MATH 2050C Mathematical Analysis I
2018-19 Term 2

Solution to Problem Set 5

3.1-16

Note that for n > 4, 25 < 2, ﬁ < % and n! > n(n —1)(n — 2). For arbitrary
e>0,if K > maX{%A}, then for all n > K,

n? < n? < 2 < 4 <
— —<e.
nl| “Tnn-1)MnN-2) " n-2"n
3.2-1(b)
Suppose that a := limz, exists. Take ¢ = % so that there exists a natural

number K satisfying

1
|a—xn\<§ Vn > K.

Notice that § < -= < 1,¥n € N. If n is an odd natural number with n > K

n+1
. . 1 - . 1 1
this gives ’a—i—#_l < 3, implying -2 < -5 —3 <a < -5 +3 <0,
ie. =2 < a < 0. If nis an even natural number with n > K this gives
‘a—nLH < %, implying 0 < n11_% <a< nLH—i—% < 2ie. 0<a<?2.

Since a cannot satisfy both inequalities simultaneously, a contradiction. Hence
the sequence is divergent.

3.2-1(d)
Tn = 28 = fﬁjzi. Set a, =2+ 3/n? and b, = 1+ 1/n?. Since lima,, = 2

and limb,, = 1, apply Theorem 3.2.3(b) to =, = ‘;—*: and limx,, = 2.

3.2-5(b)

Suppose that ((—1)"n?) is convergent thus bounded. There exists some real
number M > 0, so that [(—=1)"n?| < M,¥n € N. Take Ny € N satisfying
No > M + 1 by the Archimedean Property. Then (Np)? > (M + 1) > M,
contradiction.



3.2-12

“n;fg:H = bf‘_f;%in. Set ¢, = b+a-a"/b" and y, = 1 + a™/b™. Since

limz,, = b and limy,, = 1, apply Theorem 3.2.3(b) to obtain lim % =b.

3.2-14(&)

(a) From the inequalities 1 < n and n < n", we have 1 < pl/n® < n/™ Vn e N.
Since limn'/™ = 1, apply Theorem 3.2.7 and lim nt/n’ =1.

(b) From the inequalities 1 < n! and n! < n™, we have 1 < (n!)l/”2 <nl/™ Wn €
N. Since limn'/" = 1, apply Theorem 3.2.7 and 1im(n!)1/"2 =1.
3.2-18

Let » be a number so that 1 < r < L and let e = L — r. There exists a number
K € N so that if n > K then

M_L <e
Tn
and
Tn+41
LAy R —
Ln

Asz, >0,VneN, xpyg > 1oy kg1 > >1r"xg,Vn € N. Since r > 1, for
any positive real number M, take n large enough satisfying " > M /xk. Thus
(2,) is unbounded and divergent.



