lower bound of S.
Let € > 0 be given. Then

VO+1-vV0=1>1-c¢.

Hence inf S = 0. <



