
1 Relative Interior

Definition: (Relative interior) Let C ⊂ Rn. We say that x is a relative
interior point of C if x ∈ B(x, ε)∩ aff(C) ⊂ C, for some ε > 0. The set
of all relative interior point of C is called the relative interior of C, and is
denoted by ri(C). The relative boundary of C is equal to cl(C)\ ri(C).

Proposition 1.3.2: (Line Segment Property) Let C be a nonempty
convex set. If x ∈ ri(C), x ∈ cl(C), then αx+(1−α)x ∈ ri(C) for α ∈ (0, 1].

Proof. Fix α ∈ (0.1]. Consider xα = αx+ (1− α)x. Since x ∈ cl(C), for all
ε > 0, we have x ∈ C + (B(0, ε)∩ aff(C)). Then

B(xα, ε) ∩ aff(C) = {αx+ (1− α)x}+ (B(0, ε) ∩ aff(C))

⊂ {αx}+ (1− α)C + (2− α)(B(0, ε) ∩ aff(C))

= (1− α)C + α

[
B

(
x,

2− α
α

ε

)
∩ aff(C)

]

Since x ∈ ri(C), B

(
x, 2−αα ε

)
∩ aff(C) ⊂ C, for sufficiently small ε.

So B(xα, ε) ∩ aff(C) ⊂ αC + (1 − α)C = C (since C is convex). Therefore,
xα ∈ ri(C).

Proposition 1.3.3: (Prolongation Lemma) Let C be a nonempty con-
vex set. Then we have

x ∈ ri(C)⇐⇒ ∀x ∈ C, ∃γ > 0 such that x+ γ(x− x) ∈ C.

In other words, x is a relative interior point iff every line segment in C hav-
ing x as one of the endpoints can be prolonged beyond x without leaving C.

Proof. Suppose the condition holds for x. Let x ∈ ri(C). If x = x, then
we are done. So assume x 6= x. Then there exists γ > 0 such that y =
x+ γ(x− x) ∈ C. Hence x = 1

1+γ y + γ
1+γx. Since x ∈ ri(C), y ∈ C, by the

line segment property, we have x ∈ ri(C). The other direction is clear from
the fact that x ∈ ri(C).
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