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We now move on to study the intrinsic geometry of surfaces. By intrinsic we mean all the geometric
concepts and quantities that can be defined using the first fundamental form g alone. In other words,
we just care about the tangential part but forget about the normal part (which is something extrinsic
to the surface). The most important theorem here is the famous Theorema Egregium which says that
the Gauss curvature K defined previously using the shape operator S, which is an extrinsic object,
is indeed an intrinsic curvature which can be computed from the first fundamental form ¢ and its
derivatives only.

Curves on a surface

We will first begin with curves on surfaces and see that how the space curvature x of a curve on the
surface decompose into an intrinsic and extrinsic part. From our discussion of embedded submanifold,
we know that all the concepts like the tangent space 7),X and normal space N, makes sense on an
embedded submanifold ¥ C R3, and we can identify T,U = T, f = T, using the differential D f.

Let ¥ C R? be an embedded submanifold. Consider a space curve ¢(s) : (a,b) — R3, parametrized
by arc length, which lies completely in the surface X, i.e. ¢(s) € X for all s € (a,b). Let p = ¢(so).
Recall that the curvature of ¢ at s = sg is defined as

k= ||c" (s0)ll-

Moreover, ¢’(sg) is a vector in R? (with based point at p) and hence it decomposes into its tangential
and normal components:

(50) = (¢"(s0)) + (¢ (30))",
with (¢’(s0))? € T,% and (¢”(s0))Y € N,X.




Definition 1. We say that k, := ||(c"(s0))™ || is the normal curvature of ¢ at sy and kg := ||(¢"(s0))7 ||
1s the geodesic curvature of ¢ at sg.

Since the tangent and normal spaces are orthogonal to each other, we have by Pythagorus theorem
2 2 2
k" =ky;+k,.

Therefore, the full curvature x for the space curve c is a sum of the “tangential curvature” k, and the

“normal curvature” k,. When there is no “tangential curvature” on the entire curve, it is like a straight
line on the surface.

Definition 2. A curve c lying on an embedded submanifold X is a geodesic if kg =0 on the curve c.
For example, an equatorial circle on S? is a geodesic while any other circle on it is not.
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To obtain a curve on a given embedded submanifold ¥ C R3, one can proceed as follows. Let
p € ¥ be a point on the surface whose unit normal is v(p) at that point. Take any unit tangent vector
v € T,X. The two vectors v(p) and v span a plane P, in R3 passing through the point p and contains

v(p) and v. Then, PN X is (locally near p) a curve ¢ on the surface ¥ which passes through p and is
tangent to v at p.
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Let us calculate the various curvatures at p for this curve c. Assume ¢(s) is an arc length parametriza-
tion of ¢ with ¢(0) = 0 and ¢/(0) = v. Note that since ¢(s) € P for all s, the derivatives ¢/(s) and ¢’(s)
must all parallel to P for all s. For simplicity, we just assume p = 0 is the origin. Then, ¢/(0) = v and
"(0) € P. Since ¢”(0) is orthogonal to ¢/(0) (since the curve is arc-length parametrized), we must have
¢’(0) parallel to v(p), which implies that k,(0) := ||(¢”(0))T|| = 0. For the normal component, using
differentiation by part,

ko (0) = (" ()M = [("(0), v(P)| = | = (v, Dor(p))] = |A(v,v)].
This gives another interpretation of the second fundamental form h(v,v).

Note that the calculation above holds only at the point p. If v € P for a fized plane P, then we get
k4 = 0 everywhere along the curve ¢ = PN and hence c is a geodesic on the surface (think about the
case for S?).

Einstein summation convention

We now introduce the widely adopted convention commonly used in tensor calculations. This has to
do with indices (which appears everywhere in Riemannian Geometry). To make use of this convention,
we have to separate indices into two types: upper and lower indices. In this convention, we always
write the local coordinate functions as upper indices:

oo u" or simply '

The coordinate vector fields generated by such a coordinate system will be denoted by lower indices:

0 0

qul” dun

Hence, any (tangential) vector field X can be written as a linear combination of the form

- ; 0 i
X:;aaui:af)i.

The last equality is what we meant by using the Einstein summation convention. The components are
represented by upper indices a’, and when we see the same index appearing as an upper and lower
indices at the same time, it means that we are summing over the possible range of this index i (from
1 to n in our case). This convention saves us some ink on writing the summation signs which often
become clumsy when you are summing over a lot of indices. Note that when we sum over an index,
the “name” of the index is irrelevant as it is just a dummy index. For example, we can write

or simply  0;.

X = aiai = aj(?j = ak8k.

As an example, recall that the first fundamental form in local coordinates is given by g;; := ¢(9;, 9;).
Therefore, for any vector fields X = X?0; and Y = Y7 0, then

9(X,Y) = g;; XYY,



Note that the two indices ¢ and j are being summed over by Einstein’s summation convention. If we
think of (g;;) as a matrix, then we denote the inverse matrix using upper indices, i.e. (g;;)~* = (g).
Hence we have g% Jjk = (5};, which just says that the product of a matrix with its inverse is the identity
matrix. We will be using Einstein’s summation convention throughout the course from now on.

Calculus of vector fields in R"

We now revisit some of the concepts about vector fields in R™ and in the next section we will see
how some of these concepts would be generalized to vector fields on surfaces.

First, we give a new perspective of vector fields in R™ as directional derivative. Recall that for a
smooth function f : R"™ — R, the directional derivative of f at p in the direction v is given by

Duf(p) o= lim LETIVZI®) Ay )

t—0 t dt|,_,

for any curve c(t) in R™ such that ¢(0) = p and ¢/(0) = v. Hence, to calculate the directional derivative
D, f(p), we just need to know the vector v and the value of the function f restricted to any curve ¢
passing through p and tangent to v at p. This is a useful observation when we talk about directional
derivative on surfaces.
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Note that we can interpret the directional derivative as the tangent vector v € T, R™ acts on functions
by taking the directional derivative at that point. If we have a vector field X : R — R", i.e. a smooth
assignment to each point p a vector X (p) € T,R", then the vector field X acts on smooth functions
f € C°(R") and output another smooth function X (f) by taking the directional derivative in the
direction X (p) at each point p, i.e.

X(f)(®) == Dxpyf(p)

For example, if X = (1,0,---,0), then X(f) = %. This explains why we have the notation X = a?ﬁ'

since we are viewing the vector field X as a first order partial differential operator. This operator
satisfies linearity and the product rule: let f,g € C*°(R"),




(i) X(af +bg) =aX(f)+ bX(g) for any constant a,b € R,
(i) X(fg) = fX(g) +9X(f)-

The Clairaut’s theorem says that mixed partial derivatives are equal (as long as the function being
differentiated is smooth enough), i.e
o*f 0*f
ouidui  Ouidut’
Hence, if we write X = 6%2' and Y = 6 -, then it becomes X (Y (f)) = Y(X(f)), i.e. the two vector
fields X and Y commute as operators acting on functions. Just like matrices, this is not true in general

and the failure of commutativity is measured by the Lie bracket.

Definition 3. The Lie bracket of two vector fields X and Y in R™ is defined by

[X,Y]:= XY - VX,

Note that we interpret the right hand side as an operator acting on functions. So, [X,Y](f) =

XY (f) = Y(X(F))-
Lemma 4. [X,Y] is a vector field.

Proof. Let X = X'9; and Y = Y79;. Then for any f € C*®(R"), we have

[(X.Y] = X(Y(f)) -Y(X(f)) ,

(X0) (Y70, f) — (Y7 9;)(X'0if) ‘ o
XU0:Y7)(05f) + X'Y U005 f) — Y7 (9;X)(0i f) — X'V (9;0, ) -

= X’(@YJ)(O f) = Y0 X7)(0;f) + XY (9;0; f — 0;0; f)

= (X"(0Y) - Y"(0:X7))0; f

Note that we have applied Clairaut’s theorem and switched the dummy indices. Therefore, we have

[(X,Y] = (XY9;Y?) — Y(9;X7))d;, which is a vector field. O]

Note that we can restate Clairaut’s theorem as [0;,0;] = 0 for coordinate vector fields. Now, the
next question we want to address is “how do we differentiate vector fields?” In R™, it is easy since any
vector field Y can be written in components as Y = (Y'!,-.. | Y™) where each Y is the component

functions of Y. Therefore, we can define the derivative of Y in the direction given by a vector field X
as

DxY := (XYY, -, X({™),
which makes sense since each Y is a function which can be act on by the vector field X as directional
derivatives. Equivalently, DxY is a vector field which at each point p is given by

(DY) (p) = limg TLHEED = V)
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Note that the two vectors in the numerator in fact lie in different tangent spaces. The Euclidean
structure (that we can translate vectors around) of R™ gives a canonical identification of each tangent
space T,R™ = R". The situation will be drastically different for surfaces since there is no canonical
identification between tangent spaces at different points. We therefore need a more refined notion for
differentiating (tangential) vector fields on a surface. We make one remark that the “differentiation”
D is compatible with both the Euclidean metric (-,-) and the differentiable structure of R™:

Proposition 5. For any vector fields X,Y, Z in R™, we have

(1) X(Y,Z) = (DxY, Z) + (Y, Dx Z),

(ii) DxY — Dy X = [X,Y].
Proof. Direct from the definitions. O

Covariant derivatives

We now carry over our previous discussions to functions and (tangential) vector fields defined on
a surface ¥ C R3. Let f € C*°(X) be a smooth function on ¥ and X,Y are tangential vector fields
defined on ¥. We want to make sense of X(f) and DxY as in the case for R™. The first observation
is that it is easy to define X (f) € C*°(X) as

X(f)(®) = Dx(p)f(p).

Although f is only defined on the surface X, and so is X, but since X is tangential, we can take a curve
c(t) lying completely inside ¥ such that ¢(0) = p and ¢(0) = X(p). By our previous discussion, it is
sufficient to calculate the directional derivative Dx,) f(p). Therefore, the right hand side makes perfect
sense and thus tangential vector fields X on X act to smooth functions f on X by taking directional
derivatives as usual.



Now, we ask whether we can generalize the derivative DxY in R™ to tangential vector fields X,Y
defined on a surface. If we try to generalize directly as above, we immediately encounter a problem:
we could still define DxY be taking derivatives componentwise, the resulting vector, however, may no
longer stay tangential to % anymore! In fact, it decomposes into two parts: a tangential component
and a normal component using the orthogonal splitting TpR3 = T,X @ NpX with respect to the metric
(-, -):

DxY = (DxY)" + (DxY)N e TS @ NX.

The tangential part is which remains intrinsic on the surface . Therefore, we define

Definition 6. Let X,Y be tangential vector fields on a surface ¥ C R3. The covariant derivative of
Y along X is defined as

VxY := (DxY)T.

We also call V a connection.

The following properties can be checked easily from the definitions.



Proposition 7. Let XY, Z be tangential vector fields on 3.

(i) VxY is a tangential vector field.
(i) The covariant derivative is linear in each variable: for any constants a,b € R,
Vx(@Y +bZ)=aVxY +bVxZ,
Vox+ovyZ =aVxZ +bVy Z.
(111) For any f € C*(X), we have
(Leibniz rule) Vx(fY)=X(/)Y + fVxY,
(Tensorial property) VixY = fVxY.

(iv) (DxY)N = —h(X,Y)v where h is the second fundamental form with respect to the normal v.
Proof. (i) is by definition. (ii) and (iii) follows from the properties of directional derivatives. For (iv),

note that
(DxY)N = (DxY,v)v = —(Y,Dxv)v = —h(Y, X)v = —h(X,Y)v,

where we have used that (Y,r) = 0 and the symmetry of the second fundamental form h. O

In summary, the directional derivative DxY can be decomposed into an intrinsic part given by
the covariant derivative VxY and an extrinsic part described by the second fundamental form of the
surface ¥.. Note that to calculate VxY (p) at a point p € 3, we just need to know the vector X (p) and
the vector field Y along some curve ¢(t) with ¢(0) = 0 and ¢/(0) = X (p). Similar to Proposition 5, we
have the following properties for the covariant derivative.

Theorem 8. The connection V satisfies the following: for any tangential vector fields X,Y,Z on 3,
we have

(i) (metric compatible) X (g9(Y,Z)) = g(VxY,Z)+g(Y,VxZ).
(i1) (torsion free) VxY — Vy X = [X,Y].

Any connection V satisfying both (i) and (ii) is said to be a Levi-Civita or Riemannian connection.

Proof. Using Proposition 5 (i), we have

X(g(¥,2)) = X(Y,Z2)
= (DxY.Z)+ (¥.DxZ)
= ((DxY)" + (DxY)N,Z) + (Y, (Dx Z)" + (Dx Z)V)
— (VY. Z) + (Y.VxZ)
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Similarly, using Proposition 5 (ii) and Proposition 7 (iv), we have
[X,Y] = DxY — Dy X = VxY — Vy X + (=h(X,Y) + h(Y, X))y = VxY — Vy X,

since h(X,Y) = h(Y, X) by the symmetry of the second fundamental form. O
Christoffel symbols

In this section, we write down explicit how to calculate the covariant derivative VxY using a local
coordinate system (i.e. a parametrization). Suppose we have coordinate system ! on the surface and
the associated coordinate vector fields are 9; = %. Since Vy,0; is a tangential vector fields so we can
express it as linear combinations of O:

Vo,0; =T}0k,

the coefficients I‘fj are called the Christoffel symbols associated with this coordinate system.

We remark that the Christoffel symbols depend heavily on the chosen coordinate system. In fact Ffj
is not a tensor (we can choose coordinates such that all of them vanishes at a given point). Therefore,
the Christoffel symbols themselves do not carry any geometric meaning. It is describing the distortions
of the coordinate system from the rectangular coordinate system in flat Euclidean space.

Theorem 9. The Christoffel symbols are symmetric in the lower indices, i.e. Ffj = Fg‘?i,

calculated by the formula

and it can be

1
I‘fj = 59’“((&-9@ + 0;9it — Ougij)-

Proof. The symmetry is an easy consequence of Clairaut’s theorem [0;, 0;] = 0 and that the connection
V is torsion free:
0= [0;,0;] = V,0; — Vo,0; = (T}; — T%) 0.

To show that I f] is computed by the given formula, first note that by metric compatibility of V:

gkels; = 9(V9,05,0¢) = Digje — 9(95, Vo,00) = 0igje — 9(0;,V,0;).

where we have used Vp,0p = V,0; from the symmetry of Christoffel symbols. Switch the role of ¢ and

7 in the equation and add them together, using that Ffj = Ffi,

we have

200eTs; = Oigje + 05950 — (9(0;,Va,05) + 9(05, V9,0;)) = Digje + 03 9ie — Oegis
where we have used the metric compatibility again in the last equality. To get the desired formula, we
multiply % gP* on both sides:

1
0 = 0pTF = g gl = Qgpe(aigjf + 0j9it — Ougij)-

This is the formula we want by changing the name of the index p to k. O



As a trivial example, if we use the standard rectangular coordinates on the flat plane R?, then we
have Ffj = 0 since the (g;;) is the constant identity matrix (so the right hand side in the formula
vanishes upon differentiation). Ezercise: What about polar coordinates?

Proposition 10. Let f : U — R3 be a parametrization of a reqular parametrized surface. Then, we
have
Gauss equation: 0;0;f = Ffjakf — hyjv,

Weingarten equation: ov = gjkhl-jﬁkf.
Proof. Homework problem. O
Geodesics and parallel transport

Now, with the notion of covariant derivative, we can define the concept of parallel transport and
geodesics on a surface ¥ C R3.

Definition 11. (i) A tangential vector field Y on ¥ is said to be parallel if VxY = 0 for all tan-
gential vector field X on X.

(i) Let Y be a tangential vector field defined on a curve c(t) lying inside .. We say that Y is
parallel along c(t) if VoY =0 for all t.

1) A curve c(t) lying inside X is a geodesic if V' (t) =0 for all t. In other words, ¢ is parallel
(t)
along c.

The following proposition follows easily from the definition.

Proposition 12. Let X,Y be two tangential vector fields which are parallel along a curve ¢(t) on X.
Then, g(X,Y) =constant (i.e. is independent of t).

Proof. By metric compatibility, we have

d
ag(X, Y)=9(VeryX,Y) +9(X,Ver)Y).

However, both terms on the right hand side vanishes since X and Y are parallel along c. O

Note that previously we said that an arc-length parametrized curve ¢(s) on ¥ is a geodesic if the
geodesic curvature k, := ||¢’(s)T|| = 0 for all s. This is in fact compatible with Definition 11 (iii) above
in the following manner. Recall that one could identify regular parametrized curves up to orientation
preserving reparametrizations, let C = [c] denote the equivalence class of a regular parametrized curve
c(t). In each equivalence class C = [c], there exists an (essentially unique) arc-length parametrized
representative ¢(s) € C. Thus, we say that the equivalence class C is a geodesic if ¢(s) is a geodesic in
the sense that k; = 0 (see Definition 2). These two definitions are related in the following way.

10



Proposition 13. If a regular parametrized curve c(t) is a geodesic in the sense of Definition 11, then
C = [c] is a geodesic in the sense that its arc-length parametrized representative ¢(s) is a geodesic in the
sense of Definition 2. Conversely, if C is a geodesic, then é(s) is a geodesic in the sense of Definition
11.

Proof. Homework problem. O

Note that a corollary of Proposition 12 is that if ¢(¢) is a geodesic in the sense of Definition 11, then
||/ (t)]| is constant and thus ¢ is up to affine transformation the arc length parameter s. Therefore, a
“trajectory” c(t) is a geodesic on X if (i) the image is a “straight line” as seen from the surface 3, and
(ii) the straight line is being traced out at constant speed. Physically, this is the trajectory of an object
subject to no external force by Newton’s first law of motion.

Let us now study the concept of parallel vector fields and geodesics using local coordinates (i.e. a
parametrization f : U — ¥ C R3). Let f : U — R? be a regular parametrized surface. If we have a
parametrized curve c(t) : (a,b) — U C R?, then foc(t) gives a curve on the surface X. The converse is
also true locally, i.e. any curve on X locally can be expressed under a local coordinate system in this
form. This is useful as instead of having a parametrized curve c(t) lying on the surface ¥ C R?, which
needs three components to describe it (together with one constraint equation that it lies on the surface
), we only need two components to describe a curve in U C R? (without any constraints!). From this
point of view, we can understand the (local) behavior of geodesics on a surface ¥ C R? by looking at
the corresponding curves in U under a parametrization (i.e. local coordinate system) f : U — ¥ C R3.
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Let us study two simple examples. Let ¥ be the zy-plane in R3. One can parametrize it by the
rectangular coordinate system fr... : R> = R? as

frec(way) = (x7y70)'

Under this coordinate system, the geodesics in ¥ are just ordinary straight lines in the parameter space
U =R%
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On the other hand, if we consider the polar coordinates instead, i.e. fpoar : (0,00) x (0,27) — R3,

where
fpolar(r,8) := (rcosf,rsinf,0).

Then, under this coordinate system, the straight lines in U = (0,00) x (0,27) are not necessarily
geodesics (with respect to the metric described by the first fundamental form (g;;)):

& W= (er0)x (0,2™)

"FPQ‘C\( (v.8) = (rmse, YDLGIQ)
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In other words, what we learned from this example is that the geodesic would look different in the
parameter space U if we use different parametrizations for even the same surface! What really makes
the difference is that the first fundamental forms for these two coordinate systems are different

recy __ 10 polary 1 0

We will study this intrinsic way of looking at surfaces in the next section.

Let us turn to study the concept of parallel transport and geodesics using a local coordinate system.
As we said, a curve c(t) in the parameter space U C R? can be represented in components as c(t) =
(cX(t),c*(t)). A vector field Y along c(t) can thus be expressed in local coordinates as Y (t) = Y(t)d;.
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Note that ¢/(t) = ddi;@j and therefore

‘ i - k G
V¥ (1) = Vo ((00) = S0+ ) v 0o, = (D + T o) v 0) o

Therefore, Y is parallel along c(t) if and only if the components Y* satisfy the linear system of first
order ODE:

dy’* dct
+TF Yit)=0, k=12
e Sy = o ,
Note that the matrix coefficients I‘fj(c(t))% in the linear system depend on ¢ and c(t) but not on Y*.

Therefore, by the existence and uniqueness of linear first order ODEs, the system is uniquely solvable
once an initial condition Y'(0) is given. Therefore, we have the following theorem.

Theorem 14. Let c: [0,1] — ¥ C R3? be a reqular curve on a surface ¥. Let p = ¢(0) and q = c(1).
For each fized Yy € T,%, there exists a unique vector field Y defined on ¢ which is parallel along c(t)
and that Y (c(0)) = Yy. For such a parallel vector field Y, the vector Y (c(1)) € T,X is said to be the
parallel transport of Yo from p to q along the curve c.
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For the special case of Y = /(t), we get the c(t) is a geodesic if and only if its components in local
coordinates satisfy the geodesic equations:

d?ck & dct dc?

rk b
e i (elt) dt dt
Note that the equations are quadratic in the first order terms involving ¢/(t). Therefore, it is indeed a

second order nonlinear ODE system. The general local existence theory for second ODE system implies
the following:

-0, k=12

Theorem 15. For each fizxed p € ¥ and v € T,X, there exists some € > 0 and a unique geodesic
c:(—€€) = X CR3 such that ¢(0) = p and ¢ (0) = v. Moreover, the geodesic ¢ depends smoothly on
the initial conditions p and v.
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Note that the € above depends on p and v as well, if € can be taken as infinity, then we can that the
geodesic is complete.

Definition 16. A geodesic c(t) : (a,b) — YR is said to be complete if it can be extended to a geodesic
c(t) such that t is defined for all real numbers.
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We like to think of geodesics as “straight lines” on the surface ¥. Therefore, it should share similar
geometric properties that ordinary straight lines enjoy. For example, in a plane, any two distinct point
can be connected by a unique straight line segment, and vice versa any curve of shortest length joining
two points must be a straight line. For geodesics we have the following:

Proposition 17. If c(t) : [a,b] — ¥ C R3 is a curve of shortest length joining two points p,q on %,
i.e. c(a) =p and ¢(b) = q, then c(t) : (a,b) — X is a geodesic after reparametrization.

Proof. We will postpone the proof until later when we discuss first variation formula. O
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Abstract Riemannian surfaces

Given a regular parametrized surface f : U — ¥ C R3, we can define the first fundamental form
(9ij) which is a smooth family of 2 x 2 positive definite symmetric matrices on U. Anything that can
be computed only with these (g;;) are said to be intrinsic in the surface X.
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Since (U, gi;) is all we need to study the intrinsic geometry of a surface, it motivates the following
definition.

Definition 18. An abstract Riemannian surface is a pair (U, g;j) where U C R? is a connected open

set and (gij) is a smooth family of 2 x 2 positive definite symmetric matrices defined on U.

Recall the example of rectangular and polar coordinates on a (subset of) plane. In rectangular
coordinates, we have an abstract Riemannian surface given by

v-® )= (g )

On the other hand, for polar coordinates, we have

U=0.00x 020, @)= (g 2 ).

Even though the two abstract Riemannian surfaces look different, they are both describing the same
surface (i.e. the flat plane) but just in different coordinates. Therefore, we would like to say that these
two abstract Riemannian surfaces are “the same” (i.e. isomorphic). The following definition states
when we regard two abstract Riemannian surfaces as “the same”.

Definition 19. (i) Two embedded submanifolds ¥1,%s C R? are isometric if there evists a differ-
morphism (i.e. a bijective smooth map with smooth inverse) F : 1 — Yo such that

(dFy(X),dF,(Y)) = (X,Y),  forall X,Y € T,%, p € %1

15



(i) Two abstract Riemannian surfaces (U, gij) and (INJ,QZ']-) are isometric if there exists a diffeomor-
phism ¢ : U — U such that

(i) = (D@)" (gi;) (D).
The diffeomorphisms F' and ¢ above are called isometries.

By Lemma 10 in Part 2 of the lecture notes, we know that (ii) is satisfied if we simply do a
reparametrization of a regular parametrized surface. In other words, a change of coordinates do not
affect the intrinsic geometry.

According to Definition 19, to establish that two surfaces are isometric, one needs to exhibit an
explicit map which is an isometry. For example, show that the cylinder {z% + y? = 1} is locally
isometric to a piece of the flat plane. On the other hand, it is in principle much harder to show that
two surfaces are not isometric, since we have to say that there is no isometry between them. We
cannot check out of infinitely many maps that none is an isometry. We need some other ways instead
to distinguish two surfaces if they are different. We need to come up with geometric quantities that
remain unchanged under isometries. These are called isometric invariants. Since an isometry preserves
distance, quantities like length and area should be preserved as well. These are examples of isometric
invariants. Indeed, in the next section, we will see that the Gauss curvature K for a surface in R? is
also an isometric invariant. This is the famous Gauss’ Theorema Egregium.

Gauss and Codazzi equations and Theorema Egregium

Let f : U — R3 be a regular parametrized surface. Recall that the Gauss map v : U — S? C R3
is well-defined and we have the first and second fundamental forms (g;;) and (h;;) associated with f.
The Gauss curvature K is defined to be the determinant of the shape operator S or equivalently by
K = det(hi;)/ det(g;j). From this it seems that K is an extrinsic quantity since it depends on the
second fundamental form (h;;) which describes the extrinsic geometry of the surface. Surprisingly,
Gauss discovered that this is just a disguise and in fact K is an intrinsic quantity of the surface.

Theorem 20 (Gauss’ Theorema Egregium). The Gauss curvature K is an intrinsic invariant, i.e. it
depends only on the first fundamental form (g;j) (and their derivatives).

Since an isometry preserves the metric, i.e. the first fundamental form (g;;), therefore, the Gauss
curvature is an isometric invariant.

Corollary 21. If ¢ : (U, §i;) — (U, gij) is an isometry as in Definition 19, then K o p = K.

Note that Gauss Theorema Egregium implies that the above corollary makes sense as (U, g;;) is the
only data we need to calculate K (the explicit formula is complicated though). In particular, Corollary
21 is effective in proving that two surfaces are not isometric. For example, the sphere S? and the plane
R? can never be isometric (even locally) because Kg2 = 1 # 0 = Kg2. On the other hand, the plane is
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locally isometric to the round cylinder since both of them has K = 0. In fact, it is a theorem that two
surfaces with the same constant Gauss curvature are necessarily locally isometric.

The proof of Gauss’ Theorema Egregium comes from the “constraint equations” or “integrability
conditions” for surfaces ¥ in R3. For each regular parametrized surface f : U — R3, we have the
associated data (U, gi;, hij) where (g;;) and (h;;) are the first and second fundamental forms associated
to the parametrized surface f : U — R3. Therefore, it is natural to ask for the reverse process:

Realization Problem: Given (U, g;j, hi;), can be find a regular parametrized surface f: U — R3
such that (g;;) and (h;;) are exactly the first and second fundamental forms?

(/Z/(, %;j,l’l;j) hAM‘a”_
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The answer turns out to be no in general. In contrast with the case of curve (recall the fundamental
theorem for curves), the data (g;;) and (h;;) have to satisfy some compatibility conditions called
constraint equations or integrability conditions. They are precisely the Gauss and Codazzi equations.
It is a remarkable theorem that these necessary conditions turns out to be sufficient!

Theorem 22 (Bonnet). Let U C R? be a connected open set, (gij) be a smooth family of 2 x 2 positive
definite symmetric matrices defined on U and (h;j) be a smooth family of 2 x 2 symmetric matrices
defined on U. Suppose furthermore that the following integrability conditions are satisfied: for all
i:j7k7€: L2,

(Gauss)  OkI; — 0505, + Ty, — DRIy = g (hijhiy — hikhip),
(Codazzi) Okhij — Ojhik + in}hpk — Dhp; = 0.

Then, there exists a reqular parametrized surface f : U — R3 with first and second fundamental forms
(9ij) and (hi;) respectively. Moreover, f is unique up to rigid motions of R® (i.e. a composition of
rotations and translations).

Proof. The proof is beyond the scope of this class. Interested readers can refer to a proof in Kiithnel
(Theorem 4.24) O
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We now try to understand why the Gauss and Codazzi equations are necessary conditions for the
existence of a regular parametrized surface f which realize the data (U, g5, hij). Note that Bonnet’s
theorem is in the same spirit as the fundamental theory of curves which says that once all the curvatures
k; are prescribed, we can find a (unique up to rigid motions) curve in R™ which has all the curvatures
as prescribed. However, there is no constraints that have to be satisfied by the prescribed curvatures
ki. Why is there such a difference between the local theory of curves and surfaces?

This phenomenon can be understood from a calculus point of view. This is related to the existence
of a potential function to a vector field. Consider a smooth vector field X in R", we ask whether there
exists a function f on R™ such that X = Vf. When n = 1 (which is analogous to the curve case),
this is equivalent to finding the primitive function of a given function - which can always be done by
integration! However, the situation gets more complicated already when n = 2. Let X = (X1, X2) be
the components of the vector field in R%. A potential function f for X is a function which satisfies the
following system of partial differential equations:

of of
— =X — = X.
O 1, ay 2
When does such an f exist? Note that first of all we should not expect this to be solvable for all X,
Xo. Since mixed partial derivatives commute (as long as f is smooth enough), we must have
0X1 0% f 0% f 0Xo

oy  Oydxr Oxdy  Ox

Therefore, 65;1 = aa)i? is a necessary condition for the solvability of f. From advanced calculus, we

know that as long as the domain of definition of (X and f) under consideration is simply connected,
then this necessary condition is also sufficient. The thing we learned from this simpler problem is that
when dimension is at least two, the prescribed data (the vector field X in this case) has to satisfy some
constraints as necessary conditions, and they are also sufficient conditions when the domain topology
is simple enough.

We will now show that a very similar argument naturally leads us to the Gauss and Codazzi equa-
tions. Note that since a surface is curved, the constraint equations we get are nonlinear equations.
Nonetheless, this is still a first order system of PDEs on our initial data g;; and h;;. (Recall that Ffj
can be written as some combinations of the first derivatives of g;;.)

Lemma 23. Let f: U — R? be a regular parametrized surface in R® with (g;;) and (hij) be its first
and second fundamental forms. Then, we have the following equations:

(Gauss) Ok — 0,15 + T5 Ty — TH T = hajhy, — haghs,
(COdCLZZi) 8khij — thik + nghpk — kahpj =0,

where Ffj = %gkg(f)iggj + 0;9ic — Ougij) are the Christoffel symbols and hg = ¢'*hy, (we say that we
have raised the index j of h;j using the metric g).
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Proof. The two main ingredients of the proof is that (i) partial derivatives of functions in R” commutes,
and (ii) we can decompose any vector on the surface into its tangential and normal components. Recall
that any regular parametrized surface f : U — R? satisfies the Gauss and Weingarten equations:

(Gauss) 0;0;f = Ffjakf — hijv,

(Weingarten) oiv = hgﬁjf.

Notice that the above equations are interpreted as taking partial derivatives of each of the components
of f and v. We can actually view Gauss and Weingarten equations as a “Frenet equations” for surfaces.
To see this, note that {91 f,da2f, v} together form a (not orthonormal!) moving basis of R3. The left
hand side of Gauss and Weingarten equations are derivatives of this moving basis along tangential
directions, and the right hand side simply express the derivatives in this moving basis. On the other
hand, the situation is more complicated here as ordinary derivatives become partial derivatives and
that there is no natural way to associate an orthonormal moving frame along a surface.

Since partial derivatives of functions commute in R", we have two compatibility conditions derived
from the Gauss and Weingarten equations respectively:

Ok(0:0;f) = 0;(9iOkf), (1)
0p0iv = 0;0pv. (2)

Notice that (1) and (2) are vector equations and therefore the corresponding tangential and normal
components must equal. We will see shortly that the tangential component of (1) will give the Gauss
equation while the normal component will give the Codazzi equation. On the other hand, the tangential
part of of (2) again gives the Codazzi equation and the normal component gives an equation which is
always trivially satisfied. Therefore, all together the Gauss and Codazzi equations form a complete set
of constraint equations.

Let us now compute the left hand side of (1). Note that the right hand side can be obtained similarly
by just switching the indices j and k. Using Gauss and Weingarten equations, and decomposing
everything in tangential and normal components, we have

Ou(0:0;F) = W00 — hijv)
= (OWT5)00f + T5;(0k0cf) — (Oxhij)v — hij (Opv)
= (OL5)0ef + TGN 0pf — huev) — Ohis)v — hij (0 f)
= (OkTy; + TUT, — hishi)Oef — (Okhij + T ),
where we have renamed some of the dummy indices in the last equality in order to help us group the
terms together. By switching the indices j and k, we obtain the right hand side of (1) automatically,

0,(0i01f) = (4T + TS, — hach)duf — Doy + Tl

By comparing the tangential and normal components separately, we get the Gauss and Codazzi equa-

tions respectively. (Recall that we have the symmetries I‘fj = F?Z- and h;; = hj;.)
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We can do a similar calculation for (2). The left hand side of (2) becomes

8@81'1/ = 8£(hfakf)
= (8hE)Oyf + hE(De0rf)
= (Oeh¥ + T D)o f — (heph?)v,

again we have renamed some of the indices in the last equality to group similar terms together. The
right hand side of (2) is easily obtained by switching ¢ and ¢:

0;0v = (9;hy + TR0 f — (hiphl)v.

Let’s first look at the normal component. By the definition of raising an indez, we see that
hephi = hep(9"hiq) = (9" huep)hiq = hijhiq = hiphy.

Therefore, the normal component has to match automatically. We now argue that the tangential
component would give again the Codazzi equation. We will need to use the following identity, whose
proof we postpone until the very end:

0eg*? + "I, = —g" T, (3)

Let’s us now assume (3) and use it to show that the tangential component of (2) gives the Codazzi
equation. Using (3) and k] = 7% hii, the tangential component of 9,0;v is

Oghy +TihY = 049" hgs) + T,g" hys

= hqi(0eg™ + g"'T},) + g"10hy;

= —g"hgTl, + g"04hy;

= ¢"(=h;iT), + thgs)-
Switching ¢ and ¢, we obtain

G*(=hyiT, + ehgs) = gM (DTS, + Dihge).
Multiplying gy, on both sides and using gijgj k= 54‘3, we get
—hjiT%, + Oehii = —hjell; + il

which is easily seen to be equivalent to the Codazzi equation.

It now remains to prove the identity (3). Since gkngi = 5;’“ holds identically at every point, we can
differentiate this identity to get

0= 0r(g"94i) = (909" ) ggi + 9*10494i-
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Therefore, 9,g*7 = —g%g*0yg,;. Using the formula Ffj = 19"P(Ougp; + 0jgpe — Opge;), the left hand
side of (3) is
kq pgTk qi kp L Jq ,kp
Oeg™ + g"Ty = —g"9" Oegpi + 59™9™ (Oegpj + 0igpe — Opge;)

1 .
= —4"" 59" (Ougpj + Opgt; — 0jgpe) = —9""T},

which is equivalent to (3). This finishes the proof of the lemma. O

We now observe that Gauss’ Theorema Egregium is simply a special case of the Gauss equation.

Proof of Gauss’ Theorema Egregium: First, we recall the formula K = det(h;;)/ det(g;;). Therefore, to
show that K is an intrinsic invariant, we just need to show that det(h;;) is an intrinsic invariant, i.e.
can be expressed solely in terms of g;; and its derivatives. Note that F,’fj can be expressed in terms of
gij and its first derivatives. On the other hand, the Gauss equation implies that

gqg(akng — @-ka + Ffjfgk — kal_‘gj) = hijhkg — hikhjg.

In particular, if we take i = j =1 and k = £ = 2, the right hand side is det(h;;) and the left hand side
is completely determined by g;; and its first and second derivatives. This proves the theorem.

Riemann curvature tensor

In the last section, we have derived the Gauss and Codazzi equations in terms of local coordinates
induced by the parametrization f : U — R3. One may wonder if there is a more coordinate-free way to
get such equations. Now, recall that we have the covariant derivative V intrinsically associated with a
(abstract) surface. Out of this we can define the important concept of Riemann curvature tensor:

Definition 24. The Riemann curvature tensor R is defined as follows: for any tangential vector field
X,Y,Z on a (abstract) surface,

R(X,Y)Z :=VxVyZ - VyVxZ - Vxy]Z.
Note that the output R(X,Y)Z is itself a tangential vector field. The Riemann curvature tensor
satisfies a number of nice properties.

Proposition 25. For any tangential vector fields X,Y, Z,W and any function f on the surface, we
have

(i) R(X,Y)Z = —R(Y, X)Z.
(i) g(R(X,Y)Z,W)=—g(R(X,Y)W, Z).
(i1i) R is “tensorial” in every slot, i.e. R(fX,Y)Z = R(X,fY)Z =R(X,Y)(fZ) = fR(X,Y)Z.
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Proof. Exercise for the reader. O

Note that the last property in the Proposition above is very important which makes the Riemann
curvature tensor a “tensor”. In particular, for each p on the surface, R(X,Y)Z|, only depends on X]|,
and Y|, and Z|,. So it makes sense to write R(X|,,Y|,)Z|, as R(X,Y)Z|, is independent of how we
extend the vector fields X,Y, Z to a neighborhood of p.

The Riemann curvature tensor is a fundamental geometric invariant which generalize the concept
of Gauss curvature K to higher dimensions. From the definition it suggests that R measure the failure
of the commutativity of the mixed second covariant derivatives of vector fields. Note that if we were to
replace Z by a function f, then the expression would always vanish by the definition of the Lie bracket
[X,Y] := XY — YX. Therefore, mixed partials on functions always commute but mixed covariant
derivatives of vectors do not and in fact it reflects the intrinsic geometry of the surface.

We will now use the Riemann curvature tensor to re-derive the Gauss and Codazzi equations in
covariant (i.e. coordinate-free) form. Let D be the usual derivative of vector fields in R™ (by compo-
nentwise taking partial derivatives). Then we have

DxDyZ — DyDxZ — Dixy)Z =0 (4)

for any vector fields X, Y, Z in R™. Note that this is just a covariant way of saying that mixed partial
derivatives of functions (and hence vector fields in R”) commute. Now, if we have a surface ¥ C R3 with
global unit normal v (we are only concerned with local properties here so we do not lose generality
here), the shape operator (or Weingarten map) S = Dv is the linear operator on 7Y, which can
be expressed equivalently by the second fundamental form h(X,Y) = (S(X),Y). The Gauss and
Weingarten equations can be expressed covariantly as:

DxY = VxY — h(X,Y)r,
Dxv = S(X),

for any tangential vector fields X, Y. Using (4) and the Gauss and Weingarten equations, we can derive
the covariant form of Gauss and Codazzi equations:

Theorem 26. For any tangential vector fields X,Y, Z, we have
(Gauss) R(X,Y)Z =h(Y,Z2)S(X) — h(X,Z)S(Y),
(Codazzi) Vx(S(Y)) — Vy(S(X)) = S(X,Y]).
Proof. The proof is in principle the same as in the last section. Remember that the two ingredients

needed are the commutativity of mixed partials (which is expressed by (4) now) and the Gauss and
Weingarten equations. Using the Gauss and Weingarten equations, we obtain

DxDyZ = Dx(VyZ—h(Y,Z)v)
= VxVyZ— h(X,VyZ)v — Dx (MY, Z))v — h(Y, Z)Dxv
= (VxVyZ - WY, Z)S(X)) = ((S(X),VyZ) + Dx(S(Y), Z))v.
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By switching X and Y, we easily obtain
DyDxZ = (VyVxZ —hX,Z2)SY)) - ({(SY),VxZ)+ Dy (S(X), Z))v.
Moreover, by Gauss equation (note that [X,Y] is a tangential vector field)
Dixy)Z = Vixy)Z — M[X,Y], Z)v.
Therefore, combining all these and using (4) and the definition of Riemann curvature tensor, we have

0 = DxDyZ—DyDxZ— DixyZ
= (R(X,Y)Z —h(Y,Z)S(X) +h(X,Z)S(Y))
—((8(X), Vy2) + Dx(S(Y), Z) = (S(Y), Vx Z) = Dy (S(X), Z) = h([X, Y], Z2))v.

Note that the vanishing of the tangential component gives the Gauss equation. To see that the vanishing
of the normal component gives the Codazzi equation, notice that by metric compatibility of V, we can
simplify the normal component to the equation

(Vy(8(X)) = Vx(S(Y)) + 5([X,Y]), Z2) = 0.

Since the above equation holds for any Z, we get the Codazzi equation as desired. O

Why is the Riemann curvature tensor a generalization of the Gauss curvature K7 Recall that R is
tensorial in every slots, therefore, if we take an orthonormal basis {X, Y} of any tangent plane T,% at
p € X, the Gauss equation says

g(R(X,Y)Y,X) = h(Y,Y)h(X,X) — h(X,Y)?.

Note that the right hand side is equal to K(p) since X,Y forms an orthonormal basis at p. Therefore,
g(R(X,Y),Y, X) is equal to K(p) when {X,Y} forms an orthonormal basis at p. In general, if we
consider Riemannian manifolds in higher dimension, we can take an two orthogonal unit tangent
vectors X, Y inside a tangent space T),%, the quantity g(R(X,Y)Y, X) is called the sectional curvature
of the place spanned by X and Y. This gives us a way to understand curvatures in higher dimensions
through our understanding of curvatures of surfaces. This is important for General Relativity as we
will be confronted with a 3 + 1 = 4 dimensional spacetime whose curvature represents the gravity and
other matter fields in our universe.

Gauss-Bonnet Theorems

We now turn to the global theory of surfaces and give the most important theorem in the theory -
the Gauss-Bonnet Theorem. This is a formula which relates the geometry and the global topology of a
surface. We first recall a fundamental topological invariant called the Fuler characteristic. There are
many equivalent definitions for this but we will choose the one using triangulation which is natural in
the proof of the Gauss-Bonnet Theorem.
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Recall that a triangulation of a surface ¥ is a finite collection of closed “triangles” {T;}; on the
surface ¥ such that ¥ = U;T; and that any two T;’s are either disjoint or intersect each other along a
common “edge” or a common “vertex”. An example of a triangulation of the sphere is shown below:

Definition 27. The Euler characteristic of a surface ¥ is defined as

X(X):=v—e+f,

where v, e and [ are the number of vertices, edges and faces respectively for a triangulation of 3.

It is a fact that the expression v — e+ f is independent of the choice of triangulation on Y and hence
Xx(X) is a well-defined topological invariant of ¥. For example, taking the triangulation of the sphere
above, we have v = 4, ¢ = 6 and f = 4 and hence x(S?) =4 —6+4 = 2.

There is a complete classification of all the closed (i.e. compact without boundary) orientable
surfaces: their topological type is totally determined by the genus, which is just the “number of holes”,
of the surface. By putting in explicit triangulation, one can prove the following proposition.

Proposition 28. For a closed orientable surface ¥, we have x(X) = 2(1 — genus(X)).
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We are now ready to state the global Gauss-Bonnet Theorem.

Theorem 29 (Global Gauss-Bonnet Theorem). Let X C R? be a closed orientable surface. Then we
have

/ K dA =2mx(%).
%

This theorem is remarkable since the left hand side is computed in terms of the Gauss curvature
K which measures the local geometry of the surface while the right hand side is purely a topological
invariant which is insensitive to the local geometry. Therefore, the Gauss-Bonnet Theorem provides
a bridge between geometry and topology. Because of this, this formula has profound applications in
geometry and topology. We also note that the global Gauss-Bonnet theorem still holds if ¥ is a closed
orientable abstract Riemannian surface (not necessarily inside R3) since everything in the formula is
intrinsically defined. (Recall from Gauss’ Theorema Egregium that K is an intrinsic quantity!)

As an illustration, let us consider the unit sphere S? C R3? which has K = 1. Therefore, the
Gauss-Bonnet formula reads
K dA = Area(S?) = 41 = 27y (S?).
SQ

The Gauss-Bonnet theorem can be used to constrain the topology of a surface under certain curvature
assumptions. For example, if K > 0 everywhere on a surface X, then the Gauss-Bonnet theorem
implies that x(X) > 0, which by the classification theorem for surfaces, ¥ must be homeomorphic to
the sphere.

Theorem 30. A closed orientable surface 3 with K > 0 everywhere must be homeomorphic to the
sphere.

Suppose ¥ C R? is a compact orientable surface with boundary. Then we still have a version of the
Gauss-Bonnet theorem. Note that the left hand side would have an extra term involving the curvature
of the boundary 9.

Theorem 31 (Local Gauss-Bonnet Theorem). Let ¥ C R? be a compact oriented surface with smooth
boundary 0% such that 3 is homeomorphic to a disk. Then we have

/KdA—l—/ kyds =2,
b (o)X

where kg 1= (V¢ e1,e2) is the geodesic curvature of 0¥ defined as follows: let v be the global unit
normal on X giving its orientation, ey is the unit tangent vector along 0% such that ex :== v X ey is the
inward unit normal of 0% with respect to X.

For example, if ¥ is the flat unit disk I of radius 1, then K = 0 and k; = 1 and hence

/ KdA + / kg ds = 0+ length(0D) = 27.
D oD
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On the other hand, if ¥ is the upper hemisphere Si of the unit sphere S?, then K = 1 and kg = 0 and
hence

K dA —I—/ kg ds = area(S%) = 27.
s2 os2
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In fact, we have a version of the local Gauss-Bonnet theorem when the boundary 9% is only piecewise
smooth.

Theorem 32 (Local Gauss-Bonnet Theorem - piecewise smooth version). Let ¥ C R?® be a compact
oriented surface with piecewise smooth boundary 0% such that ¥ is homeomorphic to a disk. Then we

have
KdA+/ kqods + o = 2m,
i NULAPIL

J

where ky is the geodesic curvature of 0¥ as defined in Theorem 31 and that o is the exterior angle at
the j-th verter.
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For example, if we consider ¥ be a flat triangle inside R? with straight lines as boundaries, then
K = k; = 0 and that the Gauss-Bonnet theorem simply says that the total sum of exterior angles is
equal to 2. Equivalently, the total interior angle sum of a triangle in R? is equal to .
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On the other hand, if we consider a geodesic triangle T C S? by taking one of the vertices at the
north pole and the other two on the equator, connected by geodesics (i.e. arcs of great circles), then
by Gauss-Bonnet we have

/KdA+/ kgds+2aj:area(T)+Zaj:27r.
Equivalently, the interior angle sum is
3 3 3
Zﬂj = Z(W—aj) = 377—201]- =m +area(T') > 7.
j=1 j=1 j=1

Therefore, the total interior angle sum is greater than 7! In fact, positive Gauss curvature makes the
geodesic triangles “fatter” and thus have bigger interior angle sum, while negative Gauss curvature
makes the geodesic triangles “slimmer” with interior angle sum less than 7.

Sha(wmt geodesic Eriangles

K>o K=o K<o
6> ZFh=T Th<T
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We now proceed to prove the Gauss-Bonnet Theorems. First of all, by an approximation argument,
the piecewise smooth version of the local Gauss-Bonnet theorem follows from the smooth version. We
will now show that the piecewise smooth local Gauss-Bonnet implies the global Gauss-Bonnet.

Let ¥ C R? be a closed orientable surface. Let {T;}; be a triangulation on ¥ with v vertices, e
edges and f faces. On each T;, we can apply the piecewise smooth version of the local Gauss-Bonnet

3
KdA+/ ko ds + ot = 2,
Li 6T1 g Z J

=1

theorem to get

where o, ad, aé are the exterior angles of the triangle T;. If we let ﬁ; =7 — aé be the corresponding
interior angles of T;, we have

3
KdA+/ kods+3m — Y (i = 2.
/’Ti 8T2 7 Z I

Jj=1

gl

opposite orieatativn !

If we sum over all the T;’s, the first term becomes the total curvature on X (since the interior of T;’s
are pairwise disjoint and that there union is the whole surface), the second term all cancels out since
each edge is shared by two adjacent triangles which must induce different orientation on the edge, and
the last term on the left hand side become the total sum of all the interior angles of all the T;’s hence
is equal to 27w since each vertex would contribute 27. Therefore, we have

/KdA+37Tf—27rv—27rf.
)

On the other hand, since each edge is shared by exactly two T;’s, therefore the total number of edges
e =3f/2,i.e. 3f = 2e. Using this we have

/KdAzQw(v—e—i-f):ng(E),
)
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which is the desired Gauss-Bonnet formula. Therefore, it remain to prove the smooth version of the
local Gauss-Bonnet theorem, which we will do later after we introduce the concept of differential forms.
At last, we point out that the local Gauss-Bonnet theorem actually has a version for compact surfaces
which are not necessarily homeomorphic to a disk.

Theorem 33 (General Gauss-Bonnet Theorem with boundary). Let ¥ be a compact orientable surface
with smooth boundary 0. Then we have

/ K dA +/ kgds =2mx(X).
s 0%

Note that x(X) can be defined for surfaces with boundary exactly the same way through any
triangulation, but now we allow some of the edges to lie completely inside 0%. In fact, we have the
formula

xX(X) =2-29—k,

where g = genus(X) and k is the number of boundary curves of 9. In particular, when ¥ is homeo-
morphic to a disk, then ¢ = 0 and & = 1 and thus x(X) = 2 — 1 = 1, which gives Theorem 31. More
examples and applications will be discussed in the tutorial (see Tutorial notes).
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